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Preface

Since the mid-twentieth century, accelerators and colliders have led the development 
of science and technology in fields of space, medicine, and energy.

Understanding the applications of existing accelerators and colliders with different 
energies is very important for understanding developments in fundamental or 
advanced science and technology, such as exploration of the subatomic world, 
interaction of particles, structure of matter, and medical and energetic radioisotope 
productions. This book takes into account the currently available types of accelera-
tors and colliders, like linear and circular accelerators and colliders, and their many 
applications as have been presented in scientific publications. In addition, the book 
also discusses those accelerators and colliders currently under construction and 
investigation. 

The first chapter provides a short introduction to accelerators and colliders across 
the world, while the second chapter presents applications for production of the 
medical radionuclide Ir-192, which is used in brachytherapy. The third chapter 
explains vacuum systems as essential parts of accelerators and colliders and reviews 
the key technologies involved in optimizing vacuum system designs with a focus 
on high-energy, high-intensity, and high-luminosity accelerators and colliders. The 
fourth chapter defines advanced collider systems and includes a novel scheme of a 
gas-filled capillary accelerator driven by a laser pulse formed from two-mode mixing 
of capillary eigenmodes and proposes a laser-plasma linear collider. The fifth chapter 
presents theoretical calculations of the masses of elementary fermions and a clas-
sification of elementary particles over all space and temporal dimensions, including 
the theoretical values of masses for all the elementary fermions (electrons, muons 
and taus; all quarks and all neutrinos). The last chapter is a review of elementary 
particles, Quantum Chromodynamics (QCD), and strong interactions in QCD theory 
via gluon exchange between quark–antiquark-producing mesons.

Each chapter in the book contributes sophisticated knowledge about accelerators 
and colliders and their crucial applications for current and forthcoming technology. 
I would like to thank the authors for their contributions. I am also grateful to 
IntechOpen Service Manager Ms. Lada Bozic for her patience and support.

Dr. Ozan Artun
Associate Professor,

Zonguldak Bülent Ecevit University,
Department of Physics,

Division of Nuclear Physics,
Zonguldak, Turkey
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Chapter 1

Introductory Chapter: Accelerators 
and Colliders
Ozan Artun

1. Introduction

Accelerators are devices that may repel charged particles such as protons and 
electrons near the speed of light. The charged particles are collided either on targets 
or towards other particles in the opposite directions. Accelerators utilize electro-
magnetic fields to accelerate the charged particles, and radio-frequency cavities 
increase the particle beams as magnet in accelerators focus the beams and curves 
to their trajectory. There are significant properties of an accelerator according to 
the aim of usage, e.g., the energy of collisions and type of particles. Therefore, the 
number of accelerators in operation around the world exceed 30,000. It is obvious 
that the need of understanding the nature and determination of nature’s laws in 
the subatomic dimension have been provided by accelerators especially in particle 
physics, because the developments in particle accelerators and particle detectors 
ensure attractive opportunities for great scientific advances [1, 2]. In addition to 
researches in physics, the particle accelerators are used by commercial purposes, 
some of which are the production of radioactive sources in cancer treatment and 
medical imaging, sterilizing in medical hardware and food, energetic radioisotope 
production, production of semiconductors for electronic systems, etc. [3–8].

For those purposes, different accelerators as linear and circular types are avail-
able all over the world. A linear accelerator (linac) includes merely accelerating 
structures as the charged particles do not need to be rotated, and linacs exclusively 
utilize from one acceleration pass. This situation leads to increasing the length of 
the accelerator to reach high-energy levels. To accelerate the ions, linacs have an 
accelerating tube including a number of electrodes, where a high-frequency alter-
nating voltage and ions are accelerated in the gap between the electrodes in suitable 
voltage [1, 2], for example, Stanford Linear Accelerator (SLAC), which is a 3.2-km-
long electron-positron collider [9], and the proton accelerator with 800 MeV in the 
Los Alamos Neutron Science Center (LANSCE) [10] as shown in Figures 1 and 2.

On the other hand, the particles in circular accelerators rotate the same circuit 
to reach energy range that are wanted due to getting an energy boost at each turn. 
However, to keep particles in their circular orbit, powerful magnetic field must 
be provided by device [1] such as cyclotron and synchrotron. Cyclotrons are the 
well-known and the most successful accelerators. They accelerate the ions by a 
radio-frequency (RF) electrical field and have a magnetic field to constrain the ions 
to move in spiral path. The cyclotrons are used in nuclear medicine and radioisotope 
productions (Figure 3) [2].

The ion energies accelerated in cyclotron do not reach high-energy levels and 
do not have suitable structure to collide two particles. However, a synchrotron 
can explore higher and higher energies and can become larger and larger because 
the radius of an accelerator is connected to the energy, feasibility, and cost. The 
synchrotrons may overcome the energy limitations of cyclotrons. The acceleration 
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in the synchrotrons is performed by a RF oscillator [2]. The most powerful syn-
chrotron in the world is Large Hadron Collider (LHC), which is a collider accelera-
tor creating center-of-mass energies of 13 TeV, in the European Organization for 
Nuclear Research (CERN). Colliders that can accelerate two ions and cause them to 
collide head on are particle accelerators. LHC and many particle accelerators in the 
CERN are presented in Figure 4 as well as using particle types [12].

In addition to LHC, the Future Circular Collider (FCC) in the CERN which was 
started in 2013 includes the design of a high-luminosity e+e− collider (FCC-ee) 
which is a possible first step, as well as a proton-electron collision option (FCC-he). 
The time lines of developing FCC and LHC circular colliders at CERN are demon-
strated in Figure 5 [13].

Additionally, new accelerator types in the design and construction of a new 
multipurpose research plant have been built by various countries, one of which is 
Belgian Nuclear Research Center (SCK.CEN) in Mol, Belgium, where the multi-
purpose hybrid research reactor for high-tech applications (MYRRHA) is a versatile 
research infrastructure and the world’s first research reactor driven by a particle 
accelerator [14].

Figure 1. 
Stanford linear accelerator (SLAC) at Stanford University [9].

Figure 2. 
The structure of a linac at the Los Alamos Neutron Science Center (LANSCE) [10].
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MYRRHA project that is a candidate for European Investment Bank financing is 
supported by the Belgian Federal Government, based on a total budget of € 1.6 bn, 
and the government committed € 558 m to the project’s phased approach. MYRRHA 
has a 400-m-long linear accelerator to provide protons at an energy of 600 MeV to 
the reactor system which is unique in many aspects because it is a pool-type reactor 
cooled by 7800 tons of lead-bismuth eutectic (LBE) and the reactor system involves 
the double-walled 16-m-high and 10-m-wide vessel [15, 16] as shown in Figure 6.

Figure 3. 
The sections of a cyclotron structure [11].

Figure 4. 
An overview of LHC and the other accelerators at CERN and particle types used in accelerators [12].
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MYRRHA is constructed in three phases (Figure 7). The first phase is the design 
and construction of the first linac section (up to 100 MeV) which is scheduled 
for completion in 2026. The second phase is the extension of the 100 MeV linac to 
600 MeV up to 2033, where the linac will be approximately 400 m long. The third 
phase is the construction of the reactor, and the reactor is scheduled to be commis-
sioned in 2036. Furthermore, the project involves the proton target facility (PTF) 
and the fusion target station (FTS) sections [17, 18].

This book mentions about important applications of accelerators and colliders 
and some key novelties in accelerator technology. Section two refers to the produc-
tion of medical Ir-192 used in brachytherapy on Os-targets in the irradiation time 
of 1 h with constant beam current of 1 μA for the energy range of 1–100 MeV via 
particle accelerators. The third section explains a concise overview of key issues of 
vacuum system design and operations in high-energy, high-intensity, and high-
luminosity accelerators and colliders. The fourth section involves a novel scheme 
of a gas-filled capillary accelerator driven by a laser pulse formed from two-mode 
mixing of the capillary eigenmodes and proposes the laser-plasma linear collider. 
The next sections include theoretical calculations of the masses of the elementary 
fermions and a review of the elementary particles, quantum chromodynamics 
(QCD), and strong interactions in QCD theory.

Figure 5. 
The past, present, and future colliders and their design studies based on time [13].

Figure 6. 
MYRRHA reactor and sections at SCK.CEN [15].
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Figure 7. 
MYRRHA’s three phases at SCK.CEN [17].
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References Chapter 2

Investigation of the Production of
Medical Ir-192 Used in Cancer
Therapy via Particle Accelerator
Ozan Artun

Abstract

To investigate the production of medical Ir-192 radionuclide used in
brachytherapy on Os targets in the energy range of Eparticle = 100 ! 1 MeV, we
calculated the cross-section results for charged particle-induced reactions. The cal-
culation was done via TALYS code and simulated activity and yield of product of
each reaction process in the irradiation time of 1 h with constant beam current of
1 μA. The calculated results were compared with experimental data in the literature.
Moreover, based on the calculated cross-section data and the mass stopping powers
obtained from X-PMSP program, the integral yield results of all the reaction pro-
cesses to produce Ir-192 on Os targets were presented as a function of incident
particle energy. The obtained results were discussed to recommend appropriate
reaction processes and targets for the production of Ir-192.

Keywords: particle accelerator, cancer therapy, radioisotope production, yield,
irradiation

1. Introduction

Particle accelerators and colliders are widespread ranging from radioisotope pro-
duction for medical subjects to exploration of new particles in the high physics. For
this aim, different collider and accelerator systems have been established by research
intuitions and organizations across the world based on powerful accelerators. In
general, the largest particle accelerators (in TeV) are used for elementary particle
physics to research subatomic particles in physics such as Fermilab or Large Hadron
Collider (LHC) at CERN. Additionally, investigating the structure of nuclei in GeV
and researching isotopes in nuclear physics have been performed by Relativistic
Heavy Ion Collider (RHIC) at the Brookhaven National Laboratory and Los Alamos
Neutron Science Center (LANSCE) at Los Alamos. At lower energies, accelerators
used in medicine have vital importance in terms of treatment of cancer and diagnosis
aims of cancer tissues, especially for the production of medical radioisotopes in MeV.
That’s why, for an application of particle accelerators, this chapter gives the produc-
tion of medical iridium-192 used in brachytherapy via particle accelerator.
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Investigation of the Production of
Medical Ir-192 Used in Cancer
Therapy via Particle Accelerator
Ozan Artun

Abstract

To investigate the production of medical Ir-192 radionuclide used in
brachytherapy on Os targets in the energy range of Eparticle = 100 ! 1 MeV, we
calculated the cross-section results for charged particle-induced reactions. The cal-
culation was done via TALYS code and simulated activity and yield of product of
each reaction process in the irradiation time of 1 h with constant beam current of
1 μA. The calculated results were compared with experimental data in the literature.
Moreover, based on the calculated cross-section data and the mass stopping powers
obtained from X-PMSP program, the integral yield results of all the reaction pro-
cesses to produce Ir-192 on Os targets were presented as a function of incident
particle energy. The obtained results were discussed to recommend appropriate
reaction processes and targets for the production of Ir-192.

Keywords: particle accelerator, cancer therapy, radioisotope production, yield,
irradiation

1. Introduction

Particle accelerators and colliders are widespread ranging from radioisotope pro-
duction for medical subjects to exploration of new particles in the high physics. For
this aim, different collider and accelerator systems have been established by research
intuitions and organizations across the world based on powerful accelerators. In
general, the largest particle accelerators (in TeV) are used for elementary particle
physics to research subatomic particles in physics such as Fermilab or Large Hadron
Collider (LHC) at CERN. Additionally, investigating the structure of nuclei in GeV
and researching isotopes in nuclear physics have been performed by Relativistic
Heavy Ion Collider (RHIC) at the Brookhaven National Laboratory and Los Alamos
Neutron Science Center (LANSCE) at Los Alamos. At lower energies, accelerators
used in medicine have vital importance in terms of treatment of cancer and diagnosis
aims of cancer tissues, especially for the production of medical radioisotopes in MeV.
That’s why, for an application of particle accelerators, this chapter gives the produc-
tion of medical iridium-192 used in brachytherapy via particle accelerator.

The iridium-192 that can be used in brachytherapy with interstitial implantation
by irradiating malignant tumors is important for therapeutic aims especially for the
brain, uterus, head, etc. [1] because the radioisotope Ir-192 with low-energy and
high-intensity beta radiation has effective decay properties, which are T1/2 = 78.83 d,
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EC = 5%, Iβ
� = 95%, and E β

� = 7 MeV, for using in medical applications [2].
Therefore, the production of such a radioisotope is fairly attractive, and there are
some production studies of Ir-192 in literature by Langille et al. [3], Szelecsényi et al.
[4], Tarkanyi et al. [5], and Hilger et al. [2]. These studies mainly intensify the
production of Ir-192 on enriched Os-192 targets via (p, n) reaction processes, and the
measurement by Tarkanyi et al. [5] only was a different reaction process, including
192Os(d,2n)192Ir together with isomeric states, 192m1 + gIr. The production of Ir-192 is
also available for different methods such as the (neutron, gamma) reaction process in
nuclear reactors [2, 5–7]. However, there are six stable isotopes of Os in nature,
namely, Os-184 (0.02%), Os-187 (1.96%), Os-188 (13.24%), Os-189 (16.15%),
Os-190 (26.26%), and Os-192 (40.78%) [8].

Therefore, in addition to 192Os(p, n)192Ir reaction, we take into account induced
reactions with deuteron, triton, helium-3, and alpha particles in the energy range
between 1 MeV and 100 MeV [9–13]. Furthermore, we calculated and simulated the
production of Ir-192 on Os-192, Os-189, and Os-190 targets for each charged parti-
cle. The cross-section and the integral yield calculations were performed by TALYS
1.9 code [14] and X-PMSP 2.0 program [12, 15–18], which is used to obtain the mass
stopping power results of Os for the charged particles. The activities and the yield of
products of reaction processes were carried out under certain circumstances, such
as current beam of 1 μA and irradiation time of 1 h. The calculated results were
compared with the experimental data obtained from Exfor database [19] and other
works in the literature. It is obvious that the obtained data are important to deter-
mine the production of Ir-192 in terms of other targets and the charged particle-
induced reactions due to providing new nuclear data for its production.

2. Materials and methods

Here, we have investigated the production of radioisotope Ir-192 used in
brachytherapy through nuclear reaction processes on enriched stable Os target iso-
topes. For this aim, we calculated the cross-section and the integral yield curves in
Eparticle = 100 ! 1 MeV energy region for each reaction process. Moreover, the
activities and yields of product of reaction processes as a function of irradiation
time are simulated under certain conditions via TALYS 1.9 code. Besides proton-
induced reaction, the radioisotope Ir-192 can be produced by deuteron, triton,
helium-3, and alpha particles accelerated by particle accelerators on natural Os
targets in 1–100 MeV energy range.

To produce Ir-192 on osmium targets (189,190,192Os), we followed out all reaction
processes under certain situations to estimate integral yield, activity, and yield of
product curves for the charged particle-induced reactions based on incident particle
energy region between 1 MeV and 100 MeV. We assumed the purity of osmium
targets as being above 99%, the target areas are about 1 cm2, and the target thick-
nesses are of uniform density during the irradiation processes in reactions. More-
over, the effective thicknesses of targets can change from 0.065 (189Os for alpha-
induced reaction) cm to 0.704 (192Os for proton-induced reaction) as dependent on
reaction process. For each reaction process, the produced heat in targets is about
0.099 kW, and the density of target materials is 22.600 g/cm3.

Furthermore, the target materials are bombarded by charged particles acceler-
ated in particle accelerator with beam current of 1 μA during irradiation time of 1 h
in energy region Eparticle = 100 ! 1 MeV, and the cooling time is in 24 h. All the
reaction processes never involve loss in activity and yield during irradiation time.
The activities, yields of product, and integral yields are performed by conditions
mentioned above.
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The process shows that when the Os targets are bombarded by the charged
particles accelerated in particle accelerators, the residual nuclei are made up, and it
turns into Pt* and Ir*(* means compound nucleus) isotopes by emitting different
particles in very small time interval, and afterwards, the radioisotope Ir-192 is
formed. Therefore, the nuclear structure properties of Pt and Ir isotopes in nuclear
reaction process are also calculated such as proton, deuteron, and triton separation
energies. To determine neutron (Sn), proton (Sp), deuteron (Sd), and triton (St)
separation energies of Pt and Ir isotopes, we exploited TALYS code 1.9, which
included different theoretical [20, 21] experimental tables [22] and Duflo-Zuker
mass formula [14] to calculate the mass values of nuclei.

Based on reaction processes used in this work, PEQ reaction mechanism can be
suitably explained by two-component exciton model which can make distinction of
particle (p) and hole (h) pairs in reaction flow, besides neutron (ν) and proton (π)
particles [14]:

dσPEk
dEk

¼ σCF
Xpmax
π

pπ¼p0π

Xpmax
ν

pν¼p0ν

Wk pπ, hπ, pν, hν,Ek
� �

τ pπ, hπ, pν, hν
� �� P pπ, hπ, pν, hν

� �
(1)

where σCF, P, τ, andWk are compound formation cross-section, pre-equilibrium
population, mean lifetime, and emission rate, respectively. It is important to
understand the estimation of particle emission situations which is available if the
exciton number equals to three (n = 2p1h) minimally. On the other hand, for an
ejectile k, the emission rate Wk as dependent on two-component particle hole state
density, ω is given by [14, 23, 24]

Wk pπ, hπ, pν, hν,Ek
� � ¼ 2sk þ 1

π2ℏ3
μkEkσk,inv Ekð Þ � ω pπ � Zk, hπ, pν �Nk, hν,Etot � Ek

� �

ω pπ, hπ, pν, hν,E
tot� �

(2)

where σk,inv Ekð Þ, Zk, μk, and sk are the inverse cross-section, the charge number
of the ejectile, the relative mass, and spin, respectively. Additionally, the ω in
Eq. (2) is given by single-particle state densities (gπ, gν) [24, 25]:

ω pπ, hπ, pν, hν,Ex
� � ¼ gnππ gnνν

pπ !hπ!pν!hν! n� 1ð Þ! U � A pπ, hπ, pν, hν
� �� �n�1 � f p, h,U,Vð Þ

(3)

where f, Pp,h, and A represent the finite well function, Fu’s pairing function, and
the Pauli correction as seen in Eqs. 4–6 and U = Ex - Pp,h [26]:

Pp,h ¼ Δ� Δ 0:996� 1:76
n

ncrit

� �1:6

=
Ex

Δ

� �0:68
" #2

(4)

Eq. (4) is valid if Ex=Δ≥0:716þ 2:44 n
ncrit

� �2:17
; otherwise Eq. (4) equals to Δ.

A pπ, hπ, pν, hν
� � ¼ max pπ, hπ

� �� �2
gπ

þ max pν, hν
� �� �2
gν

� p2π þ h2π þ pπ þ hπ
4gπ

� p2π þ h2π þ pπ þ hπ
4gν

(5)

9

Investigation of the Production of Medical Ir-192 Used in Cancer Therapy via Particle…
DOI: http://dx.doi.org/10.5772/intechopen.92545



EC = 5%, Iβ
� = 95%, and E β

� = 7 MeV, for using in medical applications [2].
Therefore, the production of such a radioisotope is fairly attractive, and there are
some production studies of Ir-192 in literature by Langille et al. [3], Szelecsényi et al.
[4], Tarkanyi et al. [5], and Hilger et al. [2]. These studies mainly intensify the
production of Ir-192 on enriched Os-192 targets via (p, n) reaction processes, and the
measurement by Tarkanyi et al. [5] only was a different reaction process, including
192Os(d,2n)192Ir together with isomeric states, 192m1 + gIr. The production of Ir-192 is
also available for different methods such as the (neutron, gamma) reaction process in
nuclear reactors [2, 5–7]. However, there are six stable isotopes of Os in nature,
namely, Os-184 (0.02%), Os-187 (1.96%), Os-188 (13.24%), Os-189 (16.15%),
Os-190 (26.26%), and Os-192 (40.78%) [8].

Therefore, in addition to 192Os(p, n)192Ir reaction, we take into account induced
reactions with deuteron, triton, helium-3, and alpha particles in the energy range
between 1 MeV and 100 MeV [9–13]. Furthermore, we calculated and simulated the
production of Ir-192 on Os-192, Os-189, and Os-190 targets for each charged parti-
cle. The cross-section and the integral yield calculations were performed by TALYS
1.9 code [14] and X-PMSP 2.0 program [12, 15–18], which is used to obtain the mass
stopping power results of Os for the charged particles. The activities and the yield of
products of reaction processes were carried out under certain circumstances, such
as current beam of 1 μA and irradiation time of 1 h. The calculated results were
compared with the experimental data obtained from Exfor database [19] and other
works in the literature. It is obvious that the obtained data are important to deter-
mine the production of Ir-192 in terms of other targets and the charged particle-
induced reactions due to providing new nuclear data for its production.

2. Materials and methods

Here, we have investigated the production of radioisotope Ir-192 used in
brachytherapy through nuclear reaction processes on enriched stable Os target iso-
topes. For this aim, we calculated the cross-section and the integral yield curves in
Eparticle = 100 ! 1 MeV energy region for each reaction process. Moreover, the
activities and yields of product of reaction processes as a function of irradiation
time are simulated under certain conditions via TALYS 1.9 code. Besides proton-
induced reaction, the radioisotope Ir-192 can be produced by deuteron, triton,
helium-3, and alpha particles accelerated by particle accelerators on natural Os
targets in 1–100 MeV energy range.

To produce Ir-192 on osmium targets (189,190,192Os), we followed out all reaction
processes under certain situations to estimate integral yield, activity, and yield of
product curves for the charged particle-induced reactions based on incident particle
energy region between 1 MeV and 100 MeV. We assumed the purity of osmium
targets as being above 99%, the target areas are about 1 cm2, and the target thick-
nesses are of uniform density during the irradiation processes in reactions. More-
over, the effective thicknesses of targets can change from 0.065 (189Os for alpha-
induced reaction) cm to 0.704 (192Os for proton-induced reaction) as dependent on
reaction process. For each reaction process, the produced heat in targets is about
0.099 kW, and the density of target materials is 22.600 g/cm3.

Furthermore, the target materials are bombarded by charged particles acceler-
ated in particle accelerator with beam current of 1 μA during irradiation time of 1 h
in energy region Eparticle = 100 ! 1 MeV, and the cooling time is in 24 h. All the
reaction processes never involve loss in activity and yield during irradiation time.
The activities, yields of product, and integral yields are performed by conditions
mentioned above.

8

Accelerators and Colliders

The process shows that when the Os targets are bombarded by the charged
particles accelerated in particle accelerators, the residual nuclei are made up, and it
turns into Pt* and Ir*(* means compound nucleus) isotopes by emitting different
particles in very small time interval, and afterwards, the radioisotope Ir-192 is
formed. Therefore, the nuclear structure properties of Pt and Ir isotopes in nuclear
reaction process are also calculated such as proton, deuteron, and triton separation
energies. To determine neutron (Sn), proton (Sp), deuteron (Sd), and triton (St)
separation energies of Pt and Ir isotopes, we exploited TALYS code 1.9, which
included different theoretical [20, 21] experimental tables [22] and Duflo-Zuker
mass formula [14] to calculate the mass values of nuclei.

Based on reaction processes used in this work, PEQ reaction mechanism can be
suitably explained by two-component exciton model which can make distinction of
particle (p) and hole (h) pairs in reaction flow, besides neutron (ν) and proton (π)
particles [14]:

dσPEk
dEk

¼ σCF
Xpmax
π

pπ¼p0π

Xpmax
ν

pν¼p0ν

Wk pπ, hπ, pν, hν,Ek
� �

τ pπ, hπ, pν, hν
� �� P pπ, hπ, pν, hν

� �
(1)

where σCF, P, τ, andWk are compound formation cross-section, pre-equilibrium
population, mean lifetime, and emission rate, respectively. It is important to
understand the estimation of particle emission situations which is available if the
exciton number equals to three (n = 2p1h) minimally. On the other hand, for an
ejectile k, the emission rate Wk as dependent on two-component particle hole state
density, ω is given by [14, 23, 24]

Wk pπ, hπ, pν, hν,Ek
� � ¼ 2sk þ 1

π2ℏ3
μkEkσk,inv Ekð Þ � ω pπ � Zk, hπ, pν �Nk, hν,Etot � Ek

� �

ω pπ, hπ, pν, hν,E
tot� �

(2)

where σk,inv Ekð Þ, Zk, μk, and sk are the inverse cross-section, the charge number
of the ejectile, the relative mass, and spin, respectively. Additionally, the ω in
Eq. (2) is given by single-particle state densities (gπ, gν) [24, 25]:

ω pπ, hπ, pν, hν,Ex
� � ¼ gnππ gnνν

pπ !hπ!pν!hν! n� 1ð Þ! U � A pπ, hπ, pν, hν
� �� �n�1 � f p, h,U,Vð Þ

(3)

where f, Pp,h, and A represent the finite well function, Fu’s pairing function, and
the Pauli correction as seen in Eqs. 4–6 and U = Ex - Pp,h [26]:

Pp,h ¼ Δ� Δ 0:996� 1:76
n

ncrit

� �1:6

=
Ex

Δ

� �0:68
" #2

(4)

Eq. (4) is valid if Ex=Δ≥0:716þ 2:44 n
ncrit

� �2:17
; otherwise Eq. (4) equals to Δ.

A pπ, hπ, pν, hν
� � ¼ max pπ, hπ

� �� �2
gπ

þ max pν, hν
� �� �2
gν

� p2π þ h2π þ pπ þ hπ
4gπ

� p2π þ h2π þ pπ þ hπ
4gν

(5)

9

Investigation of the Production of Medical Ir-192 Used in Cancer Therapy via Particle…
DOI: http://dx.doi.org/10.5772/intechopen.92545



f p, h,Ex,Vð Þ ¼ 1þ
Xh
i¼1

�1ð Þi
h

i

 !
Ex � iV

Ex

� �n�1

Θ Ex � iVð Þ (6)

where Θ and V in the finite well function are unit step function and the potential
well depth [27, 28].

3. Results and discussions

Based on charged particle-induced reaction processes, the production of Ir-192
on 189,190,192Os target materials via particle accelerator in energy region between
1 MeV and 100 MeV, we investigated the cross-section calculations (Figure 1), the
activity (Figure 2), and the yield of product (Figure 3) curves for all the reaction
processes, as well as the separation energies (Figure 4). Additionally, the integral
yield results are calculated by data of the cross-section calculations in Figure 1 and
mass stopping power results in Figure 5 obtained from X-PMSP 2.0 program. The
separation energies in Figure 4 are calculated to understand particle emissions that
divide from residual nuclei (191,192,193,194,195Ir* and 192,193,194,195,196Pt*), which is
composed of bombardment of Os target.

3.1 Cross-section calculations for the production of Ir-192

To produce Ir-192, the cross-section curves with proton-, deuteron-, triton-,
he-3-, and alpha-induced reactions on 189,190,192Os targets are presented by Figure 1
in 1–100 MeV energy range together with experimental data by Szelecsényi et al.
[4], Tarkanyi et al. [5], and Hilgers et al. [2]. The measurements by Szelecsényi
et al. [4] and Hilgers et al. [2] were only performed by proton-induced reaction on
Os-192 target up to 66 MeV. On the other hand, the data reported by Tarkanyi et al.
[5] reaches 20 MeV deuteron incident energy only on Os-192 target. It is obvious

Figure 1.
Cross-section curves for the production of Ir-192.

10

Accelerators and Colliders

that the production of Ir-192 for the triton-, he-3-, and alpha-induced reactions Os-
192 target does not involve any experimental result or theoretical result. In addition
to Os-192 target, for Os-190 and Os-189 targets, unfortunately, the cross-section
results for the production of Ir-192 are not come across different works. In com-
parisons of the calculated cross-section and the experimental data for Os-192 target,
the theoretical result for proton-induced reaction is consistent with that of
Szelecsényi et al. [4] and Hilgers et al. [2] from threshold energy to the maximum

Figure 2.
Activity curves for the production of Ir-192 as a function of irradiation time.

Figure 3.
Yield of product curves for the production of Ir-192 as a function of irradiation time.
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cross-section value. Thus, we can conclude that the theoretical cross-section curves
are consistent with the experimental data up to the highest value of cross-section
curves. Moreover, the data reported by Tarkanyi et al. [5] are generally in good
agreement with theoretical result up to 11 MeV deuteron incident energy. Besides
proton- and deuteron-induced reaction on Os-192 target, it is important to note
here that the cross-section values of the other induced reactions are suitable to
obtain the radioisotope because while the maximum cross-section values for pro-
ton- and deuteron-induced reactions reach �54 mb and �371 mb at 9 MeV and
14 MeV, the cross-section values of the triton-, he-3-, and alpha-induced reactions
ramp up to �1100 mb, �383 mb, and �40 mb at 19 MeV, 29 MeV, and 59 MeV,
respectively. Furthermore, for Os-189 and Os-190 targets, alpha-induced reactions
are clearly suitable compared to the other reaction types.

The results show that the production of the radioisotope Ir-192 can be produced
by triton-, he-3-, and alpha-induced reactions, in addition to proton- and deuteron-
induced reactions, and such productions are valid in less energy than that of
100 MeV. Therefore, to well understand the production of Ir-192 for each reaction
process, we estimated activity and yield curves as a function of irradiation time by
simulating under certain conditions.

3.2 Simulation of activity and yield of product for the production of Ir-192

The calculated cross-section results are in good agreement with the available
experimental data in the literature. The reaction processes are simulated to deter-
mine the activity and yield of product curves for the production of Ir-192 as shown

Figure 4.
Calculation of separation energies for some Ir and Pt isotopes in reaction process.
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in Figures 2 and 3. When compared with the cross-section curves, the activity and
yield of product results are consistent with the cross-section curves. For Os-192
target, at end of irradiation time, the triton-induced reaction has the highest activity
value of 3690 MBq. The deuteron- and proton-induced reaction reach almost the
same activity values, such as 2390 MBq and 2190 MBq, respectively. On the other
hand, helium-3- and alpha-induced reaction processes also have high activity
values, 803 MBq and 130 MBq.

It is clear that the proton- and deuteron-induced reactions have higher activity
and yield values than those of alpha- and he-3-induced reactions; however, this can
be an advantage rather than disadvantage. Ir-192 is a radioisotope for brachyther-
apy especially for vitals, and it is used inside the capsule which is settled next to the
tumor region to burn out cancerous tissues, and the radioisotope with Ir-192 high
activity can bring about harm for healthy tissues. Therefore, the reaction processes
with the alpha and he-3 particles can be more suitable in terms of application to
patients compared to the production of Ir-192 with proton- and deuteron-induced
reactions.

Figure 5.
Mass stopping power for the charged particles on Os target.
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cross-section value. Thus, we can conclude that the theoretical cross-section curves
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here that the cross-section values of the other induced reactions are suitable to
obtain the radioisotope because while the maximum cross-section values for pro-
ton- and deuteron-induced reactions reach �54 mb and �371 mb at 9 MeV and
14 MeV, the cross-section values of the triton-, he-3-, and alpha-induced reactions
ramp up to �1100 mb, �383 mb, and �40 mb at 19 MeV, 29 MeV, and 59 MeV,
respectively. Furthermore, for Os-189 and Os-190 targets, alpha-induced reactions
are clearly suitable compared to the other reaction types.

The results show that the production of the radioisotope Ir-192 can be produced
by triton-, he-3-, and alpha-induced reactions, in addition to proton- and deuteron-
induced reactions, and such productions are valid in less energy than that of
100 MeV. Therefore, to well understand the production of Ir-192 for each reaction
process, we estimated activity and yield curves as a function of irradiation time by
simulating under certain conditions.

3.2 Simulation of activity and yield of product for the production of Ir-192

The calculated cross-section results are in good agreement with the available
experimental data in the literature. The reaction processes are simulated to deter-
mine the activity and yield of product curves for the production of Ir-192 as shown

Figure 4.
Calculation of separation energies for some Ir and Pt isotopes in reaction process.
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in Figures 2 and 3. When compared with the cross-section curves, the activity and
yield of product results are consistent with the cross-section curves. For Os-192
target, at end of irradiation time, the triton-induced reaction has the highest activity
value of 3690 MBq. The deuteron- and proton-induced reaction reach almost the
same activity values, such as 2390 MBq and 2190 MBq, respectively. On the other
hand, helium-3- and alpha-induced reaction processes also have high activity
values, 803 MBq and 130 MBq.

It is clear that the proton- and deuteron-induced reactions have higher activity
and yield values than those of alpha- and he-3-induced reactions; however, this can
be an advantage rather than disadvantage. Ir-192 is a radioisotope for brachyther-
apy especially for vitals, and it is used inside the capsule which is settled next to the
tumor region to burn out cancerous tissues, and the radioisotope with Ir-192 high
activity can bring about harm for healthy tissues. Therefore, the reaction processes
with the alpha and he-3 particles can be more suitable in terms of application to
patients compared to the production of Ir-192 with proton- and deuteron-induced
reactions.

Figure 5.
Mass stopping power for the charged particles on Os target.
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In addition to the production of Ir-192 on Os-192 target via the charged particle-
induced reactions, when considered Os-190 and Os-189 targets, the alpha-induced
reactions for both targets give suitable activity values, 35.9 MBq and 4.92 MBq,
respectively. Moreover, the activity value of triton-induced reaction on Os-190
target also reaches 66.2 MBq; however, it is obvious that the triton-induced reaction
on Os-189 target is insufficient. Unfortunately, it is important to say that we do not
recommend the radioisotope production with triton-induced reactions due to
expensive obtaining of triton. Therefore, for the production of Ir-192 on Os-190 and
Os-189 targets, we can dependably propose the alpha-induced reaction process.

3.3 Calculation of separation energies

When the 189,190,192Os targets are bombarded by proton, deuteron, triton,
helium-3, and alpha particles accelerated by particle accelerator, new excited com-
pound nuclei, 191,192,193,194,195Ir and 192,193,194,195,196Pt may be made up, and after
then too very while, these excited nuclei turn into new residual nuclei by emitting
particles such as proton, neutron, deuteron, etc.

One of the residual nuclei also is the radioisotope Ir-192; however, there are
different ways to produce Ir-192, for example, the compound nucleus Ir-193
changes to Ir-192 by emitting a neutron, and if the compound nucleus Pt-193
spreads out a proton or the Pt-194 emits a deuteron, then the radioisotope Ir-192
may be produced. Therefore, to form Ir-192 on 189,190,192Os targets, we calculated
the separation energies of possible compound nuclei as shown in Figure 4. When
considering the calculated separation energies for isotopes of Pt, they are higher
than those of the isotopes of Ir. The he-3 and alpha separation energies are not
added due to the formation of Pt and Ir isotopes in reaction processes via the
charged particles. Moreover, it is obvious that the neutron separation and proton
separation energies are lower than those of the other separation energies.

3.4 Calculation of integral yield of reaction processes

To peruse the production of Ir-192 on 189,190,192Os targets for the charged
particle-induced reactions in energy region between 1 MeV and 100 MeV, we
calculated the integral yield results of each reaction process via the calculated cross-
section results in Figure 1 and the stopping powers of Os for the charged particles
obtained from X-PMSP 2.0 program (Figure 5); the obtained integral yield curves
are presented in Figure 6 as a function of particle energy. Based on the simulation
conditions of activity and yield of product of reaction processes, the integral yield
calculations were carried through in irradiation time of 1 h and a constant beam
current of 1 μA. The calculated integral yield curves were taken by the optimization
of a production route into account by providing high radionuclidic purity of the Ir-
192, including minimum impurity level and maximum yield value of the product.

When taking into account the nuclear reaction processes on Os-192 target, it is
clearly stated that the proton-induced reaction has only experimental yield data
reported by Szelecsényi et al. [4] up to 30 MeV incident proton energy. The calcu-
lated integral yield curve for proton-induced reaction is generally consistent with
measurement by Szelecsényi et al. [4], up to �15 MeV; however, beyond 15 MeV,
there is a little bit of difference when compared to the theoretical result. The reason
of such a distinction is why there is difference of both theoretical and experimental
cross-section curves in Figure 1 and the error rates in the theoretical calculations
and the experimental processes. Even the theoretical integral yield curve is close to
the experimental data, and in terms of analyzing accuracy of the integral yield
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curves, it can clearly be said that the results are believable and dependable. On the
other hand, the other induced reactions to produce Ir-192 are suitable, especially for
deuteron- and triton-induced reactions which are of higher integral yield values
(2 MBq/μAh and 4 MBq/μAh) than the proton-induced reaction (1 MBq/μAh)
behind 30 MeV. Moreover, the He-3 induced reaction process gives good results;
however, its appropriate energy range reaches to higher energy compared to the
other induced reactions, and the alpha-induced reaction has the highest energy
range to produce Ir-192.

Furthermore, based on the theoretical results, it is important to note here that
while the energy range for the production of Ir-192 through proton-induced reaction
can be determined as 20! 8 MeV, the appropriate energy ranges of triton- and
deuteron-induced reactions are 22! 12 MeV and 21! 9 MeV, respectively. These
energy ranges can be formed higher than 70% of the radioisotope Ir-192; however, in
these energy ranges, the contaminations in the production of Ir-192 would be
brought about. The production of Ir-192 in proton-induced reactions can include the
contamination of the radioisotope Ir-190 higher than 16MeV incident proton energy.
From the point of view of Szelecsényi et al. [4], such as a circumstance is valid, they
pointed out that the contamination of Ir-190 for proton-induced reaction reaches
70% at 17 MeV, and unfortunately, the 190Ir/192Ir activity ratio keeps up fairly high
[4].On the other hand, the production of Ir-192 on Os-190 and Os-189 targets are also
presented in Figure 6 as a function of particle energy. For Os-190 target, the triton
reaction and alpha-induced reactions are more suitable than those of the other reac-
tions. The alpha reaction process gives the best integral yield result for Os-189 target.

4. Conclusion

This paper mainly investigated the production of Ir-192 used in brachytherapy
via 189,190,192Os targets bombarded by proton, deuteron, triton, helium-3, and alpha

Figure 6.
Integral yield curves for the production of Ir-192 as a function of incident particle energy.
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In addition to the production of Ir-192 on Os-192 target via the charged particle-
induced reactions, when considered Os-190 and Os-189 targets, the alpha-induced
reactions for both targets give suitable activity values, 35.9 MBq and 4.92 MBq,
respectively. Moreover, the activity value of triton-induced reaction on Os-190
target also reaches 66.2 MBq; however, it is obvious that the triton-induced reaction
on Os-189 target is insufficient. Unfortunately, it is important to say that we do not
recommend the radioisotope production with triton-induced reactions due to
expensive obtaining of triton. Therefore, for the production of Ir-192 on Os-190 and
Os-189 targets, we can dependably propose the alpha-induced reaction process.

3.3 Calculation of separation energies

When the 189,190,192Os targets are bombarded by proton, deuteron, triton,
helium-3, and alpha particles accelerated by particle accelerator, new excited com-
pound nuclei, 191,192,193,194,195Ir and 192,193,194,195,196Pt may be made up, and after
then too very while, these excited nuclei turn into new residual nuclei by emitting
particles such as proton, neutron, deuteron, etc.

One of the residual nuclei also is the radioisotope Ir-192; however, there are
different ways to produce Ir-192, for example, the compound nucleus Ir-193
changes to Ir-192 by emitting a neutron, and if the compound nucleus Pt-193
spreads out a proton or the Pt-194 emits a deuteron, then the radioisotope Ir-192
may be produced. Therefore, to form Ir-192 on 189,190,192Os targets, we calculated
the separation energies of possible compound nuclei as shown in Figure 4. When
considering the calculated separation energies for isotopes of Pt, they are higher
than those of the isotopes of Ir. The he-3 and alpha separation energies are not
added due to the formation of Pt and Ir isotopes in reaction processes via the
charged particles. Moreover, it is obvious that the neutron separation and proton
separation energies are lower than those of the other separation energies.

3.4 Calculation of integral yield of reaction processes

To peruse the production of Ir-192 on 189,190,192Os targets for the charged
particle-induced reactions in energy region between 1 MeV and 100 MeV, we
calculated the integral yield results of each reaction process via the calculated cross-
section results in Figure 1 and the stopping powers of Os for the charged particles
obtained from X-PMSP 2.0 program (Figure 5); the obtained integral yield curves
are presented in Figure 6 as a function of particle energy. Based on the simulation
conditions of activity and yield of product of reaction processes, the integral yield
calculations were carried through in irradiation time of 1 h and a constant beam
current of 1 μA. The calculated integral yield curves were taken by the optimization
of a production route into account by providing high radionuclidic purity of the Ir-
192, including minimum impurity level and maximum yield value of the product.

When taking into account the nuclear reaction processes on Os-192 target, it is
clearly stated that the proton-induced reaction has only experimental yield data
reported by Szelecsényi et al. [4] up to 30 MeV incident proton energy. The calcu-
lated integral yield curve for proton-induced reaction is generally consistent with
measurement by Szelecsényi et al. [4], up to �15 MeV; however, beyond 15 MeV,
there is a little bit of difference when compared to the theoretical result. The reason
of such a distinction is why there is difference of both theoretical and experimental
cross-section curves in Figure 1 and the error rates in the theoretical calculations
and the experimental processes. Even the theoretical integral yield curve is close to
the experimental data, and in terms of analyzing accuracy of the integral yield
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curves, it can clearly be said that the results are believable and dependable. On the
other hand, the other induced reactions to produce Ir-192 are suitable, especially for
deuteron- and triton-induced reactions which are of higher integral yield values
(2 MBq/μAh and 4 MBq/μAh) than the proton-induced reaction (1 MBq/μAh)
behind 30 MeV. Moreover, the He-3 induced reaction process gives good results;
however, its appropriate energy range reaches to higher energy compared to the
other induced reactions, and the alpha-induced reaction has the highest energy
range to produce Ir-192.

Furthermore, based on the theoretical results, it is important to note here that
while the energy range for the production of Ir-192 through proton-induced reaction
can be determined as 20! 8 MeV, the appropriate energy ranges of triton- and
deuteron-induced reactions are 22! 12 MeV and 21! 9 MeV, respectively. These
energy ranges can be formed higher than 70% of the radioisotope Ir-192; however, in
these energy ranges, the contaminations in the production of Ir-192 would be
brought about. The production of Ir-192 in proton-induced reactions can include the
contamination of the radioisotope Ir-190 higher than 16MeV incident proton energy.
From the point of view of Szelecsényi et al. [4], such as a circumstance is valid, they
pointed out that the contamination of Ir-190 for proton-induced reaction reaches
70% at 17 MeV, and unfortunately, the 190Ir/192Ir activity ratio keeps up fairly high
[4].On the other hand, the production of Ir-192 on Os-190 and Os-189 targets are also
presented in Figure 6 as a function of particle energy. For Os-190 target, the triton
reaction and alpha-induced reactions are more suitable than those of the other reac-
tions. The alpha reaction process gives the best integral yield result for Os-189 target.

4. Conclusion

This paper mainly investigated the production of Ir-192 used in brachytherapy
via 189,190,192Os targets bombarded by proton, deuteron, triton, helium-3, and alpha

Figure 6.
Integral yield curves for the production of Ir-192 as a function of incident particle energy.
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particles accelerated in particle accelerators, instead of its production in nuclear
reactors. Therefore, we calculated the cross-section curves and simulated activities
and yields of product of all reaction processes. Additionally, to determine the
energy ranges for the formation of Ir-192 in nuclear reaction processes, we esti-
mated the integral yield results for each reaction process in energy region between
1 MeV and 100 MeV.

The calculated data were compared with the experimental data in the literature,
and the obtained results for proton-induced reaction on Os-192 target showed that
the theoretical results were in good agreement with available experimental data
based on the cross-section and the integral yield results. When taking conformity of
proton-induced reaction results into account, it is important to note here that the
obtained data in this work put dependable results for the production of Ir-192
forward the literature. Because, in addition to proton-induced reaction, the
obtained data for the production of Ir-192 contributes to the literature in terms of
deuteron-, triton-, helium-3-, and alpha-induced reaction processes. Moreover, the
calculations and simulations were also performed by charged induced reaction
processes on Os-190 and Os-189 targets besides Os-192 target.

Based on the obtained results, in addition to the production of proton-induced
reaction on Os-192 target, it can be said that deuteron-, triton-, helium-3-, and
alpha-induced reaction on Os-192 target are suitable to produce Ir-192 in energy
region between 1 MeV and 100 MeV. These energy ranges for the production of Ir-
192 irrespective of contamination of the other product in the reaction processes can
be given for proton-, deuteron-, triton-, he-3-, and alpha-induced reactions:
20 ! 8 MeV, 21 ! 9 MeV, 22 ! 12 MeV, 35 ! 19 MeV, and 65 ! 34 MeV,
respectively. Furthermore, in the case of Os-190 target, the triton reaction and
alpha-induced reactions are suitable compared to the other reactions, and the
energy ranges are given as 20 ! 7 MeV and 55 ! 25 MeV. For Os-189 target, the
alpha-induced reaction process can be proposed for the production of Ir-192 in
energy range 50 ! 21 MeV.
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particles accelerated in particle accelerators, instead of its production in nuclear
reactors. Therefore, we calculated the cross-section curves and simulated activities
and yields of product of all reaction processes. Additionally, to determine the
energy ranges for the formation of Ir-192 in nuclear reaction processes, we esti-
mated the integral yield results for each reaction process in energy region between
1 MeV and 100 MeV.

The calculated data were compared with the experimental data in the literature,
and the obtained results for proton-induced reaction on Os-192 target showed that
the theoretical results were in good agreement with available experimental data
based on the cross-section and the integral yield results. When taking conformity of
proton-induced reaction results into account, it is important to note here that the
obtained data in this work put dependable results for the production of Ir-192
forward the literature. Because, in addition to proton-induced reaction, the
obtained data for the production of Ir-192 contributes to the literature in terms of
deuteron-, triton-, helium-3-, and alpha-induced reaction processes. Moreover, the
calculations and simulations were also performed by charged induced reaction
processes on Os-190 and Os-189 targets besides Os-192 target.

Based on the obtained results, in addition to the production of proton-induced
reaction on Os-192 target, it can be said that deuteron-, triton-, helium-3-, and
alpha-induced reaction on Os-192 target are suitable to produce Ir-192 in energy
region between 1 MeV and 100 MeV. These energy ranges for the production of Ir-
192 irrespective of contamination of the other product in the reaction processes can
be given for proton-, deuteron-, triton-, he-3-, and alpha-induced reactions:
20 ! 8 MeV, 21 ! 9 MeV, 22 ! 12 MeV, 35 ! 19 MeV, and 65 ! 34 MeV,
respectively. Furthermore, in the case of Os-190 target, the triton reaction and
alpha-induced reactions are suitable compared to the other reactions, and the
energy ranges are given as 20 ! 7 MeV and 55 ! 25 MeV. For Os-189 target, the
alpha-induced reaction process can be proposed for the production of Ir-192 in
energy range 50 ! 21 MeV.
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Chapter 3

Some Key Issues of Vacuum 
System Design in Accelerators  
and Colliders
Jie Wang and Sheng Wang

Abstract

As we all know, vacuum system is the essential part for the accelerators and 
colliders, which provide the vacuum environment to minimize beam-gas interac-
tions and maintain normal operation of the beams. With the proposals of future 
accelerators and colliders, such as Future Circular Collider (FCC), Super Proton-
Proton Collider (SPPC), and International Linear Collider (ILC), it is time to 
review and focus on the key technologies involved in the optimization designs of 
the vacuum system of various kinds of accelerators and colliders. High vacuum 
gradient and electron cloud are the key issues for the vacuum system design of 
high-energy accelerators and colliders. This chapter gives a brief overview of these 
two key issues of vacuum system design and operations in high-energy, high-
intensity, and high-luminosity accelerators and collider.

Keywords: vacuum system, beam-gas interaction, electron cloud, secondary electron 
yield, non-evaporable getters

1. Introduction

The high-energy accelerators and colliders, such as the Intersecting Storage 
Rings (ISR) [1, 2] at European Organization for Nuclear Research (CERN), the 
Super Proton Synchrotron (SPS) (CERN) [3, 4], the Tevatron proton-antiproton 
collider (United States) [5, 6], the abandoned Superconducting Super Collider 
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Chapter 3

Some Key Issues of Vacuum 
System Design in Accelerators  
and Colliders
Jie Wang and Sheng Wang

Abstract

As we all know, vacuum system is the essential part for the accelerators and 
colliders, which provide the vacuum environment to minimize beam-gas interac-
tions and maintain normal operation of the beams. With the proposals of future 
accelerators and colliders, such as Future Circular Collider (FCC), Super Proton-
Proton Collider (SPPC), and International Linear Collider (ILC), it is time to 
review and focus on the key technologies involved in the optimization designs of 
the vacuum system of various kinds of accelerators and colliders. High vacuum 
gradient and electron cloud are the key issues for the vacuum system design of 
high-energy accelerators and colliders. This chapter gives a brief overview of these 
two key issues of vacuum system design and operations in high-energy, high-
intensity, and high-luminosity accelerators and collider.

Keywords: vacuum system, beam-gas interaction, electron cloud, secondary electron 
yield, non-evaporable getters
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the detailed information of Higgs self-coupling and the mechanism of electroweak 
symmetry breaking. FCC-ee [25, 26] and FCC-hh [27] are the two stages of Future 
Circular Collider (FCC) [28]. FCC has a center-of-mass energy of 100 TeV with 
proton-proton collisions finally. The key parameters of CEPC, FCC-hh, FCC-ee, 
HE-LHC, HL-LHC, and LHC are shown in Table 1.

Beam-related instabilities and electron cloud are the critical aspects for vacuum 
system of the high-energy, high-intensity, and high-luminosity accelerators, which 
could affect the machine performance and operation [33].

2. Electron cloud

Electron cloud (EC) issue is one of the important aspects for high-energy accelera-
tors and colliders. The primary electrons produced by the ionization of residual gases 
or by photoemission are accelerated by the beam and impact on the vacuum chambers 
and generate secondary electrons. Then, the secondary electrons can be reflected, 
accelerated, or absorbed in the vacuum chambers, even induce electron avalanche.

Secondary electron yield (SEY) is an important parameter to understand the 
formation and dissipation of the EC in accelerators [34]. The average of SEY over all 
electron-wall collisions for a certain time is the effective SEY (  δ  eff   ), which depends 
on the chamber and beam parameters. When   δ  eff    is less than 1, the net number of 
secondary electrons balances that of electrons absorbed by inner surfaces of vacuum 
chambers. When   δ  eff    is larger than 1, the secondary electrons grow exponentially 
and then the EC reaches a dynamical equilibrium with   δ  eff    value equating to 1.

The electron accumulation can induce beam losses, beam instabilities, the emit-
tance growth, the heating of the vacuum chambers, vacuum instabilities, and the 
decrease of detection precision [33], as shown in Figure 1. The detrimental effects of 
EC on beam quality have been observed and studied in many accelerators. The esti-
mation and simulation of EC formation process and the exploration of EC inhibition 
methods are critical for the understanding of EC build-up and related effects.

2.1 Numerical simulations of electron cloud

High-energy beam-induced synchrotron radiation can result in the increase 
of vacuum pressure and the primary photoelectrons. These can finally contribute 
to the EC formation. Many parameters can affect the EC formation, such as beam 
energy [35], bunch spacing [36], bunch size, bunch intensity, vacuum pressure, 
the geometry of the vacuum pipes [37], the properties of inner surface of vacuum 
chamber [38], the secondary electron energy spectrum [34], etc.

Parameter CEPC FCC-hh FCC-ee HE-LHC HL-LHC LHC (pp)

Ebeam [GeV] 120 50,000 45.5–175 12,500 7000 7000

Luminosity per IP 
[1034cm−2s−1]

1.8 5–30 1.55–230 28 5 1

Circumference C [km] 54 97.8 97.75 26.7 26.7 26.7

Beam current [mA] 16.6 500 5.4–1390 1120 1120 584

SR power per beam [kW] 50 2400 50 100 3.6 0.0036

Table 1. 
Key parameters for CEPC [29], FCC-hh [30], FCC-ee [26, 31], HE-LHC [30, 32], HL-LHC [30], and 
LHC(pp) [29].
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There are three kinds of EC simulation codes: build-up simulation codes, 
instability simulation codes, and self-consistent simulation codes. The EC density 
distribution as the function of time and energy and the details of the interaction 
between electrons and walls can be obtained based on the EC build-up simulation 
codes with 2D and 3D versions. For the study of EC in isolated regions like field-free 
regions, 2D codes are preferable. For the study of EC in magnetic regions like fringe 
fields regions, 3D codes are usually adopted. EC build-up simulation codes cannot 
get the information on the interaction between the EC and the beam [39], while 
instability simulation codes can get the details on the interaction between dynami-
cal beam particles and the prescribed EC. For instability simulation codes, the inter-
action between electrons and the walls is simplified or negligible. Self-consistent 
simulation codes are more computational than the above two simulation codes, to 
better understand the dynamic effects between the electrons and the beams, such as 
WARP-POSINST codes [40].

Guillermo et al. studied the details of the build-up of electron cloud and the 
effect of synchrotron radiation on EC formation based on the code of Synrad3D and 
the 2D macro-particle code of PyECLOUD [37]. The results demonstrated that the 
different surface conditions could influence the heat load and average electron line 
density. The smoother the surfaces, the higher the average linear density for all SEY 
values selected. For smooth surface, the heat load is the highest. Moreover, the heat 
load on the inverted sawtooth vacuum surface was slightly smaller than that on the 
oriented sawtooth surfaces.

The EC build-up and the effect of EC on the proton beam in the SPS accelera-
tor were simulated by Vay et al. [40], based on the WARP-POSINST codes. The 
analysis results indicated that the interaction between EC and the proton bunches 
can induce the increase of emittance, vertical bunch size, leading to the increase of 
electron density.

The Fortran code ECLOUD was developed to understand the EC effect depend-
ing on the specified secondary emission model [41, 42]. The true secondary electrons 
and reflected electrons and their energy distribution are included in this code, which 
contribute to the secondary emission. Various shapes such as round pipes, ellipti-
cal pipes, and rectangular pipes can be simulated in this code. The detector effect 

Figure 1. 
Electron cloud-induced related effects.
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chamber [38], the secondary electron energy spectrum [34], etc.
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and the scrubbing effect can be simulated to better compare with the experimental 
results. The general layout of the ECLOUD code (first version in 1997 at CERN by 
Zimmermann) [43], the PEI code (in 1995 at KEK by Ohmi) [44], and the POSINST 
code (in 1996 at LBNL by Furman and Lambertson) [45] is basically similar.

The POSINST code was employed by Crittenden et al., to study the EC build-up 
in the arc dipole region of positron damping ring of International Linear Collider 
(ILC) [46]. The secondary electron emission (SEE) parameters of a TiN surface 
tested at Cornell Electron Storage Ring Test Accelerator (CESRTA) were used in 
the SEY model during the POSINST simulations. The distribution of photons and 
photon transport in the arc region were calculated by SYNRAD3D code. For the 
estimations of EC densities in quadrupoles, sextupoles, and field-free regions, 
the ECLOUD code [41, 47] was used. The simulation results demonstrated that 
the beam emittance growth during 300 turns and 18,550 turns were 0.16 and 10% 
because of ECs. When the averaged electron cloud density was 3.5 × 1010 m−3, the 
beam emittance increased about 0.2% as the chromaticity values increased from 0 
to 6 [46].

The 3D code CLOUDLAND was adopted by Wang et al., to study the EC evolu-
tion in the quadrupole and sextupole regions of the ILC/CESRTA with and without 
ante-chamber [48]. The simulation results indicated that the average EC density 
in the quadrupole magnet of the ILC can be reduced by 98% under the presence of 
ante-chamber when the SEY was less than 1.1. When the SEY was larger than 1.1, 
the effect of ante-chambers on EC densities was not notable. Larger SEY can induce 
higher EC average densities. The strong space charge can reduce the EC density 
and change the EC distribution dramatically. Therefore, the reduction of SEYs in 
quadrupole and sextupole regions is important for the decrease of the photon flux.

2.2 Single and coupled bunch instabilities

When the head of the bunch is diverged from the beam axis and interacts with 
the EC, it will induce the single bunch head-tail instability [49]. The following 
bunches will be affected by the new EC distributions and the tails can be deflected 
finally. The property of EC here is similar to the short-range wake field. The elec-
tron distribution, the energy spectrum of electrons, and the evolution of the EC can 
be simulated and compared with the experimental results. Then, the EC densities 
were obtained and used for the input parameters to analyze the impact of EC on the 
bunches.

The bunch instability caused by EC in a linac can induce the beam break-up  
in the case without synchrotron radiation. And in the case of synchrotron radiation, 
the instability caused by EC is analogous to the transverse mode coupling instability 
(TMCI) [50]. The impacts of space charge, magnetic field, the chromaticity, the 
amplitude detuning, and the broad-band resonator are also considered in the study 
of the bunch instability caused by EC [50–53].

The single and coupled bunch instabilities are mainly related to the frequency 
of the EC, the synchrotron tune, the machine circumference, the beam sizes, 
the bunch length, the chromaticity, and the relativistic factor [54], as shown in 
Figure 2.

Various single bunch instability codes such as MICROMAP (developed at GSI) 
[55, 56], PEHTS (developed at KEK) [35, 57–60], CMAD [61, 62], and HEADTAIL 
(developed at CERN) [52, 63] were developed to study the related effects.

The CMAD code, the HEADTAIL code, and the WARP code were used by Li 
et al. [62] to study the effects of various wideband feedbacks on the EC instabili-
ties in CERN SPS, which provided valuable information for HL-LHC. The results 
showed that a bandwidth of 500 MHz was needed to mitigate the EC when the EC 
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densities were above 1 × 1012 m−3. When the EC densities were above 1.4 × 1012 m−3, 
a bandwidth of 1 GHz may be required.

The single bunch instability caused by EC with different densities in LHC and 
SPS was investigated by E. Benedetto et al. [52] based on the HEADTAIL simulation 
code [53, 63]. The EC effect on transverse single bunch instabilities in the bending 
region was simulated and compared with observations in the SPS. And for the LHC, 
the simulation results indicated that the chromaticity is a key factor for the head-tail 
instability, but may not for a short- and long-term emittance growth [52].

Based on the HEADTAIL code and ECLOUD program, the simulation results dem-
onstrated that the instability growth process and the chromaticity beneficial effect were 
consistent with the observed results, which were reported by G. Rumolo et al. [42].

Ohmi studied the interaction between the EC and the single bunch via PIC 
method (PEHTS) in High Energy Accelerator Research Organization B-factory Low 
Energy Ring (KEKB LER) [57]. The simulation results showed that the strong head-
tail instability in KEKB-LER was related to the coherent instability caused by the EC.

In Beijing Electron Positron Collider (BEPC), the single and coupled bunch 
instabilities caused by EC were studied systematically by Wang et al. [51]. The 
effects of ante-chamber, TiN films, and clearing electrodes on electron cloud 
instability (ECI) were explored by simulations and experiments. The simula-
tion and experimental results manifested that the single bunch instability can be 
reduced below the threshold and the coupled bunch instability can be restricted by 
the feedback systems.

2.3 Electron cloud mitigation methods

Various methods, such as the electrode cleaning, the solenoid, the beam 
scrubbing, the film coatings, and geometrical modification (like laser processed 
surfaces), have been developed for EC mitigation in accelerators and colliders, 
as shown in Figure 3 [64–67]. The test results in Relativistic Heavy Ion Collider 
(RHIC) showed that the solenoids with the magnetic field of 0.5 mT were effective 
for the EC suppression [64].

Figure 2. 
Key parameters for the single and coupled bunch instability induced by electron cloud.
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and the scrubbing effect can be simulated to better compare with the experimental 
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the SEY model during the POSINST simulations. The distribution of photons and 
photon transport in the arc region were calculated by SYNRAD3D code. For the 
estimations of EC densities in quadrupoles, sextupoles, and field-free regions, 
the ECLOUD code [41, 47] was used. The simulation results demonstrated that 
the beam emittance growth during 300 turns and 18,550 turns were 0.16 and 10% 
because of ECs. When the averaged electron cloud density was 3.5 × 1010 m−3, the 
beam emittance increased about 0.2% as the chromaticity values increased from 0 
to 6 [46].
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When the head of the bunch is diverged from the beam axis and interacts with 
the EC, it will induce the single bunch head-tail instability [49]. The following 
bunches will be affected by the new EC distributions and the tails can be deflected 
finally. The property of EC here is similar to the short-range wake field. The elec-
tron distribution, the energy spectrum of electrons, and the evolution of the EC can 
be simulated and compared with the experimental results. Then, the EC densities 
were obtained and used for the input parameters to analyze the impact of EC on the 
bunches.

The bunch instability caused by EC in a linac can induce the beam break-up  
in the case without synchrotron radiation. And in the case of synchrotron radiation, 
the instability caused by EC is analogous to the transverse mode coupling instability 
(TMCI) [50]. The impacts of space charge, magnetic field, the chromaticity, the 
amplitude detuning, and the broad-band resonator are also considered in the study 
of the bunch instability caused by EC [50–53].

The single and coupled bunch instabilities are mainly related to the frequency 
of the EC, the synchrotron tune, the machine circumference, the beam sizes, 
the bunch length, the chromaticity, and the relativistic factor [54], as shown in 
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Various single bunch instability codes such as MICROMAP (developed at GSI) 
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(developed at CERN) [52, 63] were developed to study the related effects.

The CMAD code, the HEADTAIL code, and the WARP code were used by Li 
et al. [62] to study the effects of various wideband feedbacks on the EC instabili-
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a bandwidth of 1 GHz may be required.
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SPS was investigated by E. Benedetto et al. [52] based on the HEADTAIL simulation 
code [53, 63]. The EC effect on transverse single bunch instabilities in the bending 
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instability, but may not for a short- and long-term emittance growth [52].
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onstrated that the instability growth process and the chromaticity beneficial effect were 
consistent with the observed results, which were reported by G. Rumolo et al. [42].

Ohmi studied the interaction between the EC and the single bunch via PIC 
method (PEHTS) in High Energy Accelerator Research Organization B-factory Low 
Energy Ring (KEKB LER) [57]. The simulation results showed that the strong head-
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In Beijing Electron Positron Collider (BEPC), the single and coupled bunch 
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effects of ante-chamber, TiN films, and clearing electrodes on electron cloud 
instability (ECI) were explored by simulations and experiments. The simula-
tion and experimental results manifested that the single bunch instability can be 
reduced below the threshold and the coupled bunch instability can be restricted by 
the feedback systems.

2.3 Electron cloud mitigation methods

Various methods, such as the electrode cleaning, the solenoid, the beam 
scrubbing, the film coatings, and geometrical modification (like laser processed 
surfaces), have been developed for EC mitigation in accelerators and colliders, 
as shown in Figure 3 [64–67]. The test results in Relativistic Heavy Ion Collider 
(RHIC) showed that the solenoids with the magnetic field of 0.5 mT were effective 
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With the advantage of no additional parts introduced, film coatings (like TiN 
coatings, diamond-like carbon film, highly oriented pyrolytic graphite, and the 
amorphous carbon film) [66] and geometrical modification methods were stud-
ied widely.

Compared to other films, TiN coatings were applied in accelerators and colliders 
extensively. Therefore, the related properties and the application of TiN film will be 
introduced emphatically.

Recently, laser ablation method was proposed as a novel and potential way for 
reducing the SEY [65, 68] with several advantages, such as low cost, no requirement 
of vacuum, etc. The impedance issue, desorption properties, and the compatibility 
with cryogenic vacuum should be evaluated and studied carefully in the future 
accelerators and colliders.

2.3.1 TiN film

In order to mitigate EC in accelerators, TiN film coatings were employed in the 
inner surface of vacuum chambers [69–75]. The experimental results indicate that 
TiN film coating is an effective way for EC mitigation. The effects of substrate 
materials, the stoichiometry, film thicknesses, ion/electron bombardments, and 
deposition parameters on the SEY and related properties of TiN have been investi-
gated systematically [70, 72, 74, 76–83].

TiN film coatings were deposited on the inner surfaces of copper beam ducts in 
KEK by Shibata et al. [74, 75]. As an example, a pipe length of 3.6 m was coated and 
installed in the KEK B-factory positron ring using a titanium rod of 4.2 m long. The 
maximum SEY (  δ  max   ) of the TiN film coatings varied between 0.70 and 1.58 with 
the electron doses ranging between 10−1 and 10−5 C mm−2. The coated chambers 
were tested in LER. The test results manifested that the EC density in the coated 
chambers decreased about ~33% comparing to that of the uncoated ones at the 
beam current of 800 mA.

In Laboratory of the Linear Accelerator-Orsay (LAL-Orsay), TiN film coating 
was used as the EC inhibition method in the RF ceramic windows [73]. The planar 
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and cylindrical alumina ceramics were the substrates with the properties of high 
mechanical strength, high stability, and low outgassing rate. The SEY of the alu-
mina ceramic was decreased by depositing the TiN film on its surfaces, which will 
benefit for the avoiding of electron multipactor.

The effects of H2 gas, ion, and electron conditioning on the SEY of TiN coat-
ing for EC suppression in storage rings were investigated by F. Le Pimpec et al. in 
Stanford Linear Accelerator Center (SLAC) [78] and Lawrence Berkeley National 
Laboratory (LBNL) [70, 72, 84]. The   δ  max    of TiN coating was reduced from 1.50 to 
1.10 after N2+ ion bombardment. During N2+ ion bombardment, the contaminants, 
such as hydrocarbons, water, and oxide with high SEY, were removed, which 
contributed to the SEY decrease of TiN coating. Ion bombardment could induce the 
interstitial N, while the vacancies may be filled by the nitrogen from the beam pipe 
[85]. The   δ  max    of TiN coating with Al substrates ranged from 1.52 to 1.99. The thick-
est TiN coatings with Al or stainless steel substrates had the lowest SEY here. As the 
electron conditioning doses increased, the maximum energy (Emax) corresponding 
to the   δ  max    shifted to lower energy and the SEY curves bend disappeared. This SEY 
evolution may be related to the removal or dissociation (from TiO2 into defective 
suboxide) of the surface contaminants. When the TiN coatings were baked out 
in vacuum at 150°C for 2 h, the   δ  max    decreased from 1.70 to 1.60 [70]. For the TiN 
coating deposited on the grooved Al surface, the   δ  max    of TiN coatings decreased to 
1.30 from 2.30.

The vacuum pipes of different sizes in Spallation Neutron Source (SNS) were 
coated with TiN films by reactive DC magnetron sputtering in Brookhaven National 
Laboratory (BNL) [64, 71]. The arc regions, straight sections, injection kicker 
ceramic chambers, and extraction kicker modules were deposited with TiN, with 
the lengths of 0.5–5 m and the diameters of 20–36 cm.

The TiN films were coated on the racetrack-type ceramic pipe for the EC sup-
pression in National Synchrotron Radiation Laboratory by Wang et al. [86, 87]. 
CST PARTICLE STUDIO software was used to optimize the TiN film thickness in 
magnetron sputtering system. Moreover, two kinds of Ti cathodes (Ti rods and Ti 
plates) were adopted and compared to improve the TiN film deposition rate.

In order to reduce the electron multipactor effects and improve power transmis-
sion in the TESLA couplers at DESY, TiN films were applied on the inner surface of 
the wave guides and the RF windows [88]. The performance of low SEY remained 
steady even after 24 h air exposure. In addition, the RF conditioning time reduced 
from ~3 days to 4–6 h due to the TiN films.

Above all, the thicknesses, SEYs, and substrates of the TiN films were summa-
rized in Table 2. The film thicknesses of TiN films were usually ranging from 7 to 
200 nm. Aluminum alloy, stainless steel, copper, and ceramic are generally chosen 
as the substrates.

2.3.2 Other films

Besides TiN coatings, other low SEY film coatings, like the carbon film [66], 
highly oriented pyrolytic graphite (HOPG) [66], the diamond-like carbon film 
(DLC) [89], and the amorphous carbon coatings (a-C) [90] will be introduced in 
this section.

Ceramic pipes were used in the rapid-cycling synchrotron (RCS) of the Japan 
Proton Accelerator Research Complex (J-PARC) to avoid the eddy current effect 
[89]. In order to reduce the electron emission from the internal surfaces of the 
ceramic pipes, the DLC coating was applied as a possible alternative method. The 
experimental results indicated that the SEYs of DLC coating exposing to the water/
oxygen/electron beam were 1.15–1.20 and less than that of TiN coatings (1.50–1.70).
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such as hydrocarbons, water, and oxide with high SEY, were removed, which 
contributed to the SEY decrease of TiN coating. Ion bombardment could induce the 
interstitial N, while the vacancies may be filled by the nitrogen from the beam pipe 
[85]. The   δ  max    of TiN coating with Al substrates ranged from 1.52 to 1.99. The thick-
est TiN coatings with Al or stainless steel substrates had the lowest SEY here. As the 
electron conditioning doses increased, the maximum energy (Emax) corresponding 
to the   δ  max    shifted to lower energy and the SEY curves bend disappeared. This SEY 
evolution may be related to the removal or dissociation (from TiO2 into defective 
suboxide) of the surface contaminants. When the TiN coatings were baked out 
in vacuum at 150°C for 2 h, the   δ  max    decreased from 1.70 to 1.60 [70]. For the TiN 
coating deposited on the grooved Al surface, the   δ  max    of TiN coatings decreased to 
1.30 from 2.30.

The vacuum pipes of different sizes in Spallation Neutron Source (SNS) were 
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Laboratory (BNL) [64, 71]. The arc regions, straight sections, injection kicker 
ceramic chambers, and extraction kicker modules were deposited with TiN, with 
the lengths of 0.5–5 m and the diameters of 20–36 cm.

The TiN films were coated on the racetrack-type ceramic pipe for the EC sup-
pression in National Synchrotron Radiation Laboratory by Wang et al. [86, 87]. 
CST PARTICLE STUDIO software was used to optimize the TiN film thickness in 
magnetron sputtering system. Moreover, two kinds of Ti cathodes (Ti rods and Ti 
plates) were adopted and compared to improve the TiN film deposition rate.

In order to reduce the electron multipactor effects and improve power transmis-
sion in the TESLA couplers at DESY, TiN films were applied on the inner surface of 
the wave guides and the RF windows [88]. The performance of low SEY remained 
steady even after 24 h air exposure. In addition, the RF conditioning time reduced 
from ~3 days to 4–6 h due to the TiN films.

Above all, the thicknesses, SEYs, and substrates of the TiN films were summa-
rized in Table 2. The film thicknesses of TiN films were usually ranging from 7 to 
200 nm. Aluminum alloy, stainless steel, copper, and ceramic are generally chosen 
as the substrates.

2.3.2 Other films

Besides TiN coatings, other low SEY film coatings, like the carbon film [66], 
highly oriented pyrolytic graphite (HOPG) [66], the diamond-like carbon film 
(DLC) [89], and the amorphous carbon coatings (a-C) [90] will be introduced in 
this section.

Ceramic pipes were used in the rapid-cycling synchrotron (RCS) of the Japan 
Proton Accelerator Research Complex (J-PARC) to avoid the eddy current effect 
[89]. In order to reduce the electron emission from the internal surfaces of the 
ceramic pipes, the DLC coating was applied as a possible alternative method. The 
experimental results indicated that the SEYs of DLC coating exposing to the water/
oxygen/electron beam were 1.15–1.20 and less than that of TiN coatings (1.50–1.70).
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Amorphous carbon films with the   δ  max    of 0.92–1.33 have been used on the 
vacuum pipes for the EC elimination in SPS with LHC-type beam [90–92]. The 
test results demonstrated that the EC can be suppressed in the liners even after 
air exposure for 3 months. Moreover, the properties of a-C films were stable after 
3 years beam operations.

Carbon films [93] were prepared with the   δ  max    of ~0.97, which was lower than 
that of HOPG (~1.23) [66]. The SEY difference between carbon films and HOPG 
can be ascribed to that the density of carbon films was smaller and the larger pen-
etration range and the SEs scattering to defects/pores than that of HOPG. The XPS 
results showed that the SEY values were related to the C 1 s high binding energy. 
When the concentration of oxygen was below 16 at%, it would not affect the SEY of 
carbon films.

3. High vacuum gradient

The rough pumps, the turbo molecular pumps, and the ion pumps are usually 
adopted between the ends of vacuum pipes in accelerators and colliders. These 
pumps can reduce the pressure efficiently near it, while the pressure in the middle 
of the vacuum pipes is higher than the ones near the pumps. In other words, the 
application of traditional pumps can induce the high vacuum gradient. In order 
to reduce the vacuum gradient in the long vacuum pipes, non-evaporable getter 
(NEG) coatings were proposed to solve this issue [94–99].

3.1 NEG

Generally, NEGs are the alloys Fe, Al, Zr, etc., with the property of absorbing 
residual gases, like H2, CO, and CH4, after high-temperature activation in vacuum 
systems. NEGs are widely used in accelerators and colliders for the achievement of 
ultra-high vacuum (UHV) and provide distributed pumping [97, 100, 101]. The H2 
outgassing rate for aluminum alloys or stainless steel is about 10−13 Torr l s−1 cm−2, 
which is the main obstacle for UHV achieving. In order to reduce the outgassing 
rate and achieve the required ultimate pressure, NEG alloys were applied in vacuum 
systems.

Institutions Substrates Thickness/nm   δ  max   

KEK [74, 75] Copper (beam ducts) 100–200 1.05–1.60

LAL [73] Ceramic (RF windows) 7–15 1.50

SLAC & LBNL [72, 78, 84] 6063 aluminum alloy/
stainless steel

100–204 1.01–1.99 (ion and 
electron conditioning)

BNL [64, 71] Ceramic/stainless steel 
(chambers)

~100 Less than 1.80

DESY [88] Ceramic/aluminum/
copper

(coupler windows, 
couplers)

4–40 /

NSRL [86, 87] Ceramic 45–3200 /

Table 2. 
The SEYs, thicknesses, substrates of TiN film coatings prepared by various research institutions. Here,   δ  max    is the 
maximum SEY within the primary electron energy considered.
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3.1.1 NEG binary NEG alloy

Binary NEG alloy Zr-Al (St101) [102] was prepared on both sides of strips of 
getter pumps with the activation temperature of ~700°C and applied in the vacuum 
pipes of Large Electron Positron (LEP) Collider at CERN.

Zr-Fe (St198) NEG alloy has been applied in various scenarios, such as the 
N2-filled devices, the integrated electronic circuit for N2 purifier, the conversion 
of tritiated water, hydrogen storage devices, and the hydrogen isotopes absorption 
and desorption [103]. The XPS results indicated the surface chemical state changes 
during thermal activation. At higher activation temperatures, the concentration of 
metallic Zr improved in the surfaces. The concentration of carbon increased gradu-
ally under the case of activation temperature of less than 400°C and then decreased.

The ESD, pumping speed, and ultimate pressure of Ti-Hf, Hf-Zr, and Ti-Zr 
binary [98] NEG were studied and compared by C. Benvenuti et al. Thereinto, the 
Ti-Zr NEG alloy has the lowest activation temperature of ~200°C. The ultimate 
pressure of ~10−11 Pa can be obtained using the binary coatings, which can provide 
the pumping speed for H2 of ~0.5 l s−1 cm−2.

3.1.2 Ternary NEG alloy

Ternary NEG alloys, like Ti-Zr-V and Zr-V-Fe (St707, St737) NEG films  
[96, 104–107], have been applied in the vacuum system of accelerators and colliders. 
Ti-Zr-V NEG coatings have the activation temperature of less than 200°C [108]. The 
absorption and desorption mechanisms during thermal activation and pumping 
properties of ternary NEG alloy coatings have been investigated extensively.

The research results showed that the concentrations of Ti and Zr were enriched 
on the surface of activated Ti-Zr-V NEG films [108, 109]. The oxygen detected on 
the activated surface was mainly in the form of Zirconium suboxides and titanium 
suboxides.

For the sake of reducing the activation temperature of ternary NEG alloys, 
different compositions of Ti, Zr, and V elements were produced on stainless steel 
surfaces. The surface chemical state and crystal structure variations of Ti, Zr, and 
V elements were analyzed by Auger electron spectroscopy (AES) and X-ray dif-
fraction (XRD) during thermal activation [94]. The getters with a nanocrystalline 
structures could be activated more easily as the activation behavior is related to the 
solubility and the diffusion of oxygen.

3.1.3 Quaternary NEG alloy

Quaternary Ti-Zr-Hf-V NEG films were proposed by Malyshev with the advan-
tage of lowest activation temperature of ~150°C [110–112]. Comparing to the ESD 
yields for all desorbed species (H2, CO, and CO2) of Ti-Zr-V NEG films, those of 
Ti-Zr-Hf-V NEG films were lower. Two kinds of Ti-Zr-Hf-V NEG films, the dense 
one and the columnar one, were prepared. The experimental results demonstrated 
that the columnar one has lower initial ESD yields, the higher pumping speeds, and 
capacities for all desorbed species than that of the dense one. In addition, a dual-
layer NEG coating was prepared with the bottom dense layer and the top columnar 
layer. Here, hydrogen diffusion can be barred by the bottom layer. The ESD of 
hydrogen can be improved and the pumping properties can be enhanced by the top 
layer.

To understand the effect of the coatings on the wakefield impedance, the surface 
resistance of Ti-Zr-Hf-V NEG films was tested and analyzed at 7.8 GHz [110]. Based 
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on the analytical model, the conductivities of dense and columnar NEG coatings 
were 8 × 105 S/m and 1.4 × 104 S/m. The surface resistance of copper increased 
slightly after NEG coating depositions.

3.2 Photons-/electrons-/ions-stimulated desorption

The photons-/electrons-/ions-induced gas desorption may result in pressure 
instability and then lead to the beam loss. The ionization of residual gases is pro-
portional to the beam current. Therefore, the materials, the geometry, and the 
pumping speed of the vacuum systems should be considered carefully [113–120]. In 
order to reach the base pressures of ~10−9 Pa and reduce the pressure instability, low 
photon-stimulated gas desorption (PSD) yield, electron-stimulated gas desorption 
(ESD) yield, and ion-stimulated gas desorption (ISD) yield materials are preferable 
in vacuum systems.

The ESD and ISD yield of the commonly used materials like the OFHC, the 
stainless steel in accelerators and colliders, were measured and analyzed during the 
bake out at 150–600°C [114]. The test results indicated that the surfaces of metallic 
oxide may have the porous structures, which can trap the residual gases such as H2 
and CH4.

The ion-induced pressure instability, firstly observed at CERN, can limit 
the beam current in accelerators and colliders and has been studied intensively 
[121–123]. The effects of the ion dose, the mass, and the energy on the ISD yields of 
copper and aluminum were investigated [119]. The desorption yields of the copper 
and the aluminum decreased by two times after the bake out. NEG coatings are the 
mostly used solution for reducing the ion-induced vacuum stability [121].

It was found that the application of beam screen can effectively reduce the 
vacuum instability caused by ISD, ESD, and PSD at room temperature and cryo-
genic regions in LHC [118]. For example, the average H2 density caused by PSD 
could be reduced by over 50 times by incorporating the beam screen in the vacuum 
pipes [124]. Moreover, glow discharge and baking are also useful methods for the 
reduction of ion-induced pressure instability [125, 126].

4. Final remarks

This chapter introduces the two key issues: electron clouds and high vacuum 
gradient. Electron cloud issue may influence the beam quality and stability in 
accelerators and colliders. Various methods, such as the DLC film, the a-C film and 
laser processed surfaces, have been proposed for the EC mitigation in the warm and 
cryogenic regions. As for the high vacuum gradient issue, the preparation and prop-
erties of binary/ternary/quaternary NEG alloy films have been studied to decrease 
the activation temperature and beam-gas interactions and also to improve the 
pumping properties, PSD, ESD, and ISD yields at room temperature and cryogenic 
temperature. For the design of UHV vacuum system of accelerators and colliders, 
the quality, the conformity, and the engineering aspects should be investigated and 
analyzed carefully. In regard to vacuum operations, the safety, reliability, and the 
machine performance limitations should be considered and tested carefully.
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pumping speed of the vacuum systems should be considered carefully [113–120]. In 
order to reach the base pressures of ~10−9 Pa and reduce the pressure instability, low 
photon-stimulated gas desorption (PSD) yield, electron-stimulated gas desorption 
(ESD) yield, and ion-stimulated gas desorption (ISD) yield materials are preferable 
in vacuum systems.

The ESD and ISD yield of the commonly used materials like the OFHC, the 
stainless steel in accelerators and colliders, were measured and analyzed during the 
bake out at 150–600°C [114]. The test results indicated that the surfaces of metallic 
oxide may have the porous structures, which can trap the residual gases such as H2 
and CH4.

The ion-induced pressure instability, firstly observed at CERN, can limit 
the beam current in accelerators and colliders and has been studied intensively 
[121–123]. The effects of the ion dose, the mass, and the energy on the ISD yields of 
copper and aluminum were investigated [119]. The desorption yields of the copper 
and the aluminum decreased by two times after the bake out. NEG coatings are the 
mostly used solution for reducing the ion-induced vacuum stability [121].

It was found that the application of beam screen can effectively reduce the 
vacuum instability caused by ISD, ESD, and PSD at room temperature and cryo-
genic regions in LHC [118]. For example, the average H2 density caused by PSD 
could be reduced by over 50 times by incorporating the beam screen in the vacuum 
pipes [124]. Moreover, glow discharge and baking are also useful methods for the 
reduction of ion-induced pressure instability [125, 126].

4. Final remarks

This chapter introduces the two key issues: electron clouds and high vacuum 
gradient. Electron cloud issue may influence the beam quality and stability in 
accelerators and colliders. Various methods, such as the DLC film, the a-C film and 
laser processed surfaces, have been proposed for the EC mitigation in the warm and 
cryogenic regions. As for the high vacuum gradient issue, the preparation and prop-
erties of binary/ternary/quaternary NEG alloy films have been studied to decrease 
the activation temperature and beam-gas interactions and also to improve the 
pumping properties, PSD, ESD, and ISD yields at room temperature and cryogenic 
temperature. For the design of UHV vacuum system of accelerators and colliders, 
the quality, the conformity, and the engineering aspects should be investigated and 
analyzed carefully. In regard to vacuum operations, the safety, reliability, and the 
machine performance limitations should be considered and tested carefully.
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Chapter 4

Very Compact Linear Colliders
Comprising Seamless Multistage
Laser-Plasma Accelerators
Kazuhisa Nakajima, Min Chen and Zhengming Sheng

Abstract

A multistage laser-plasma accelerator (LPA) driven by two mixing
electromagnetic hybrid modes of a gas-filled capillary waveguide is presented.
Plasma wakefields generated by a laser pulse comprising two mixing modes coupled
to a metallic or dielectric capillary filled with gas provide us with an efficient
accelerating structure of electrons in a substantially long distance beyond a
dephasing length under the matching between a capillary radius and plasma den-
sity. For a seamless multistage structure of the capillary waveguide, the numerical
model of the transverse and longitudinal beam dynamics of an electron bunch
considering the radiation reaction and multiple Coulomb scattering effects reveals a
converging behavior of the bunch radius and normalized emittance down to �1 nm
level when the beam is accelerated up to 560 GeV in a 67 m length. This capability
allows us to conceive a compact electron-positron linear collider providing with
high luminosity of 1034 cm�2 s�1 at 1 TeV center-of-mass (CM) energy.

Keywords: future colliders, lepton colliders, laser-plasma accelerators,
multistage coupling, CAN lasers

1. Introduction

In the long-standing quest for the fundamental building blocks of nature, the so-
called StandardModel of particle physics, energy frontier colliders have played a central
role in the forefront research formatter and interactions. For future high-energy parti-
cle colliders to explore physics beyond the StandardModel, a proton-proton circular
collider at energy of 100 TeV in a 100 km circumference or electron-positron linear
collider with energy of the order of 1 TeV in a 30 km length is being considered around
theworld, exploiting theconventional technologies such as superconductingmagnets or
RF systems [1]. In contrast to proton colliders that create clouds of debris, electron-
positron colliders enable cleaner andmore precision experiments of fundamental parti-
cle collisions. Nowadays, a diversity of electron-positron linear colliders is proposed as a
potential application of advanced accelerator concepts [2], such as two beam accelera-
tors, dielectric wakefield accelerators, beam-driven plasmawakefield accelerators, and
laser-driven plasmawakefield accelerators [3], promisingwithmuch higher accelerat-
ing gradients than that of a conventional RF accelerator.

Laser-plasma accelerators (LPAs) [4, 5] can support a wide range of
potential applications requiring high-energy and high-quality electron-positron
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1. Introduction

In the long-standing quest for the fundamental building blocks of nature, the so-
called StandardModel of particle physics, energy frontier colliders have played a central
role in the forefront research formatter and interactions. For future high-energy parti-
cle colliders to explore physics beyond the StandardModel, a proton-proton circular
collider at energy of 100 TeV in a 100 km circumference or electron-positron linear
collider with energy of the order of 1 TeV in a 30 km length is being considered around
theworld, exploiting theconventional technologies such as superconductingmagnets or
RF systems [1]. In contrast to proton colliders that create clouds of debris, electron-
positron colliders enable cleaner andmore precision experiments of fundamental parti-
cle collisions. Nowadays, a diversity of electron-positron linear colliders is proposed as a
potential application of advanced accelerator concepts [2], such as two beam accelera-
tors, dielectric wakefield accelerators, beam-driven plasmawakefield accelerators, and
laser-driven plasmawakefield accelerators [3], promisingwithmuch higher accelerat-
ing gradients than that of a conventional RF accelerator.

Laser-plasma accelerators (LPAs) [4, 5] can support a wide range of
potential applications requiring high-energy and high-quality electron-positron
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beams. In particular, field gradients, energy conversion efficiency, and repetition
rates are essential factors for practical applications such as compact free electron
lasers [6, 7] and high-energy frontier colliders [8, 9]. Although LPAs provide
enormous accelerating gradients, as high as 100 GV/m at the plasma density of
1018 cm�3, dephasing of relativistic electrons with respect to a correct acceleration
phase of the plasma wakefield with the phase velocity that is smaller than the speed
of light in vacuum, and energy depletion of the laser pulse limit the electron energy
gain in a single stage. A straightforward solution to overcome the dephasing and
pump depletion effects is to build a multistage accelerator comprising consecutive
LPA stages [3] such that a final energy gain reaches the requirement of the beam
energy without loss of the beam charge and qualities through a coupling segment
where a fresh laser pulse is fed to continuously accelerate the particle beam from the
previous stage. The propagation of laser pulses in plasmas is described by refractive
guiding, in which the refractive index can be modified from the linear free space
value mainly by relativistic self-focusing, ponderomotive channeling, and a
preformed plasma channel [10]. The self-guided LPA [11–14] relies only on intrin-
sic effects of relativistic laser-plasma interactions such as relativistic self-focusing
and ponderomotive channeling. On the other hand, the channel-guided LPA
exploits a plasma waveguide with a preformed density channel [15–17] or a gas-
filled capillary waveguide made of metallic or dielectric materials [18]. The plasma
waveguide is likely to propagate a single-mode laser pulse through a radially para-
bolic distribution of the refractive index and generates plasma waves inside the
density channel, the properties of which are largely affected by a plasma density
profile and laser power [19]. In contrast with plasma waveguides, the capillary
waveguide can guide the laser due to Fresnel reflection on the inner capillary wall,
and plasma waves are generated in an initially homogeneous plasma, relying on
neither laser power nor plasma density. The presence of the modal structure
imposed by the boundary conditions at the capillary wall affects the propagation of
a laser pulse through the capillary and thus the excitation of plasma waves inside the
capillary. This characteristic allows us to control acceleration of electrons through
the modal structure of the propagation of the laser pulse as long as the laser
intensity on the capillary wall is kept below the material breakdown [20, 21].

In this paper, we present a novel scheme of a gas-filled capillary accelerator
driven by a laser pulse formed from two-mode mixing of the capillary eigenmodes,
so-called electromagnetic hybrid modes [20]. Two coupled eigenmodes with a close
longitudinal wave number can generate beating wakefields in the capillary. When
the beating period is equal to the dephasing distance, the electrons experience the
rectified accelerating field; thereby their energy gain can increase over many accel-
erating phases exceeding the linear dephasing limit and reach the saturation due to
the energy depletion of a drive laser pulse in the single-stage LPA. For efficient
acceleration of the electron-positron beam up to an extremely high energy such as
TeV energies, the multistage accelerator comprising a series of plasma-filled capil-
lary waveguides is a sound approach, in which the particle beam is injected into the
initial stage at the right phase of the wakefield from the external injector and
accelerated cumulatively in the consecutive accelerating phase of successive stages.
For applications of extreme high-energy particle beams to TeV center-of-mass
(CM) energy electron-positron linear colliders, minimizing the transverse normal-
ized emittance of the beam particles is of essential importance to meet the require-
ment of the luminosity of the order of 1034 cm�2 s�1 at 1 TeV CM energy for the
particle physics experiments [22]. The numerical model on the bunched beam
dynamics in laser wakefields, based on the exact solution of single particle betatron
motion taking into account the radiation reaction and multiple Coulomb scattering,
reveals that the transverse normalized emittance and beam radius can be
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consecutively reduced during continuous acceleration in the presence of optimally
phased recurrence of longitudinal and transverse wakefields [19]. The final proper-
ties of the particle beams reached to the objective energy meet the requirements of
the luminosity without resort to an additional focusing system.

The remaining part of this paper is organized as follows. In Section 2, the
complete description on the longitudinal and transverse laser wakefields generated
by two electromagnetic hybrid modes with moderate intensities coupled to a gas-
filled capillary waveguide is provided. In Section 3, the particle beam dynamics on
energy gain, beam loading, and betatron motion in a single stage of the two-mode
mixing LPA is investigated, taking into account radiation reaction and multiple
Coulomb scattering with plasma ions. In Section 4, a multistage coupling with a
variable curvature plasma channel is presented. For the multistage comprising two-
mode mixing LPAs, the results of numerical studies on the transverse beam
dynamics of a particle bunch are shown. Analytical consideration on the evolution
of the normalized emittance of the particle beam in the presence of radiation
reaction and the multiple Coulomb scattering is given. In Section 5, the perfor-
mance of a 1-TeV CM energy electron-positron collider comprising the multistage
two-mode mixing LPAs is discussed on the luminosity and beam-beam interaction.
In Section 6, we conclude our investigation on the proposed laser-plasma linear
collider with a summary.

2. Laser pulse propagation in a gas-filled capillary tube

For a large-scale accelerator complex such as the energy frontier particle beam
colliders, it is axiomatically useful in assembling a long-range multistage structure
for the use of long-term experimental operation at a high-precision and high-
repetition rate that each electromagnetic waveguide consists of a simple monolithic
structure, as referred to the design of the future electron-positron linear colliders
based on radio-frequency technologies [22]. Despite the long-standing research on
plasma waveguides comprising density channels generated in plasmas with laser-
induced hydrodynamic expansion [23, 24] and pulsed discharges of an ablative
capillary [25, 26] or a gas-filled capillary [27, 28], a length of such a plasma channel
has been limited to about 10 cm. The pulsed discharge capillaries relying on colli-
sional plasma processes have some difficulties in plasma densities less than
1017 cm�3 and the temporal and spatial stabilities of the density channel properties
for the operation at a high repletion rate such as 10 kHz [5, 29]. In contrast to pulsed
discharge plasma waveguides, metallic or dielectric capillary waveguides filled with
gas [18, 30] will be revisited for a large-scale laser-plasma accelerator operated at a
practically higher-repetition rate than 10 kHz, because of the passive optical guid-
ing of laser pulses, the propagating electromagnetic fields of which are simply
determined the boundary conditions on a static solid wall of the waveguide unless
the laser intensity is high enough to cause the material breakdown on a capillary
wall [20, 21]. Furthermore, the modal nature of electromagnetic fields arising from
the boundary conditions on a solid wall allows us to conceive a novel scheme that
can overcome a drawback of LPAs, referred to as dephasing of accelerated electron
beams from a correct acceleration phase in laser wakefields.

2.1 Laser-driven wakefields generated by two capillary modes

Considering the electromagnetic hybrid modes EH1n [20] to which the most
efficient coupling of a linearly polarized laser pulse in vacuum occurs, the normal-
ized vector potential for the eigenmode of the n-th order is written by [31].
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bolic distribution of the refractive index and generates plasma waves inside the
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profile and laser power [19]. In contrast with plasma waveguides, the capillary
waveguide can guide the laser due to Fresnel reflection on the inner capillary wall,
and plasma waves are generated in an initially homogeneous plasma, relying on
neither laser power nor plasma density. The presence of the modal structure
imposed by the boundary conditions at the capillary wall affects the propagation of
a laser pulse through the capillary and thus the excitation of plasma waves inside the
capillary. This characteristic allows us to control acceleration of electrons through
the modal structure of the propagation of the laser pulse as long as the laser
intensity on the capillary wall is kept below the material breakdown [20, 21].

In this paper, we present a novel scheme of a gas-filled capillary accelerator
driven by a laser pulse formed from two-mode mixing of the capillary eigenmodes,
so-called electromagnetic hybrid modes [20]. Two coupled eigenmodes with a close
longitudinal wave number can generate beating wakefields in the capillary. When
the beating period is equal to the dephasing distance, the electrons experience the
rectified accelerating field; thereby their energy gain can increase over many accel-
erating phases exceeding the linear dephasing limit and reach the saturation due to
the energy depletion of a drive laser pulse in the single-stage LPA. For efficient
acceleration of the electron-positron beam up to an extremely high energy such as
TeV energies, the multistage accelerator comprising a series of plasma-filled capil-
lary waveguides is a sound approach, in which the particle beam is injected into the
initial stage at the right phase of the wakefield from the external injector and
accelerated cumulatively in the consecutive accelerating phase of successive stages.
For applications of extreme high-energy particle beams to TeV center-of-mass
(CM) energy electron-positron linear colliders, minimizing the transverse normal-
ized emittance of the beam particles is of essential importance to meet the require-
ment of the luminosity of the order of 1034 cm�2 s�1 at 1 TeV CM energy for the
particle physics experiments [22]. The numerical model on the bunched beam
dynamics in laser wakefields, based on the exact solution of single particle betatron
motion taking into account the radiation reaction and multiple Coulomb scattering,
reveals that the transverse normalized emittance and beam radius can be
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consecutively reduced during continuous acceleration in the presence of optimally
phased recurrence of longitudinal and transverse wakefields [19]. The final proper-
ties of the particle beams reached to the objective energy meet the requirements of
the luminosity without resort to an additional focusing system.

The remaining part of this paper is organized as follows. In Section 2, the
complete description on the longitudinal and transverse laser wakefields generated
by two electromagnetic hybrid modes with moderate intensities coupled to a gas-
filled capillary waveguide is provided. In Section 3, the particle beam dynamics on
energy gain, beam loading, and betatron motion in a single stage of the two-mode
mixing LPA is investigated, taking into account radiation reaction and multiple
Coulomb scattering with plasma ions. In Section 4, a multistage coupling with a
variable curvature plasma channel is presented. For the multistage comprising two-
mode mixing LPAs, the results of numerical studies on the transverse beam
dynamics of a particle bunch are shown. Analytical consideration on the evolution
of the normalized emittance of the particle beam in the presence of radiation
reaction and the multiple Coulomb scattering is given. In Section 5, the perfor-
mance of a 1-TeV CM energy electron-positron collider comprising the multistage
two-mode mixing LPAs is discussed on the luminosity and beam-beam interaction.
In Section 6, we conclude our investigation on the proposed laser-plasma linear
collider with a summary.

2. Laser pulse propagation in a gas-filled capillary tube

For a large-scale accelerator complex such as the energy frontier particle beam
colliders, it is axiomatically useful in assembling a long-range multistage structure
for the use of long-term experimental operation at a high-precision and high-
repetition rate that each electromagnetic waveguide consists of a simple monolithic
structure, as referred to the design of the future electron-positron linear colliders
based on radio-frequency technologies [22]. Despite the long-standing research on
plasma waveguides comprising density channels generated in plasmas with laser-
induced hydrodynamic expansion [23, 24] and pulsed discharges of an ablative
capillary [25, 26] or a gas-filled capillary [27, 28], a length of such a plasma channel
has been limited to about 10 cm. The pulsed discharge capillaries relying on colli-
sional plasma processes have some difficulties in plasma densities less than
1017 cm�3 and the temporal and spatial stabilities of the density channel properties
for the operation at a high repletion rate such as 10 kHz [5, 29]. In contrast to pulsed
discharge plasma waveguides, metallic or dielectric capillary waveguides filled with
gas [18, 30] will be revisited for a large-scale laser-plasma accelerator operated at a
practically higher-repetition rate than 10 kHz, because of the passive optical guid-
ing of laser pulses, the propagating electromagnetic fields of which are simply
determined the boundary conditions on a static solid wall of the waveguide unless
the laser intensity is high enough to cause the material breakdown on a capillary
wall [20, 21]. Furthermore, the modal nature of electromagnetic fields arising from
the boundary conditions on a solid wall allows us to conceive a novel scheme that
can overcome a drawback of LPAs, referred to as dephasing of accelerated electron
beams from a correct acceleration phase in laser wakefields.

2.1 Laser-driven wakefields generated by two capillary modes

Considering the electromagnetic hybrid modes EH1n [20] to which the most
efficient coupling of a linearly polarized laser pulse in vacuum occurs, the normal-
ized vector potential for the eigenmode of the n-th order is written by [31].
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an ¼ an0J0 unr=Rcð Þ exp �klnz�
z� vg,nt
� �2

2c2τ2

" #
cos ω0t� kznzð Þ, (1)

where an0 is the amplitude of the normalized vector potential defined as
an0 � eAn0=mec2 for the EH1n mode with the vector potential An0, the electron
charge e, electron mass me, and the speed of light in vacuum c; J0 the zero-order
Bessel function of the first kind; un the n-th zero of J0; r the radial coordinate of the
capillary in cylindrical symmetry; Rc the capillary radius; z the longitudinal coordi-
nate; τ the pulse duration; and ω0 the laser frequency. The longitudinal wave
number kzn, the damping coefficient kln, and the group velocity of the n-th mode vg,n
are given by [20].
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3
c εr � 1ð Þ1=2
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2
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, (2)

where k0 ¼ ω0=c ¼ 2π=λ0 is the laser wavenumber with the laser wavelength λ0
and εr is the relative dielectric constant. In the quasi-linear wakefield regime ∣a∣ ¼
e∣A∣= mec2ð Þ � 1, the ponderomotive force exerted on plasma electrons by two
coupled capillary laser fields anm ¼ an þ am can be written by Fp ¼ �mec2βg∇a2nm=2,
where a2nm is defined by averaging the nonlinear force over the laser period 2π=ω0,
i.e., assuming that vg,n � vg,m � vg in the propagation distance z≤ zmix ≈ 8π2 Rc=λ0ð Þ2
cτ= um2 � un2ð Þ, where zmix is the mode mixing length over which two hybrid modes
EH1n and EH1m overlap to cause the beatings of the normalized vector potential,
e.g., zmix � 56 cm for the EH11 - EH12 mode mixing of a laser pulse with τ ¼ 25 fs
and λ0 ¼ 1 μm in a capillary tube with Rc ¼ 152:6 μm
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The electrostatic potential Φ r, tð Þ defined by F r, tð Þ ¼ �e∇Φ r, tð Þ is obtained
from Eq. (5).
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where ωp ¼ 4πe2ne=með Þ1=2 is the plasma frequency. The solution of Eq. (4) is
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(5)

where kp ¼ ωp=vg is the plasma wavenumber in the capillary, βg ¼ vg=c,
Δkznm ¼ kzn � kzm the mode beating wavenumber and
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with the real (ℜ) and imaginary (J) part of the error function erf zð Þ ¼
2=

ffiffiffi
π

pð ÞÐ z0e�s2ds [5]. For kln, klm ≪ kp and Δkznm ≪ kp, the longitudinal electric field
generated by the laser pulse can be obtained from EzL ¼ �∂Φ=∂z as
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The transverse focusing force is obtained from FrL ¼ e Er � Bφ

� � ¼ �∂Φ=∂r as
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where J1 zð Þ ¼ �J00 zð Þ is the Bessel function of the first order.
The proposed scheme restricts the laser intensity such that the plasma response is

within the quasi-linear regime, i.e., a0 � 1, for two reasons. The one is avoidance of
the nonlinear plasma response such as in the bubble regime, where symmetric
wakefields for the electron and positron beams cannot be obtained for the applica-
tion to electron-positron colliders [8, 9] and the degradation of the beam quality due
to the self-injection of dark currents from the background plasma electrons. The
other is an inherent demand that the laser intensity guided in a capillary tube should
be lower enough than the threshold of material damage on the capillary wall [19].

2.2 Coupling control for generating two capillary modes

The coupling efficiency Cn defined by an input laser energy with a spot radius r0
and amplitude a0 coupled to the E1n mode in the capillary with the radius Rc, i.e.,
a2n0 ¼ Cna20 is calculated for a linearly polarized Airy beam,

Cn ¼ 4
J21 unð Þ

ð1
0
J1

ν1Rcx
r0
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J0 unxð Þdx

� �2
, (9)

and for a Gaussian beam,

Cn ¼ 8
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0
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c
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J0 unxð Þdx

� �2
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where ν1 ¼ 3:8317 is the first root of the equation of J1 xð Þ ¼ 0 [20], as shown in
Figure 1a and b, respectively, as a function of Rc=r0. In Eq. (5), the beating term can
be maximized by setting Rc=r0 at which CnCmð Þ1=2 has the maximum value and the
minimum fraction of higher-order modes. As shown in Figure 1, the Airy beam
generates the maximum EH11-EH12 mode mixing with C1C2ð Þ1=2 ¼ 0:45 and a
fraction of higher-order modes with �0.5% at Rc=r0 ¼ 1:67, where the coupling
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where an0 is the amplitude of the normalized vector potential defined as
an0 � eAn0=mec2 for the EH1n mode with the vector potential An0, the electron
charge e, electron mass me, and the speed of light in vacuum c; J0 the zero-order
Bessel function of the first kind; un the n-th zero of J0; r the radial coordinate of the
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nate; τ the pulse duration; and ω0 the laser frequency. The longitudinal wave
number kzn, the damping coefficient kln, and the group velocity of the n-th mode vg,n
are given by [20].
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where k0 ¼ ω0=c ¼ 2π=λ0 is the laser wavenumber with the laser wavelength λ0
and εr is the relative dielectric constant. In the quasi-linear wakefield regime ∣a∣ ¼
e∣A∣= mec2ð Þ � 1, the ponderomotive force exerted on plasma electrons by two
coupled capillary laser fields anm ¼ an þ am can be written by Fp ¼ �mec2βg∇a2nm=2,
where a2nm is defined by averaging the nonlinear force over the laser period 2π=ω0,
i.e., assuming that vg,n � vg,m � vg in the propagation distance z≤ zmix ≈ 8π2 Rc=λ0ð Þ2
cτ= um2 � un2ð Þ, where zmix is the mode mixing length over which two hybrid modes
EH1n and EH1m overlap to cause the beatings of the normalized vector potential,
e.g., zmix � 56 cm for the EH11 - EH12 mode mixing of a laser pulse with τ ¼ 25 fs
and λ0 ¼ 1 μm in a capillary tube with Rc ¼ 152:6 μm
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The electrostatic potential Φ r, tð Þ defined by F r, tð Þ ¼ �e∇Φ r, tð Þ is obtained
from Eq. (5).
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where kp ¼ ωp=vg is the plasma wavenumber in the capillary, βg ¼ vg=c,
Δkznm ¼ kzn � kzm the mode beating wavenumber and
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with the real (ℜ) and imaginary (J) part of the error function erf zð Þ ¼
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The transverse focusing force is obtained from FrL ¼ e Er � Bφ
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where J1 zð Þ ¼ �J00 zð Þ is the Bessel function of the first order.
The proposed scheme restricts the laser intensity such that the plasma response is

within the quasi-linear regime, i.e., a0 � 1, for two reasons. The one is avoidance of
the nonlinear plasma response such as in the bubble regime, where symmetric
wakefields for the electron and positron beams cannot be obtained for the applica-
tion to electron-positron colliders [8, 9] and the degradation of the beam quality due
to the self-injection of dark currents from the background plasma electrons. The
other is an inherent demand that the laser intensity guided in a capillary tube should
be lower enough than the threshold of material damage on the capillary wall [19].

2.2 Coupling control for generating two capillary modes

The coupling efficiency Cn defined by an input laser energy with a spot radius r0
and amplitude a0 coupled to the E1n mode in the capillary with the radius Rc, i.e.,
a2n0 ¼ Cna20 is calculated for a linearly polarized Airy beam,

Cn ¼ 4
J21 unð Þ

ð1
0
J1

ν1Rcx
r0

� �
J0 unxð Þdx

� �2
, (9)

and for a Gaussian beam,

Cn ¼ 8
Rc

r0J1 unð Þ
� �2 ð1

0
x exp � x2R2

c

r20

� �
J0 unxð Þdx

� �2
, (10)

where ν1 ¼ 3:8317 is the first root of the equation of J1 xð Þ ¼ 0 [20], as shown in
Figure 1a and b, respectively, as a function of Rc=r0. In Eq. (5), the beating term can
be maximized by setting Rc=r0 at which CnCmð Þ1=2 has the maximum value and the
minimum fraction of higher-order modes. As shown in Figure 1, the Airy beam
generates the maximum EH11-EH12 mode mixing with C1C2ð Þ1=2 ¼ 0:45 and a
fraction of higher-order modes with �0.5% at Rc=r0 ¼ 1:67, where the coupling
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efficiencies are C1 ¼ 0:4022, C2 ¼ 0:4986, C3 ¼ 0:002366, C4 ¼ 0:001219, and
C5 ¼ 0:000701. The Gaussian beam can generate the EH11-EH12 mode mixing with
C1C2ð Þ1=2 ¼ 0:46 and a fraction of higher-order modes with �5.1% at Rc=r0 ¼ 3:0,
where the coupling efficiencies are in the order of C1 ¼ 0:5980, C2 ¼ 0:3531,
C3 ¼ 0:04706, C4 ¼ 0:001815, and C5 ¼ 0:000022.

The radial intensity profiles for the EH11, EH12 monomode and EH11-EH12

mixing mode for the Airy beam case are illustrated in Figure 1c–e, respectively. As
shown in Figure 1e, a high-intensity region of the mixing mode is confined within a
half radius of the capillary, compared to the monomode intensity profiles, which
have a widespread robe toward the capillary wall. A centrally concentrated intensity
profile of the mixing mode considerably decreases the energy flux traversing on the
capillary wall. The normalized flux for EH1n mode at the capillary wall depends on
the azimuthal angle θ as Fn

w ¼ unJ1 unð Þ=k0Rc½ �2 cos 2θ þ εr sin 2θ
� �

= εr � 1ð Þ1=2,
defined by the ratio of the radial component of the Poynting vector at r ¼ Rc to the
longitudinal component of the on-axis Poynting vector [20]. For the Airy beam
with λ0 ¼ 1 μm coupled to the capillary with εr ¼ 2:25 and Rc ¼ 152:6 μm, the
maximum normalized fluxes for the EH11, EH12 mono- and EH11-EH12 mixing
modes at θ ¼ π=2 or 3π=2 are 1:37 � 10�6, 3:85� 10�6, and 6:26� 10�7, respec-
tively. The energy fluence traversing the capillary wall can be estimated by Fwall �
Fn
wILτL for the peak intensity IL ¼ 1:37 � 1018 W=cm2 (a20 ¼ 1) and the pulse dura-

tion τL ¼ 25 fs, providing the maximum fluences 19, 66, and 19 mJ/cm2 for the
corresponding modes, as shown in Figure 1f. The experimental study of laser-
induced breakdown in fused silica (SiO2) [32] suggests that the fluence breakdown
threshold is scaled to be F th � 120� 160 J=cm2 for τL ¼ 25 fs. According to a more
detailed study of laser propagation in dielectric capillaries under non-ideal

Figure 1.
(a and b) coupling efficiency Cn for an airy beam and a Gaussian beam with a spot radius r0, respectively,
coupled to the electromagnetic hybrid mode EH1n in a capillary tube with a radius Rc. (c, d, and e) radial
intensity profiles for the EH11, EH12 monomode, and EH11-EH12 mixing mode for the airy beam case. (f)
Energy fluence traversing the capillary wall on Rc ¼ 152:6 μm for the peak intensity IL ¼ 1:37� 1018 W=cm2

(a20 ¼ 1) and the pulse duration τL ¼ 25 fs.
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coupling conditions [33], the threshold intensity for wall ionization is obtained as
Ith � 2:3� 1018W=cm2 (a0 ≃ 1:3) at the wavelength λ0 ¼ 1μm for the capillary
radius Rc ¼ 152:6 μm.

The coupling efficiency of an incident laser pulse to a capillary tube filled with
plasma can be improved by the use of a cone-shape entrance of the capillary [34],
suppressing self-focusing effects and increasing the accelerating wakefield
excited in the capillary. For the propagation of a laser beam with an approximately
Gaussian intensity profile aj j2 � a20 r20=r

2
s

� �
exp �2r2=r2s

� �
, the evolution of a

normalized spot radius R ¼ rs=r0 can be obtained from the equation d2R=dz2 ¼
1= Z2

RR
3� �

1� P=Pcð Þ [35], where ZR ¼ k0r20=2 is the vacuum Rayleigh length, P the
laser power, and Pc the critical power for relativistic self-focusing with P=Pc ¼
k2pr

2
0a

2
0=32. For the coupling of an Airy beam (or a Gaussian beam) with the radius

r0 ¼ Rc=1:67 (Rc=3) to the capillary tube filled with plasma at the electron density of
ne ¼ 1� 1018 cm�3, the cone with the opening radius of ri ¼ r0 P=Pcð Þ1=2 � 3r0
(1:7r0) and length zc ¼ ZR=2ð Þ P=Pc � 1ð Þ1=2 � 1:43ZR (� 0:68ZR) can effectively
guide and collect the incident laser energy. The effect of the relativistic self-
focusing is estimated by considering the modulation of the refractive index for the
EH1n mode, i.e., ηn ¼ 1� ω2

p= 2ω2
0

� �
1� δϕþ Δnð Þ � u2n= 2k20R

2
c

� �
[31], where δϕ ¼

eΦ=mec2 ≃ a2=4� δn=n0 [36] and Δn � 3C2
n=32� 5C3

n=128. The maximum modula-
tion due to the relativistic self-focusing effect is at most 0.5% for the propagation of
the EH11-EH12 mixing modes in a capillary.

3. Beam dynamics in a single-stage two-mode mixing LPA

3.1 Electron acceleration

In the linear wakefields excited by two coupled modes EH11 and EH12 in the
capillary waveguide, the longitudinal motion of an electron traveling along the
capillary axis at a normalized velocity βz ¼ vz=c≈ 1 is described as [5].

dγ=dz ¼ �kpEz0=E0, dΨ=dz≈ kp 1� βg

� �
≈ kp= 2γ2g

� �
, (11)

where mec2γ is the electron energy, Ez0 ¼ EzL 0, z, tð Þ the accelerating field at
r ¼ 0, E0 ¼ mecωp=e the nonrelativistic wave-breaking field, Ψ≃ kp z� vg

Ð z
0dz=vz

� �

the particle phase with respect to the plasma wave, and γg ¼ 1� β2g

� ��1=2
≫ 1. Here,

the phase-matching condition is determined such that the beating wavelength is
equal to the dephasing length, i.e., Ldp ¼ λpγ2g=2 ¼ π= 2Δkz12ð Þ

Δkz12 ¼ kz1 � kz2 ≈ u22 � u21
� �

= 2k0R2
c

� � ¼ kp= 2γ2g
� �

: (12)

Taking into accountC zð Þ ! �2 and S zð Þ ! 0 for z� vgt≪ � cτ and setting the
pulse duration of a drive laser pulsewith aGaussian temporal profile to be the optimum
length kpcτ ¼

ffiffiffi
2

p
, the on-axis accelerating field near thematching condition is given by

Ez0=E0 ¼ �
ffiffiffiffiffiffiffiffi
π=8

p
a02e� 1þ4αda20Ψð Þ=2 C1 þ C2 þ 2

ffiffiffiffiffiffiffiffiffiffiffi
C1C2

p
cos Ψþ δð Þ

h i
cosΨ, (13)
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efficiencies are C1 ¼ 0:4022, C2 ¼ 0:4986, C3 ¼ 0:002366, C4 ¼ 0:001219, and
C5 ¼ 0:000701. The Gaussian beam can generate the EH11-EH12 mode mixing with
C1C2ð Þ1=2 ¼ 0:46 and a fraction of higher-order modes with �5.1% at Rc=r0 ¼ 3:0,
where the coupling efficiencies are in the order of C1 ¼ 0:5980, C2 ¼ 0:3531,
C3 ¼ 0:04706, C4 ¼ 0:001815, and C5 ¼ 0:000022.

The radial intensity profiles for the EH11, EH12 monomode and EH11-EH12

mixing mode for the Airy beam case are illustrated in Figure 1c–e, respectively. As
shown in Figure 1e, a high-intensity region of the mixing mode is confined within a
half radius of the capillary, compared to the monomode intensity profiles, which
have a widespread robe toward the capillary wall. A centrally concentrated intensity
profile of the mixing mode considerably decreases the energy flux traversing on the
capillary wall. The normalized flux for EH1n mode at the capillary wall depends on
the azimuthal angle θ as Fn

w ¼ unJ1 unð Þ=k0Rc½ �2 cos 2θ þ εr sin 2θ
� �

= εr � 1ð Þ1=2,
defined by the ratio of the radial component of the Poynting vector at r ¼ Rc to the
longitudinal component of the on-axis Poynting vector [20]. For the Airy beam
with λ0 ¼ 1 μm coupled to the capillary with εr ¼ 2:25 and Rc ¼ 152:6 μm, the
maximum normalized fluxes for the EH11, EH12 mono- and EH11-EH12 mixing
modes at θ ¼ π=2 or 3π=2 are 1:37 � 10�6, 3:85� 10�6, and 6:26� 10�7, respec-
tively. The energy fluence traversing the capillary wall can be estimated by Fwall �
Fn
wILτL for the peak intensity IL ¼ 1:37 � 1018 W=cm2 (a20 ¼ 1) and the pulse dura-

tion τL ¼ 25 fs, providing the maximum fluences 19, 66, and 19 mJ/cm2 for the
corresponding modes, as shown in Figure 1f. The experimental study of laser-
induced breakdown in fused silica (SiO2) [32] suggests that the fluence breakdown
threshold is scaled to be F th � 120� 160 J=cm2 for τL ¼ 25 fs. According to a more
detailed study of laser propagation in dielectric capillaries under non-ideal

Figure 1.
(a and b) coupling efficiency Cn for an airy beam and a Gaussian beam with a spot radius r0, respectively,
coupled to the electromagnetic hybrid mode EH1n in a capillary tube with a radius Rc. (c, d, and e) radial
intensity profiles for the EH11, EH12 monomode, and EH11-EH12 mixing mode for the airy beam case. (f)
Energy fluence traversing the capillary wall on Rc ¼ 152:6 μm for the peak intensity IL ¼ 1:37� 1018 W=cm2

(a20 ¼ 1) and the pulse duration τL ¼ 25 fs.
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coupling conditions [33], the threshold intensity for wall ionization is obtained as
Ith � 2:3� 1018W=cm2 (a0 ≃ 1:3) at the wavelength λ0 ¼ 1μm for the capillary
radius Rc ¼ 152:6 μm.

The coupling efficiency of an incident laser pulse to a capillary tube filled with
plasma can be improved by the use of a cone-shape entrance of the capillary [34],
suppressing self-focusing effects and increasing the accelerating wakefield
excited in the capillary. For the propagation of a laser beam with an approximately
Gaussian intensity profile aj j2 � a20 r20=r

2
s

� �
exp �2r2=r2s

� �
, the evolution of a

normalized spot radius R ¼ rs=r0 can be obtained from the equation d2R=dz2 ¼
1= Z2

RR
3� �

1� P=Pcð Þ [35], where ZR ¼ k0r20=2 is the vacuum Rayleigh length, P the
laser power, and Pc the critical power for relativistic self-focusing with P=Pc ¼
k2pr

2
0a

2
0=32. For the coupling of an Airy beam (or a Gaussian beam) with the radius

r0 ¼ Rc=1:67 (Rc=3) to the capillary tube filled with plasma at the electron density of
ne ¼ 1� 1018 cm�3, the cone with the opening radius of ri ¼ r0 P=Pcð Þ1=2 � 3r0
(1:7r0) and length zc ¼ ZR=2ð Þ P=Pc � 1ð Þ1=2 � 1:43ZR (� 0:68ZR) can effectively
guide and collect the incident laser energy. The effect of the relativistic self-
focusing is estimated by considering the modulation of the refractive index for the
EH1n mode, i.e., ηn ¼ 1� ω2

p= 2ω2
0

� �
1� δϕþ Δnð Þ � u2n= 2k20R

2
c

� �
[31], where δϕ ¼

eΦ=mec2 ≃ a2=4� δn=n0 [36] and Δn � 3C2
n=32� 5C3

n=128. The maximum modula-
tion due to the relativistic self-focusing effect is at most 0.5% for the propagation of
the EH11-EH12 mixing modes in a capillary.

3. Beam dynamics in a single-stage two-mode mixing LPA

3.1 Electron acceleration

In the linear wakefields excited by two coupled modes EH11 and EH12 in the
capillary waveguide, the longitudinal motion of an electron traveling along the
capillary axis at a normalized velocity βz ¼ vz=c≈ 1 is described as [5].

dγ=dz ¼ �kpEz0=E0, dΨ=dz≈ kp 1� βg

� �
≈ kp= 2γ2g

� �
, (11)

where mec2γ is the electron energy, Ez0 ¼ EzL 0, z, tð Þ the accelerating field at
r ¼ 0, E0 ¼ mecωp=e the nonrelativistic wave-breaking field, Ψ≃ kp z� vg

Ð z
0dz=vz

� �

the particle phase with respect to the plasma wave, and γg ¼ 1� β2g

� ��1=2
≫ 1. Here,

the phase-matching condition is determined such that the beating wavelength is
equal to the dephasing length, i.e., Ldp ¼ λpγ2g=2 ¼ π= 2Δkz12ð Þ

Δkz12 ¼ kz1 � kz2 ≈ u22 � u21
� �

= 2k0R2
c

� � ¼ kp= 2γ2g
� �

: (12)

Taking into accountC zð Þ ! �2 and S zð Þ ! 0 for z� vgt≪ � cτ and setting the
pulse duration of a drive laser pulsewith aGaussian temporal profile to be the optimum
length kpcτ ¼

ffiffiffi
2

p
, the on-axis accelerating field near thematching condition is given by

Ez0=E0 ¼ �
ffiffiffiffiffiffiffiffi
π=8

p
a02e� 1þ4αda20Ψð Þ=2 C1 þ C2 þ 2

ffiffiffiffiffiffiffiffiffiffiffi
C1C2

p
cos Ψþ δð Þ

h i
cosΨ, (13)
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where δ ¼ Δkz12 � kp=2γ2g
� �

Ldp � π u22 � u21
� �

γ3g= k0
2R2

c

� �� 1
h i

=2 is a phase

mismatching.
While propagating through plasma and generating wakefields, the laser pulse

loses its energy as ∂EL=∂z � �EL=Lpd [37] where Lpd is the characteristic scale
length of laser energy deposition into plasma wave excitation, referred to as the
pump depletion length. In the linear wakefield regime where a laser pulse duration
is assumed to be fixed, the laser energy evolution in the capillary can be written as

EL zð Þ∝ a20 C1 þ C2ð Þe�z=Lpd�2 kl1þkl2ð Þz, taking into account the energy attenuation of
two coupled hybrid modes. In the quasi-linear wakefield regime, i.e., a20 ≤ 1, the
scaled pump depletion length is given by kpLpd ¼ γ2g= αda20

� �
with

αd ≃ C1 þ C2ð Þ=17:4 for a Gaussian laser pulse [9, 37], while the scaled coupled mode

attenuation length yields kp=2 kl1 þ kl2
� �

� 0:35γg7=2u2 ≫ kpLpd with the matching

condition given by Eq. (12), i.e., kpRc ¼ γ1=2g u22 � u21
� �1=2 for u2 > u1 and the glass

with the relative dielectric constant εr ¼ 2:25. Hence, the damping of wakefields
during the laser pulse propagation is dominated by the energy depletion of the laser
pulse as given in Eq. (13). Thus, integrating the equations of motion in Eq. (11) over
Ψ0 ≤Ψ≤Ψmix, the energy mec2γ and phase of the electron can be obtained as

γ Ψð Þ ¼ γ0 þG Ψð Þ �G Ψ0ð Þ,Ψ zð Þ ¼ Ψ0 þ kpz= 2γ2g
� �

, (14)

where mec2γ0 is the initial electron energy, Ψ0 the initial electron phase with
respect to the wakefield, Ψmix ¼ Ψ zmixð Þ ¼ Ψ0 þ

ffiffiffi
2

p
γg the maximum electron phase

in the wakefield for the matching condition in Eq. (12) and the laser pulse length
kpcτ ¼

ffiffiffi
2

p
, and

G Ψð Þ ¼ γ2g

ffiffiffi
π

2

r
a02 C1 þ C2ð Þe� 1þ4αda20Ψð Þ=2 sinΨ� 2αda20 cosΨ

1þ 4α2da
4
0

�

�
ffiffiffiffiffiffiffiffiffiffiffi
C1C2

p
2 C1 þ C2ð Þ

cos δ
αda20

� sin 2Ψþ δð Þ � αda20 cos 2Ψþ δð Þ
1þ α2da

4
0

� ��
:

(15)

The maximum energy gain to be attainable at Ψ ! ∞ is obtained as

Δγmax δð Þ ¼ γmax � γ0 ¼ G ∞ð Þ � G 0ð Þ

¼ γ2g

ffiffiffi
π

2

r
a02 C1 þ C2ð Þe�1=2 2αda20

1þ 4α2da
4
0
þ

ffiffiffiffiffiffiffiffiffiffiffi
C1C2

p
2 C1 þ C2ð Þ

cos δ
αda20

� sin δ� αda20 cos δ
1þ α2da

4
0

� �� �
:

(16)

Considering the mixing of two lowest order hybrid modes EH11 and EH12 with
the coupling efficiencies C1 ¼ 0:4022 and C2 ¼ 0:4986, the evolution of the energy
gain with respect to γ2g is shown in Figure 2a for various detuning phases δ in
comparison with that of the EH11 monomode with C1 ¼ 1 and C2 ¼ 0. The effect of
phase mismatching on the maximum attainable energy gain is shown in Figure 2b
for various normalized laser intensities a20 in the quasi-linear regime. One can see
that the growth of energy gain occurs in the relatively wide range of the phase
mismatching over �π=2≤ δ≤ π=2 and that the maximum attainable energy gain
does not strongly depend on the normalized vector potential a0 in the quasi-linear
regime. While the single-mode LPA driven by the normalized intensity a20 ¼ 1
reaches the maximum energy gain Δγmax ¼ 0:71γ2g over the accelerating phase
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0≤Ψ≤ π=2, the two-mode mixing LPA with the phase matching, i.e., δ ¼ 0, is
attainable to the maximum energy gain Δγmax ¼ 3:2γ2g over the accelerating phase
region ΔΨ ¼ 10π, as shown in Figure 2. It is noted that significant enhancement of
the energy gain is attributed to a large energy transfer efficiency from the laser
pulse to the wakefield, i.e., ηlaser!wake � 96% over the accelerating phase region
ΔΨ ¼ 10π, while the energy transfer efficiency for the single-mode LPA is
ηlaser!wake � 17% over the accelerating phase region ΔΨ ¼ π=2.

The average energy gain of electrons contained in the bunch with the root-mean-
square (rms) bunch length kpσz and longitudinal Gaussian density distribution

ρ∥ Ψ0ð Þ ¼ e�Ψ02=2k2pσ
2
z=

ffiffiffiffiffi
2π

p
kpσz

� �
can be estimated as Δγh i ¼ G Ψð Þh i � G Ψ0ð Þh i, where

G Ψð Þh i ¼
ð∞
�∞

ρ∥ Ψ0 � Ψð ÞG Ψ0ð ÞdΨ0 ≈
ffiffiffi
π

2

r
a02γ2g C1 þ C2ð Þe� 1þ4αda20Ψð Þ=2

� e�k2pσ
2
z=2 sinΨ� 2αda20 cosΨ
� �

1þ 4α2da
4
0

�
ffiffiffiffiffiffiffiffiffiffiffi
C1C2

p
2 C1 þ C2ð Þ

1
αda20

� e�2k2pσ
2
z sin 2Ψ� αda20 cos 2Ψ
� �

1þ α2da
4
0

 !" #
:

(17)

Figure 3 shows the evolution of the energy gain and the maximum attainable
energy gain averaged over electrons in a Gaussian bunch with various rms lengths.
It is noted that the maximum attainable energy gain at Ψ ! ∞ exhibits weak
dependence on the initial bunch phase Ψ0 for a long bunch and that the minimum
energy spread occurs at Ψ0 � 0 for different bunch lengths.

3.2 Beam loading

In the linear regime, a solution of the Green’s function for the beam-driven
wakefield excited by a charge bunch with bi-Gaussian density distribution ρb ¼
ρ∥ ξð Þρ⊥ rð Þ, i.e., ρ∥ ξð Þ ¼ qnb exp �ξ2=2σ2z

� �
and ρ⊥ rð Þ ¼ exp �r2=2σ2r

� �
for the rms

bunch length σz, rms bunch radius σr, and particle charge q (þe for a positron beam
and �e for an electron beam), is written as Ezb r, ξð Þ ¼ Z ξð ÞR rð Þ, where ξ ¼ z� ct is
the coordinate in the co-moving frame of a relativistic electron beam with vz ≃ c and r
is the radial, transverse coordinate of an electron beam having a cylindrical symmetry
[38]. Here, the longitudinal and transverse plasma responses are obtained as

Figure 2.
(a) The evolution of the energy gain normalized to γ2g of the mode mixing LPA comprising two hybrid modes
EH11 and EH12 coupled to the airy beam intensity of a20 ¼ 1 with the coupling efficiency C1 ¼ 0:4022 and
C2 ¼ 0:4986, respectively, as a parameter of the mismatching phase δ. The black curve shows that for the
single-mode LPA with C1 ¼ 1 and C2 ¼ 0. (b) The maximum attainable energy gain of the two-mode mixing
LPA for various normalized intensities a20 as a function of the phase mismatching.
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where δ ¼ Δkz12 � kp=2γ2g
� �

Ldp � π u22 � u21
� �

γ3g= k0
2R2

c

� �� 1
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=2 is a phase

mismatching.
While propagating through plasma and generating wakefields, the laser pulse

loses its energy as ∂EL=∂z � �EL=Lpd [37] where Lpd is the characteristic scale
length of laser energy deposition into plasma wave excitation, referred to as the
pump depletion length. In the linear wakefield regime where a laser pulse duration
is assumed to be fixed, the laser energy evolution in the capillary can be written as

EL zð Þ∝ a20 C1 þ C2ð Þe�z=Lpd�2 kl1þkl2ð Þz, taking into account the energy attenuation of
two coupled hybrid modes. In the quasi-linear wakefield regime, i.e., a20 ≤ 1, the
scaled pump depletion length is given by kpLpd ¼ γ2g= αda20

� �
with

αd ≃ C1 þ C2ð Þ=17:4 for a Gaussian laser pulse [9, 37], while the scaled coupled mode

attenuation length yields kp=2 kl1 þ kl2
� �

� 0:35γg7=2u2 ≫ kpLpd with the matching

condition given by Eq. (12), i.e., kpRc ¼ γ1=2g u22 � u21
� �1=2 for u2 > u1 and the glass

with the relative dielectric constant εr ¼ 2:25. Hence, the damping of wakefields
during the laser pulse propagation is dominated by the energy depletion of the laser
pulse as given in Eq. (13). Thus, integrating the equations of motion in Eq. (11) over
Ψ0 ≤Ψ≤Ψmix, the energy mec2γ and phase of the electron can be obtained as

γ Ψð Þ ¼ γ0 þG Ψð Þ �G Ψ0ð Þ,Ψ zð Þ ¼ Ψ0 þ kpz= 2γ2g
� �

, (14)

where mec2γ0 is the initial electron energy, Ψ0 the initial electron phase with
respect to the wakefield, Ψmix ¼ Ψ zmixð Þ ¼ Ψ0 þ
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γg the maximum electron phase

in the wakefield for the matching condition in Eq. (12) and the laser pulse length
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, and
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The maximum energy gain to be attainable at Ψ ! ∞ is obtained as

Δγmax δð Þ ¼ γmax � γ0 ¼ G ∞ð Þ � G 0ð Þ

¼ γ2g
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Considering the mixing of two lowest order hybrid modes EH11 and EH12 with
the coupling efficiencies C1 ¼ 0:4022 and C2 ¼ 0:4986, the evolution of the energy
gain with respect to γ2g is shown in Figure 2a for various detuning phases δ in
comparison with that of the EH11 monomode with C1 ¼ 1 and C2 ¼ 0. The effect of
phase mismatching on the maximum attainable energy gain is shown in Figure 2b
for various normalized laser intensities a20 in the quasi-linear regime. One can see
that the growth of energy gain occurs in the relatively wide range of the phase
mismatching over �π=2≤ δ≤ π=2 and that the maximum attainable energy gain
does not strongly depend on the normalized vector potential a0 in the quasi-linear
regime. While the single-mode LPA driven by the normalized intensity a20 ¼ 1
reaches the maximum energy gain Δγmax ¼ 0:71γ2g over the accelerating phase
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0≤Ψ≤ π=2, the two-mode mixing LPA with the phase matching, i.e., δ ¼ 0, is
attainable to the maximum energy gain Δγmax ¼ 3:2γ2g over the accelerating phase
region ΔΨ ¼ 10π, as shown in Figure 2. It is noted that significant enhancement of
the energy gain is attributed to a large energy transfer efficiency from the laser
pulse to the wakefield, i.e., ηlaser!wake � 96% over the accelerating phase region
ΔΨ ¼ 10π, while the energy transfer efficiency for the single-mode LPA is
ηlaser!wake � 17% over the accelerating phase region ΔΨ ¼ π=2.

The average energy gain of electrons contained in the bunch with the root-mean-
square (rms) bunch length kpσz and longitudinal Gaussian density distribution

ρ∥ Ψ0ð Þ ¼ e�Ψ02=2k2pσ
2
z=

ffiffiffiffiffi
2π

p
kpσz

� �
can be estimated as Δγh i ¼ G Ψð Þh i � G Ψ0ð Þh i, where
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ð∞
�∞
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2
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4
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 !" #
:

(17)

Figure 3 shows the evolution of the energy gain and the maximum attainable
energy gain averaged over electrons in a Gaussian bunch with various rms lengths.
It is noted that the maximum attainable energy gain at Ψ ! ∞ exhibits weak
dependence on the initial bunch phase Ψ0 for a long bunch and that the minimum
energy spread occurs at Ψ0 � 0 for different bunch lengths.

3.2 Beam loading

In the linear regime, a solution of the Green’s function for the beam-driven
wakefield excited by a charge bunch with bi-Gaussian density distribution ρb ¼
ρ∥ ξð Þρ⊥ rð Þ, i.e., ρ∥ ξð Þ ¼ qnb exp �ξ2=2σ2z

� �
and ρ⊥ rð Þ ¼ exp �r2=2σ2r

� �
for the rms

bunch length σz, rms bunch radius σr, and particle charge q (þe for a positron beam
and �e for an electron beam), is written as Ezb r, ξð Þ ¼ Z ξð ÞR rð Þ, where ξ ¼ z� ct is
the coordinate in the co-moving frame of a relativistic electron beam with vz ≃ c and r
is the radial, transverse coordinate of an electron beam having a cylindrical symmetry
[38]. Here, the longitudinal and transverse plasma responses are obtained as

Figure 2.
(a) The evolution of the energy gain normalized to γ2g of the mode mixing LPA comprising two hybrid modes
EH11 and EH12 coupled to the airy beam intensity of a20 ¼ 1 with the coupling efficiency C1 ¼ 0:4022 and
C2 ¼ 0:4986, respectively, as a parameter of the mismatching phase δ. The black curve shows that for the
single-mode LPA with C1 ¼ 1 and C2 ¼ 0. (b) The maximum attainable energy gain of the two-mode mixing
LPA for various normalized intensities a20 as a function of the phase mismatching.
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ð∞
ξ
dξ0ρ∥ ξ0ð Þ cos kp ξ� ξ0ð Þ ¼ � 2πð Þ3=2qnbσze�k2pσ

2
z=2

� cos kpξ 1�ℜerf
ξ=σz þ ikpσzffiffiffi

2
p

� �
þ sin kpξℑerf

ξ=σz þ ikpσzffiffiffi
2

p
� �

,
(18)

and inside the bunch (r< r0)

R rð Þ ¼ k2p=2π
� �ð2π

0
dθ
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where K0 is the modified Bessel function of the second kind and Γ α, xð Þ ¼Ð∞
x e�ttα�1dt is the incomplete Gamma function of the second kind. Combining the
longitudinal and transverse solutions, the wakefield excited by a bi-Gaussian-
shaped bunch is obtained as

Ezb r, ξð Þ=E0 ¼ � q=eð ÞkpreNbΘG σr, σzð ÞJ0 kpr
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,
(20)

where re ¼ e2=mec2 is the electron classical radius, Nb ¼ 2πð Þ3=2σ2rσznb the num-

ber of particles in a bunch, and ΘG σr, σzð Þ � e�k2pσ
2
z=2ek

2
pσ

2
r=2Γ 0, k2pσ

2
r=2

� �
. If we con-

sider a laser-driven wakefield EzL excited by two mixing hybrid modes accelerating
the electron beam in a gas-filled capillary, the net longitudinal electric field, i.e., the
beam loading field, experienced by the electron beam is given by EzBL ¼ EzL þ Ezb.
From Eqs. (13) and (20), the beam loading field at r ¼ 0 consisting of the laser- and
beam-driven wake, where the electron bunch is located at Ψ ¼ Ψb in the laser
co-moving frame, i.e., kpξ≈Ψ� Ψb, yields

EzBL 0,Ψð Þ=E0 ¼ ÊzL Ψð Þ cosΨþ kpreNbΘG σr, σzð Þ
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Figure 3.
(a) The evolution of the energy gain Δγ=γ2g of the mode mixing LPA driven by two hybrid modes EH11 and EH12

with the same parameters as those of Figure 2a for various rms bunch lengths kpσz. (b) The maximum
attainable energy gain of two-mode mixing LPA for various rms bunch lengths as a function of the initial phase
of the bunch center with respect to the maximum accelerating field.
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where ÊzL Ψð Þ ¼ � ffiffiffiffiffiffiffiffi
π=8

p
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. A loss of

the energy gain due to the beam wakefield Ezb ¼ kpreNbΘG σr, σzð Þ at the
bunch center is

ΔγBL ¼ � 2γ2g=E0

� �ðΨ
Ψ0

Ezb Ψ0ð ÞdΨ0 ¼ �2γ2gΘG σr, σzð Þ Ψ� Ψ0ð Þ, (22)

and the rms energy spread due to the beam loading is estimated as

σΔγBL ≈ 21=4γ2gkpreNbek
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where S kpσz
� � ¼ 2=πð Þ1=2 � kpσze�k2pσ
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ffiffiffi
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S ¼ 0:35 at kpσz ¼ 1:26.

3.3 Betatron motion

In the wakefield, an electron moving along the z-axis undergoes a transverse
focusing force FB

⊥ ¼ �mec2Frx=r at the transverse displacement x and exhibits the
betatron motion. Taking into account Fr ≈ ∂Fr=∂rð Þr near the z-axis r≈0, the
focusing force is written by FB

⊥=mec2 ¼ � ∂Fr=∂rð Þx ¼ �K2x, where K ¼ ∂Fr=∂rð Þ1=2
is the focusing constant. For the optimum pulse length of kpcτ ¼
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p
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in Eq. (8), transverse laser wakefield in

the matching condition Δkz12 ≈ u22 � u21
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� � ¼ kp=γ2g is given by
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Transverse wakefield excited by the electron bunch is obtained from Eq. (20)
according to the Panofsky-Wenzel theorem [39], ∂Ez=∂r ¼ ∂ Er � Bθð Þ=∂ξ, leading to
the beam focusing force [40].

Frb r, ξð Þ=E0 ¼ Er � Bθð Þ=E0 ¼ q=eð ÞkpreNbΘG σr, σzð ÞJ1 kpr
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(25)

At the bunch center ξ ¼ 0, the on-axis beam focusing strength at r ¼ 0

∂Frb
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¼ kpreNbffiffiffi
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where erf ikpσz=
ffiffiffi
2

p� � ¼ 2i=
ffiffiffi
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and

F xð Þ ¼ e�x2
Ð x
0 e

z2dz is Dawson’s integral. Near-axis electrons experience the
normalized accelerating and focusing gradients at r ¼ 0, as obtained from Eqs. (21),
(24), and (26)
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and inside the bunch (r< r0)

R rð Þ ¼ k2p=2π
� �ð2π

0
dθ
ð∞
0
r0dr0ρ⊥ r0ð ÞK0 kp r! � r0

!���
���

� �

¼ k2pσ
2
r=2

� �
ek

2
pσ

2
r=2Γ 0, k2pσ

2
r=2

� �
J0 kpr
� �

, (19)

where K0 is the modified Bessel function of the second kind and Γ α, xð Þ ¼Ð∞
x e�ttα�1dt is the incomplete Gamma function of the second kind. Combining the
longitudinal and transverse solutions, the wakefield excited by a bi-Gaussian-
shaped bunch is obtained as
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where re ¼ e2=mec2 is the electron classical radius, Nb ¼ 2πð Þ3=2σ2rσznb the num-

ber of particles in a bunch, and ΘG σr, σzð Þ � e�k2pσ
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2
r=2Γ 0, k2pσ

2
r=2

� �
. If we con-

sider a laser-driven wakefield EzL excited by two mixing hybrid modes accelerating
the electron beam in a gas-filled capillary, the net longitudinal electric field, i.e., the
beam loading field, experienced by the electron beam is given by EzBL ¼ EzL þ Ezb.
From Eqs. (13) and (20), the beam loading field at r ¼ 0 consisting of the laser- and
beam-driven wake, where the electron bunch is located at Ψ ¼ Ψb in the laser
co-moving frame, i.e., kpξ≈Ψ� Ψb, yields

EzBL 0,Ψð Þ=E0 ¼ ÊzL Ψð Þ cosΨþ kpreNbΘG σr, σzð Þ
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Figure 3.
(a) The evolution of the energy gain Δγ=γ2g of the mode mixing LPA driven by two hybrid modes EH11 and EH12

with the same parameters as those of Figure 2a for various rms bunch lengths kpσz. (b) The maximum
attainable energy gain of two-mode mixing LPA for various rms bunch lengths as a function of the initial phase
of the bunch center with respect to the maximum accelerating field.
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and the rms energy spread due to the beam loading is estimated as
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3.3 Betatron motion

In the wakefield, an electron moving along the z-axis undergoes a transverse
focusing force FB

⊥ ¼ �mec2Frx=r at the transverse displacement x and exhibits the
betatron motion. Taking into account Fr ≈ ∂Fr=∂rð Þr near the z-axis r≈0, the
focusing force is written by FB

⊥=mec2 ¼ � ∂Fr=∂rð Þx ¼ �K2x, where K ¼ ∂Fr=∂rð Þ1=2
is the focusing constant. For the optimum pulse length of kpcτ ¼

ffiffiffi
2

p
and

Ψ ¼ kpz= 2γ2g
� �

≫ kpcτ= 2γ2g
� �

¼ 1=
ffiffiffi
2

p
γ2g

� �
in Eq. (8), transverse laser wakefield in

the matching condition Δkz12 ≈ u22 � u21
� �

= k0R2
c

� � ¼ kp=γ2g is given by

FrL

E0
¼

ffiffiffi
π

2

r
a20e

�1=2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
γg u22 � u21
� �q C1u1 J0

u1r
Rc

� �
J1

u1r
Rc

� �
þ C2u2J0

u2r
Rc

� �
J1

u2r
Rc

� �� �
sinΨ

�

þ
ffiffiffiffiffiffiffiffiffiffiffi
C1C2

p
2

u1J0
u2r
Rc

� �
J1

u1r
Rc

� �
þ u2J0

u1r
Rc

� �
J1

u2r
Rc

� �� �
sin 2Ψ

�
:

(24)

Transverse wakefield excited by the electron bunch is obtained from Eq. (20)
according to the Panofsky-Wenzel theorem [39], ∂Ez=∂r ¼ ∂ Er � Bθð Þ=∂ξ, leading to
the beam focusing force [40].
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At the bunch center ξ ¼ 0, the on-axis beam focusing strength at r ¼ 0
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z2dz is Dawson’s integral. Near-axis electrons experience the
normalized accelerating and focusing gradients at r ¼ 0, as obtained from Eqs. (21),
(24), and (26)
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is the bunch form factor for a

bi-Gaussian profile with the rms bunch radius σr and length σz.
The equations of motion of an electron propagating in the wakefield behind the

laser pulse is written as [41].
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where x ¼ kpx and t ¼ ωpt are the normalized variables of x and t, respectively.
Here the longitudinal wakefield and focusing constant at r ¼ 0 are defined as Ez �
EzBL=E0 and K
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∂FrBL=∂rð Þ, respectively. If one can assume that Ez and K
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to obtain the differential equation s d2x=ds2
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general solutions of which are the Bessel functions of the first kind J0 sð Þ and the
second kind Y0 sð Þ, the solutions of the coupled equations are given by Eqs. (14) and
(15) for γ, and the transverse position and velocity [41].
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While the electron stays in the focusing region of the wakefield, i.e., ∂Fr=∂r>0,
the electron exhibits betatron oscillation at the frequency given by ωβ ¼ ds=dt ¼
ωpK=γ1=2. Contrarily, when the electron moves to the defocusing region where
∂Fr=∂r<0 and s becomes imaginary, the amplitude of the electron trajectory
increases monotonically as a result of the Bessel functions being transformed to the
modified Bessel functions, leading to ejection of the electron from the wakefield

[41]. Hence, the requirement of betatron oscillation in the focusing region K
2
>0
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demands that the minimum number of electrons contained in a bunch should be
injected into the plasma as given by

Nb ≥
ffiffiffi
π

p
kpreΘF σr, σzð Þ

∂FrL Ψð Þ
E0kp∂r

����
����
max

, (32)

for a bi-Gaussian bunch with the rms radius σr and length σz. Figure 4 shows a
map of the bunch form factor ΘF σr, σzð Þ and the minimum number of electrons
contained in a bunch requisite for the beam self-focusing strength larger than the
defocusing strength in the laser-driven wakefield for the EH11-EH12 mode mixing
LPA. It is noted that the minimum value of the requisite electron number occurs at
the bunch length kpσz ¼ 1:31 for various bunch radii, e.g., Nb ≥ 3:63� 107 for
kpσr ¼ 1 and Nb ≥ 7:05� 106 for kpσr ¼ 0:1, as shown in Figure 4.

In the bunch containing the requisite number of particles, an electron undergoes
betatron motion throughout the whole accelerating phase, as shown in Figure 5,
where the trajectory and momentum of the electron in the bunch with the number
of electrons Nb ¼ 1� 108 and length kpσz ¼ 1:3 are calculated from Eq. (30) in 105

segments of the laser wakefield phase excited in the plasma with density ne ¼
1� 1018 cm�3. Note that the betatron oscillation exhibits beats with the amplitude
modulation due to the accelerating wakefield.

3.4 Effects of radiation reaction and multiple Coulomb scattering

A beam electron propagating in the wakefield undergoes betatron motion that
induces synchrotron (betatron) radiation at high energies. The synchrotron radia-
tion causes the radiation damping of particles and affects the energy spread and
transverse emittance via the radiation reaction force. Furthermore, a notable dif-
ference of plasma-based accelerators from vacuum-based accelerators is the pres-
ence of the multiple Coulomb scattering between beam electrons and plasma ions,
which counteracts the beam focusing due to the transverse wakefield and radiation
damping due to betatron radiation. The comprehensive motion of an electron trav-
eling along the z-axis is described as

Figure 4.
(a) A map of the bunch form factor ΘF σr, σzð Þ for the beam self-focusing strength of a bi-Gaussian bunch as a
function of the dimensionless rms bunch radius kpσr and length kpσz. (b) The minimum number of electrons
contained in a Gaussian bunch requisite for the beam self-focusing strength larger than the defocusing strength
from the laser-driven wakefield in the EH11-EH12 mode mixing LPA.
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where ΘF σr, σzð Þ � ek
2
pσ

2
r=2Γ 0, k2pσ

2
r=2

� �
F kpσz=

ffiffiffi
2

p� �
is the bunch form factor for a

bi-Gaussian profile with the rms bunch radius σr and length σz.
The equations of motion of an electron propagating in the wakefield behind the

laser pulse is written as [41].

d2x

dt2
� Ez

γ

dx
dt

þ K
2

γ
x ¼ 0,

dγ
dt

¼ �Ez, (29)

where x ¼ kpx and t ¼ ωpt are the normalized variables of x and t, respectively.
Here the longitudinal wakefield and focusing constant at r ¼ 0 are defined as Ez �
EzBL=E0 and K

2 � 1=E0kp
� �

∂FrBL=∂rð Þ, respectively. If one can assume that Ez and K

are constant along the particle trajectory, introducing a new variable s ¼

4γK
2
=E

2
z

� �1=2
to obtain the differential equation s d2x=ds2

� �þ dx=dsð Þ þ sx ¼ 0,

general solutions of which are the Bessel functions of the first kind J0 sð Þ and the
second kind Y0 sð Þ, the solutions of the coupled equations are given by Eqs. (14) and
(15) for γ, and the transverse position and velocity [41].

x sð Þ
βx sð Þ

� �
¼ M s s0jð Þ x0 s0ð Þ

βx0 s0ð Þ

� �
, (30)

where βx ¼ βg dx=dtð Þ, subscripts “0” denote the initial values, and

M s s0jð Þ ¼
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2
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1
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(31)

While the electron stays in the focusing region of the wakefield, i.e., ∂Fr=∂r>0,
the electron exhibits betatron oscillation at the frequency given by ωβ ¼ ds=dt ¼
ωpK=γ1=2. Contrarily, when the electron moves to the defocusing region where
∂Fr=∂r<0 and s becomes imaginary, the amplitude of the electron trajectory
increases monotonically as a result of the Bessel functions being transformed to the
modified Bessel functions, leading to ejection of the electron from the wakefield

[41]. Hence, the requirement of betatron oscillation in the focusing region K
2
>0
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demands that the minimum number of electrons contained in a bunch should be
injected into the plasma as given by

Nb ≥
ffiffiffi
π

p
kpreΘF σr, σzð Þ

∂FrL Ψð Þ
E0kp∂r

����
����
max

, (32)

for a bi-Gaussian bunch with the rms radius σr and length σz. Figure 4 shows a
map of the bunch form factor ΘF σr, σzð Þ and the minimum number of electrons
contained in a bunch requisite for the beam self-focusing strength larger than the
defocusing strength in the laser-driven wakefield for the EH11-EH12 mode mixing
LPA. It is noted that the minimum value of the requisite electron number occurs at
the bunch length kpσz ¼ 1:31 for various bunch radii, e.g., Nb ≥ 3:63� 107 for
kpσr ¼ 1 and Nb ≥ 7:05� 106 for kpσr ¼ 0:1, as shown in Figure 4.

In the bunch containing the requisite number of particles, an electron undergoes
betatron motion throughout the whole accelerating phase, as shown in Figure 5,
where the trajectory and momentum of the electron in the bunch with the number
of electrons Nb ¼ 1� 108 and length kpσz ¼ 1:3 are calculated from Eq. (30) in 105

segments of the laser wakefield phase excited in the plasma with density ne ¼
1� 1018 cm�3. Note that the betatron oscillation exhibits beats with the amplitude
modulation due to the accelerating wakefield.

3.4 Effects of radiation reaction and multiple Coulomb scattering

A beam electron propagating in the wakefield undergoes betatron motion that
induces synchrotron (betatron) radiation at high energies. The synchrotron radia-
tion causes the radiation damping of particles and affects the energy spread and
transverse emittance via the radiation reaction force. Furthermore, a notable dif-
ference of plasma-based accelerators from vacuum-based accelerators is the pres-
ence of the multiple Coulomb scattering between beam electrons and plasma ions,
which counteracts the beam focusing due to the transverse wakefield and radiation
damping due to betatron radiation. The comprehensive motion of an electron trav-
eling along the z-axis is described as

Figure 4.
(a) A map of the bunch form factor ΘF σr, σzð Þ for the beam self-focusing strength of a bi-Gaussian bunch as a
function of the dimensionless rms bunch radius kpσr and length kpσz. (b) The minimum number of electrons
contained in a Gaussian bunch requisite for the beam self-focusing strength larger than the defocusing strength
from the laser-driven wakefield in the EH11-EH12 mode mixing LPA.
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,
duz
cdt

¼ �kp
Ez

E0
þ FR

z

mec2
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where u ¼ p=mec is the normalized electron momentum, FR the radiation reac-
tion force, and uSx ≈ γθx the transverse kick in momentum projected onto the x-plane
due to multiple Coulomb scattering through small deflection angles θ.

Figure 5.
(a) Normalized accelerating wakefield Ez=E0 and focusing strength γgK

2=k2p ¼ γg 1=E0kp
� �

∂FrL=∂rð Þ in the
EH11-EH12 mode mixing LPA with the same parameters as those of Figure 2a as a function of the accelerating
phase Ψ . (b and c) normalized trajectory kpx and transverse momentum γβx of the electron with the initial values
mec2γ0 ¼ 100MeV, kpx0 ¼ 1, and γβx0 ¼ 0 in the bunch with the number of electrons Nb ¼ 1� 108 and
length kpσz ¼ 1:3 for betatron motion in the laser wakefields (a) with electron density ne ¼ 1� 1018 cm�3.
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For the classical expression of the radiation reaction force given by [42].

FR

mecτR
¼ d

dt
γ
du
dt

� �
þ γu

dγ
dt

� �2

� du
dt

� �2
" #

, (34)

where γ ¼ 1þ u2ð Þ is the relativistic Lorentz factor of the electron and τR ¼
2re=3c ≃ 6:26� 10�24s, assuming uz ≫ ux and dx=dt ¼ cux=γ ≃ cux=uz, the radiation
reaction force Eq. (34) is approximately read as [43].

FR
x= mec2
� �

≃ � cτRK2ux 1þ K2γx2
� �

, FR
z = mec2
� �

≃ � cτRK4γ2x2: (35)

Since the scale length of the radiation reaction, i.e., cτR ¼ 2re=3≃ 1:9 fm, is much
smaller than that of the betatron motion, i.e., � λp

ffiffiffi
γ

p
, the radiation reaction force is

considered as a perturbation in the betatron motion.
A beam electron of the incident momentum p ¼ γmev, passing a nucleus of

charge Ze at impact parameter b in the plasma, suffers an angular deflection θ ¼
Δp=p≃ 2e2Z= pbvð Þ due to Coulomb scattering [44]. The successive collisions of the
relativistic beam electrons with v � c while traversing the plasma of ion density
ni ¼ ne=Z results in an increase of the mean square deflection angle at a rate [8, 44].

d θ2
� �
cdt

¼ 8πniZ2r2e
γ2

ln
bmax

bmin

� �
¼ 2k2preZ

γ2
ln

λD
RN

� �
, (36)

where bmax ¼ λD ¼ Te=4πnee2ð Þ1=2 is the plasma Debye length at the temperature
Te and RN ≈ 1:4A1=3 fm is the effective Coulomb radius of the nucleus with the mass
number A. Here, the logarithm ln bmax=bminð Þ is approximated as

ln λD=RNð Þ≈ 24:7 1þ 0:047 log neTeA2=3
� �h i

for ne 1016 cm�3
� �

and Te eV½ � [45].
The multiple-scattering distribution for the projected angle θx is approximately
Gaussian for small deflection angles, given by the probability distribution

function P θxð Þ ¼ 1= π θ2
� �� �1=2

exp �θ2x= θ2
� �� �

. Thus, the transverse momentum
uSx ≈ γθx is obtained from using the normal distribution with the standard deviation

θ2
� �

=2
� �1=2

around the mean angle 0 at the successive time step along the particle
trajectory.

The electron orbit and energy are obtained from the solutions of the coupled
equations in Eq. (33) describing the single particle motion in the segmented phase,
where Ez and K are assumed to be constant over the phase advance ΔΨ. Provided
the initial values of x0 and βx0 are specified from the energy γ0, relative energy
spread Δγ=γ0, and normalized emittance εn0 of the injected beam, γ sð Þ, x sð Þ, and
βx sð Þ are first calculated from Eqs. (14) and (30) using s Ψð Þ, where Ψ ¼ Ψ0 þ ΔΨ is
the phase at next step. Thus, the effects of the radiation reaction and multiple
Coulomb scattering are obtained as follows:

βx sð Þ ¼ βBx sð Þ þ ΔβRx s0ð Þ þ ΔβSx s0ð Þ, γ Ψð Þ ¼ γA Ψð Þ þ ΔγR Ψ0ð Þ, (37)

where βBx sð Þ and γA Ψð Þ are the solutions obtained from Eqs. (30) and (14),
respectively; ΔβRx s0ð Þ and ΔγR Ψ0ð Þ are correction terms for the effect of the radia-
tion reaction force, given by

ΔβRx ¼ �2CRγgβx0K
2
0 1þ γ0K

2
0x

2
0

� �
ΔΨ, ΔγR Ψ0ð Þ ¼ �2CRγgγ

2
0K

2
0x

2
0ΔΨ, (38)
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where u ¼ p=mec is the normalized electron momentum, FR the radiation reac-
tion force, and uSx ≈ γθx the transverse kick in momentum projected onto the x-plane
due to multiple Coulomb scattering through small deflection angles θ.

Figure 5.
(a) Normalized accelerating wakefield Ez=E0 and focusing strength γgK

2=k2p ¼ γg 1=E0kp
� �

∂FrL=∂rð Þ in the
EH11-EH12 mode mixing LPA with the same parameters as those of Figure 2a as a function of the accelerating
phase Ψ . (b and c) normalized trajectory kpx and transverse momentum γβx of the electron with the initial values
mec2γ0 ¼ 100MeV, kpx0 ¼ 1, and γβx0 ¼ 0 in the bunch with the number of electrons Nb ¼ 1� 108 and
length kpσz ¼ 1:3 for betatron motion in the laser wakefields (a) with electron density ne ¼ 1� 1018 cm�3.
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For the classical expression of the radiation reaction force given by [42].
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¼ d
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γ
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where γ ¼ 1þ u2ð Þ is the relativistic Lorentz factor of the electron and τR ¼
2re=3c ≃ 6:26� 10�24s, assuming uz ≫ ux and dx=dt ¼ cux=γ ≃ cux=uz, the radiation
reaction force Eq. (34) is approximately read as [43].

FR
x= mec2
� �

≃ � cτRK2ux 1þ K2γx2
� �

, FR
z = mec2
� �

≃ � cτRK4γ2x2: (35)

Since the scale length of the radiation reaction, i.e., cτR ¼ 2re=3≃ 1:9 fm, is much
smaller than that of the betatron motion, i.e., � λp

ffiffiffi
γ

p
, the radiation reaction force is

considered as a perturbation in the betatron motion.
A beam electron of the incident momentum p ¼ γmev, passing a nucleus of

charge Ze at impact parameter b in the plasma, suffers an angular deflection θ ¼
Δp=p≃ 2e2Z= pbvð Þ due to Coulomb scattering [44]. The successive collisions of the
relativistic beam electrons with v � c while traversing the plasma of ion density
ni ¼ ne=Z results in an increase of the mean square deflection angle at a rate [8, 44].
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where bmax ¼ λD ¼ Te=4πnee2ð Þ1=2 is the plasma Debye length at the temperature
Te and RN ≈ 1:4A1=3 fm is the effective Coulomb radius of the nucleus with the mass
number A. Here, the logarithm ln bmax=bminð Þ is approximated as

ln λD=RNð Þ≈ 24:7 1þ 0:047 log neTeA2=3
� �h i

for ne 1016 cm�3
� �

and Te eV½ � [45].
The multiple-scattering distribution for the projected angle θx is approximately
Gaussian for small deflection angles, given by the probability distribution

function P θxð Þ ¼ 1= π θ2
� �� �1=2

exp �θ2x= θ2
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. Thus, the transverse momentum
uSx ≈ γθx is obtained from using the normal distribution with the standard deviation

θ2
� �

=2
� �1=2

around the mean angle 0 at the successive time step along the particle
trajectory.

The electron orbit and energy are obtained from the solutions of the coupled
equations in Eq. (33) describing the single particle motion in the segmented phase,
where Ez and K are assumed to be constant over the phase advance ΔΨ. Provided
the initial values of x0 and βx0 are specified from the energy γ0, relative energy
spread Δγ=γ0, and normalized emittance εn0 of the injected beam, γ sð Þ, x sð Þ, and
βx sð Þ are first calculated from Eqs. (14) and (30) using s Ψð Þ, where Ψ ¼ Ψ0 þ ΔΨ is
the phase at next step. Thus, the effects of the radiation reaction and multiple
Coulomb scattering are obtained as follows:

βx sð Þ ¼ βBx sð Þ þ ΔβRx s0ð Þ þ ΔβSx s0ð Þ, γ Ψð Þ ¼ γA Ψð Þ þ ΔγR Ψ0ð Þ, (37)

where βBx sð Þ and γA Ψð Þ are the solutions obtained from Eqs. (30) and (14),
respectively; ΔβRx s0ð Þ and ΔγR Ψ0ð Þ are correction terms for the effect of the radia-
tion reaction force, given by

ΔβRx ¼ �2CRγgβx0K
2
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with CR ¼ kpcτRγg ¼ 2=3ð Þkpreγg ¼ 11:8� 10�9 μm½ �=λ0 and K
2
0 ¼ K

2 Ψ0ð Þ; and
ΔβSx s0ð Þ ¼ θx is a projected angle due to multiple Coulomb scattering, the standard
deviation of which is obtained from Eq. (36) for λ0 ¼ 1 μm as

σθx ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
θ2
� �

=2
q

≈ 2:66� 10�4 γgΔΨ ln λD=RNð Þ
h i1=2

=γ0: (39)

The radiated power of the electron in the classical limit is given by [42, 43].

Prad ¼ 2e2γ2

3c
du
dt

� �2

� dγ
dt

� �2
" #

¼ 2e2γ2

3m2
e c3

Fextj j2 � Fext � u=γj j2
h i

: (40)

where Fext is the external force and mecdγ=dt ¼ Fext � u=γ is used. For a relativis-
tic electron with u2x ≪ γ2 and uz � γ, taking into account Fext ¼ F⊥ex þ F∥ez with
F⊥ ¼ �mec2K2x and F∥ ¼ �eEz, the radiated power can be written as Prad ¼
2e2γ2F⊥

2= 3m2c3ð Þ ¼ mc4τRγ2K4x2, which means the radiative damping rate νR ¼
Prad= γmec2ð Þ ¼ τRc2γK4x2. Thus, a total radiation energy loss along the particle orbit
is estimated as

Δγrad ¼ 1
mec2

ðt
t0
dtPrad tð Þ ¼

X
ΔγR Ψ0ð Þ�� ��: (41)

3.5 Numerical studies of the single-particle dynamics in a single stage

Numerical calculations of the single-particle dynamics can be carried out
throughout the segments in phase Ψ for a set of test particles under the initial
conditions, and then the underlying beam parameters can be obtained as an ensem-
ble average over test particles: for instance, the mean energy is calculated as γh i ¼P

iγi=Np, where γi is the energy of the i-th particle and Np the number of test

particles, and the energy spread is defined as σγ ¼ γ2
� �� γh i2
� �1=2

. The normalized

transverse emittance is obtained from

εn ¼ x� xh ið Þ2
D E

ux � uxh ið Þ2
D E

� x� xh ið Þ ux � uxh ið Þh i2
h i1=2

, (42)

where ux ¼ γβx is the dimensionless transverse momentum.
The particle orbit and energy can be numerically tracked by using the solutions

of the single particle motion (Eqs. (30) and (14)) associated with the perturbation
arising from the effects of the radiation reaction and multiple Coulomb scattering,
as given by Eqs. (38) and (39), respectively. The simulation of particle tracking can
be carried out by using an ensemble of 104 test particles, for which the initial values
at the injection and the deflection angles due to the multiple Coulomb scattering at
each segment in a phase step ΔΨ=400, where ΔΨ ¼ 10π is the phase advance in the
single stage, are obtained from the random number generator for the normal distri-
bution, assuming that the particle beam with the rms bunch length σz ¼ 16 μm
(kpσz ¼ 3) containing Nb ¼ 1� 108 electrons (16 pC) is injected into the capillary
accelerator operated at the plasma density of ne ¼ 1� 1018 cm�3 from the external
injector at the injection energy Einj ¼ mec2γ0 and the initial normalized transverse
emittance εn0 in the condition initially matched to laser wakefields, namely, the

initial bunch radius x0 ¼ kpσ0 ¼ kpεn0
� �1=2

= γ0K
2

� �1=4
and momentum
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γ0β0 ¼ γ0K
2

� �1=4
kpεn0
� �1=2 with the focusing strength K2

, given by Eq. (28).

Figure 6a and b show the results of simulations for the evolution of transverse
normalized emittance εnx from various initial values εn0 at the initial phase Ψ0 ¼ 0
and that of the relative energy spread σγ=γ from the initial spread of σγ=γ0 ¼ 0:1 for
various initial energies due to the effect of the radiation reaction, respectively. The
effect of the multiple Coulomb scattering is shown in Figure 6c, indicating a
significant growth of the normalized emittance in the latter half of the stage. In this

Figure 6.
Numerical results of the beam dynamics study on the two-mode mixing single-stage LPA (Figure 1a) at the
plasma density ne ¼ 1� 1018 cm�3 and number of electrons Nb ¼ 1� 108 in a bunch with length kpσz ¼ 3.
(a) Evolution of transverse normalized emittance εnx from various initial values for the initial energy Einj ¼
mec2γ0 ¼ 1 GeV and relative energy spread σγ=γ0 ¼ 0:1 without radiation and multiple Coulomb scattering.
(b) Evolution of relative energy spread σγ=γ from the initial value of 0.1 for various initial energies Einj due to
radiation reaction without multiple Coulomb scattering. (c) Evolution of transverse normalized emittance from
the initial value εn0 ¼ 0:01 μm for various cases with and without the radiation reaction and multiple
Coulomb scattering.
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with CR ¼ kpcτRγg ¼ 2=3ð Þkpreγg ¼ 11:8� 10�9 μm½ �=λ0 and K
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ΔβSx s0ð Þ ¼ θx is a projected angle due to multiple Coulomb scattering, the standard
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The radiated power of the electron in the classical limit is given by [42, 43].
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where Fext is the external force and mecdγ=dt ¼ Fext � u=γ is used. For a relativis-
tic electron with u2x ≪ γ2 and uz � γ, taking into account Fext ¼ F⊥ex þ F∥ez with
F⊥ ¼ �mec2K2x and F∥ ¼ �eEz, the radiated power can be written as Prad ¼
2e2γ2F⊥

2= 3m2c3ð Þ ¼ mc4τRγ2K4x2, which means the radiative damping rate νR ¼
Prad= γmec2ð Þ ¼ τRc2γK4x2. Thus, a total radiation energy loss along the particle orbit
is estimated as
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3.5 Numerical studies of the single-particle dynamics in a single stage

Numerical calculations of the single-particle dynamics can be carried out
throughout the segments in phase Ψ for a set of test particles under the initial
conditions, and then the underlying beam parameters can be obtained as an ensem-
ble average over test particles: for instance, the mean energy is calculated as γh i ¼P
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where ux ¼ γβx is the dimensionless transverse momentum.
The particle orbit and energy can be numerically tracked by using the solutions

of the single particle motion (Eqs. (30) and (14)) associated with the perturbation
arising from the effects of the radiation reaction and multiple Coulomb scattering,
as given by Eqs. (38) and (39), respectively. The simulation of particle tracking can
be carried out by using an ensemble of 104 test particles, for which the initial values
at the injection and the deflection angles due to the multiple Coulomb scattering at
each segment in a phase step ΔΨ=400, where ΔΨ ¼ 10π is the phase advance in the
single stage, are obtained from the random number generator for the normal distri-
bution, assuming that the particle beam with the rms bunch length σz ¼ 16 μm
(kpσz ¼ 3) containing Nb ¼ 1� 108 electrons (16 pC) is injected into the capillary
accelerator operated at the plasma density of ne ¼ 1� 1018 cm�3 from the external
injector at the injection energy Einj ¼ mec2γ0 and the initial normalized transverse
emittance εn0 in the condition initially matched to laser wakefields, namely, the
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� �1=2
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γ0β0 ¼ γ0K
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kpεn0
� �1=2 with the focusing strength K2

, given by Eq. (28).

Figure 6a and b show the results of simulations for the evolution of transverse
normalized emittance εnx from various initial values εn0 at the initial phase Ψ0 ¼ 0
and that of the relative energy spread σγ=γ from the initial spread of σγ=γ0 ¼ 0:1 for
various initial energies due to the effect of the radiation reaction, respectively. The
effect of the multiple Coulomb scattering is shown in Figure 6c, indicating a
significant growth of the normalized emittance in the latter half of the stage. In this

Figure 6.
Numerical results of the beam dynamics study on the two-mode mixing single-stage LPA (Figure 1a) at the
plasma density ne ¼ 1� 1018 cm�3 and number of electrons Nb ¼ 1� 108 in a bunch with length kpσz ¼ 3.
(a) Evolution of transverse normalized emittance εnx from various initial values for the initial energy Einj ¼
mec2γ0 ¼ 1 GeV and relative energy spread σγ=γ0 ¼ 0:1 without radiation and multiple Coulomb scattering.
(b) Evolution of relative energy spread σγ=γ from the initial value of 0.1 for various initial energies Einj due to
radiation reaction without multiple Coulomb scattering. (c) Evolution of transverse normalized emittance from
the initial value εn0 ¼ 0:01 μm for various cases with and without the radiation reaction and multiple
Coulomb scattering.
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simulation, the multiple Coulomb scattering has been considered for a helium
plasma with A ¼ 4, Z ¼ 2, and Te ¼ 100 eV. Since the normalized emittance,
defined by Eq. (42), is approximately calculated as εnx � δxj j δ γβxð Þj j, where δx and
δ γβxð Þ are the amplitudes of the transverse displacement and dimensionless
momentum, the evolution of the normalized emittance traces the envelope of the
betatron oscillation of the single particle, as seen in Figures 5 and 6. Note that the
electron motion of coupled equation in Eq. (29) includes the nonlinear damping
term � Ez=γ

� �
dx=dtð Þ, which induces the amplitude decrease in the electron accel-

eration phase, while the betatron motion of the electron undergoing only a linear
focusing force with a constant K is described by a simple harmonic oscillator at a
constant energy mec2γ, i.e., no acceleration field Ez ¼ 0, forming the constant

envelope of the betatron amplitude for the matched condition of bunch size σ2x ¼
εnx= γK

� �1=2
, for which the normalized emittance is conserved.

4. Beam dynamics in multistage two-mode mixing LPAs

4.1 Seamless stage coupling with a variable curvature plasma channel

A gas-filled capillary waveguide made of metallic or dielectric materials can
make it possible to comprise a seamless staging without the coupling section, where
a fresh laser pulse and accelerated particle beam from the previous stage are injected
so as to minimize coupling loss in both laser and particle beams and the emittance
growth of particle beams due to the mismatch between the injected beam and
plasma wakefield. For dephasing limited laser wakefield accelerators, the total linac
length will be minimized by choosing the coupling distance to be equal to a half of
the dephasing length [9]. A side coupling of laser pulse through a curved capillary
waveguide [46–48] diminishes the beam-matching section consisting of a vacuum
drift space and focusing magnet beamline [9]. Furthermore, the proposed scheme
comprising seamless capillary waveguides can provide us with suppression of syn-
chrotron radiation from high-energy electron (positron) beams generated by beta-
tron oscillation in plasma-focusing channels and delivery of remarkably small
normalized emittance from the linac to the beam collision section in electron-
positron linear colliders.

Since the electron beam size with a finite beam emittance causes a rapid growth
in a vacuum drift space outside plasma [41], the coupling segment must be used for
spatial matching of the electron beam with the transverse wakefield as well as
temporal phase matching with the accelerating wakefield in a subsequent stage.
A proof-of-principle experiment on two LPA stages powered by two synchronized
laser pulses through the plasma lens and mirror coupling has been reported,
showing that an 120 MeV electron beam from a gas jet (the first stage) driven by
a 28 TW, 45 fs laser pulse was focused by a first discharge capillary as an active
plasma lens to a second capillary plasma channel (the second stage), where the
wakefield excited by a 12 TW, 45 fs separate laser pulse reflected by a tape-based
plasma mirror with a laser-energy throughput of 80% further increased an energy
gain of 100 MeV [49]. In this experiment, a trapping fraction of the electron
charge coupled to the second stage was as low as 3.5% [3]. Such a poor coupling
efficiency could be attributed to the plasma mirror inserted at a vacuum drift
space. To avoid a rapid growth in the vacuum drift space and improve coupling
efficiency, a multistage coupling using a variable curvature plasma channel [48]
enables off-axial injection of a fresh laser pulse into the LPA stage without a
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vacuum gap in the coupling segment; thereby an electron bunch is continuously
accelerated through the plasma-focusing channel over the consecutive stages only
if the temporal phase-matching between the laser and electron beams can be
optimized [3].

In the propagation of a laser pulse through a curved plasma channel, the radial
equilibrium position of the laser pulse is shifted away from the channel axis due to
the balance between the refractive index gradient bending the light rays inward and
the centrifugal force pulling them outward. As a result, the minimum of the effec-
tive plasma density, which is proportional to a guiding potential, is located outward
from the channel axis [47]. Thus, a direct guiding of a laser pulse from the curved
channel with a constant curvature to the straight channel causes large centroid
oscillations in the straight channel even though the laser pulse is injected to the
equilibrium position, leading to loss of the laser energy and electron beam
transported from the previous stage as a result of off-axis interaction with plasma
wakefields [48]. To diminish the mismatching at the transition from a curved
channel to a straight one [3], a variable curvature plasma channel has been devised
such that the equilibrium position guides the laser centroid gradually along the
channel axis from the initial equilibrium position to the channel center, where the
straight channel axis merges together, as shown in Figure 7a. A seamless accelera-
tion in two-stage LPA coupled with a variable curvature plasma channel has been
successfully demonstrated for the guided laser intensity of 8.55 � 1018 W/cm2

(normalized vector potential a0 = 2) by the three-dimensional particle-in-cell
simulations, as shown in Figure 7b–f, indicating that the injection trapping
efficiency increases with the initial beam energy and approaches 100% at energies
higher than 2 GeV.

4.2 Betatron motion of the particle beam in the seamless multistage

For s≫ 1, the asymptotic form of betatron motion in Eq. (30) yields

x sð Þ � x02 þ 2γ0βx0
s0Ez0

� �2
" #1=2 ffiffiffiffi

s0
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r
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where tan δ0 ¼ 2γ0βx0= s0x0Ez0
� �

. The variation of the betatron amplitude with
respect to the initial amplitude in the k-th stage is given by
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where Ψki ≤Ψ≤Ψ kþ1ð Þi (k ¼ 1, 2,⋯) is the particle phase Ψ with respect to the
plasma wave, Ψki is the initial phase, and γki is corresponding to the initial energy of
the particle in the k-th stage, respectively, assuming an approximately constant
focusing strength K Ψð Þ � K Ψkið Þ over the stage. As expected, the betatron ampli-
tude is simply proportional to γki=γð Þ1=4 for the constant accelerating field Ez Ψð Þ
during the stage. In the two-mode mixing LPA system comprising the periodic
accelerating structure, i.e., Ez Ψki þ ΔΨð Þ ¼ Ez Ψli þ ΔΨð Þ for a phase advance ΔΨ in
the k-th and l-th stages, the ratio of the accelerating field amplitude is given by
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vacuum gap in the coupling segment; thereby an electron bunch is continuously
accelerated through the plasma-focusing channel over the consecutive stages only
if the temporal phase-matching between the laser and electron beams can be
optimized [3].

In the propagation of a laser pulse through a curved plasma channel, the radial
equilibrium position of the laser pulse is shifted away from the channel axis due to
the balance between the refractive index gradient bending the light rays inward and
the centrifugal force pulling them outward. As a result, the minimum of the effec-
tive plasma density, which is proportional to a guiding potential, is located outward
from the channel axis [47]. Thus, a direct guiding of a laser pulse from the curved
channel with a constant curvature to the straight channel causes large centroid
oscillations in the straight channel even though the laser pulse is injected to the
equilibrium position, leading to loss of the laser energy and electron beam
transported from the previous stage as a result of off-axis interaction with plasma
wakefields [48]. To diminish the mismatching at the transition from a curved
channel to a straight one [3], a variable curvature plasma channel has been devised
such that the equilibrium position guides the laser centroid gradually along the
channel axis from the initial equilibrium position to the channel center, where the
straight channel axis merges together, as shown in Figure 7a. A seamless accelera-
tion in two-stage LPA coupled with a variable curvature plasma channel has been
successfully demonstrated for the guided laser intensity of 8.55 � 1018 W/cm2

(normalized vector potential a0 = 2) by the three-dimensional particle-in-cell
simulations, as shown in Figure 7b–f, indicating that the injection trapping
efficiency increases with the initial beam energy and approaches 100% at energies
higher than 2 GeV.

4.2 Betatron motion of the particle beam in the seamless multistage

For s≫ 1, the asymptotic form of betatron motion in Eq. (30) yields
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where Ψki ≤Ψ≤Ψ kþ1ð Þi (k ¼ 1, 2,⋯) is the particle phase Ψ with respect to the
plasma wave, Ψki is the initial phase, and γki is corresponding to the initial energy of
the particle in the k-th stage, respectively, assuming an approximately constant
focusing strength K Ψð Þ � K Ψkið Þ over the stage. As expected, the betatron ampli-
tude is simply proportional to γki=γð Þ1=4 for the constant accelerating field Ez Ψð Þ
during the stage. In the two-mode mixing LPA system comprising the periodic
accelerating structure, i.e., Ez Ψki þ ΔΨð Þ ¼ Ez Ψli þ ΔΨð Þ for a phase advance ΔΨ in
the k-th and l-th stages, the ratio of the accelerating field amplitude is given by
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where Ω Ψð Þ ¼ cosΨþ ffiffiffiffiffiffiffiffiffiffiffi
C1C2

p
1þ cos 2Ψð Þ= C1 þ C2ð Þ. In the accelerator system

consisting of Ns stages, the final betatron amplitude yields

x Ψf
� ��� �� � x0j j γ0=γf

� �1=4
RNs=2 exp �αda20 Ψf �Ψ0
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, (47)

where Ψf , mec2γf are the final phase and energy of the particle at the Ns-th stage,
respectively, and R ¼ Ω Ψf

� �
=Ω Ψið Þ�� �� is the ratio of the amplitude Ω Ψð Þ between the

final and initial phases in the single stage. If this ratio is chosen so as to be
R< exp 2αda20ΔΨ

� �
, the betatron amplitude will decrease as the electron propagates

the accelerator stages.
Here we consider the evolution of transverse normalized emittance for the

particle beam acceleration in the multistage capillary accelerator. The definition of
transverse normalized emittance given by Eq. (42) is expressed as εnx2 ¼
δx2
� �

δux2
� �� δxδuxh i2, where δx ¼ x� xh i and δux ¼ ux � uxh i are the deviation

from the mean transverse displacement xh i and normalized momentum uxh i ¼ γβxh i,
respectively. The particle orbit undergoing betatron motion is written for s≫ 1 from
Eqs. (43) and (44) as x ¼ xm

ffiffiffiffiffiffiffiffi
s0=s

p
cosφ and ux ¼ γβx ¼ xm Ez
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p
=2
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sinφ, where

Figure 7.
(a) Geometry of the coupling segment, which is composed of a variable-curvature plasma channel with a
gradually varying channel radius along the channel axis (dashed line) from the entrance radius R0 = 10 mm in
the first stage to that of a straight channel R ! ∞ in the second stage, and the centroid trajectories for a first-
stage laser (yellow), a second-stage laser (red), and an electron beam (green). When the second laser is injected
at the curved channel entrance with an incidence angle of 5.7° and an off-axis deviation of 6.3 μm, its centroid
trajectory and an electron bunch (red points) are seamlessly coupled to the straight plasma channel, as shown in
the three-dimensional particle-in-cell (3D PIC) simulation results before (b) and after (c) the electron bunch is
trapped in the second straight channel [3]. (d) Energy and transverse momentum, initial (black points) and
final (blue points) (e) longitudinal and (f) transverse momentum distributions, and their Gaussian fitting
curves (red) of the electron beam obtained from the simulation results.
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φ ¼ ωβt is the betatron phase and xm ¼ x02 þ 2γ0βx0=s0Ez0
� �2h i1=2

. Thus, the ensem-

ble averaged quantities δx2
� �

, δux2
� �

, and δxδuxh i2 can be obtained: e.g., δx2
� � ¼

s0=sh i xm2
� �

1þ cos 2φh ið Þ=2� xmh i2 cosφh i2
h i

. Assuming that the energy distribu-

tion about the mean energy γh i, i.e., the δγ ¼ γ � γh i distribution, is Gaussian with a
width of σγ, the energy is approximated about its mean value to the first order in
δγ= γh i, i.e., γ ¼ γh i þ δγ, ωβ ≃ωβ0 1� δγ=2 γh ið Þ, and φ≃ωβ0t 1� δγ=2 γh ið Þ. The
ensemble averaged quantities can be calculated as averages over the distribution of

energy deviations as, e.g., cosφh i≃ 1=
ffiffiffiffiffi
2π

p
σγ

� �Ð∞
�∞dδγ exp �δγ2=2σ2γ
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� �

γ0h i= γh ið Þ1=2, where
δφ ¼ �φ0δγ= 2 γh ið Þ and νε ¼ ωβ0σγ=

ffiffiffi
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γh i� �

is the frequency corresponding to
decoherence time tdec ≃ π γh i= ωβσγ

� �
, defined as the time when the phase difference

between the low energy part of the beam and the high-energy part is
Δφ≃ωβ

Ð
dtσγ= γh i ¼ π [43]. Considering transverse emittance of the particle beam

with initial energy spread that dominates decoherence, the normalized emittance for
t≫ tdec is given by
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where εnx ¼ kpεnx is the dimensionless normalized emittance. If the beam is
initially matched to the laser wakefield focusing channel, i.e., x0 ¼
2γ0βx0= s0Ez0

� � ¼ ux0= K0
ffiffiffiffiffi
γ0

p� �
, such that in the absence of radiation the beam

radial envelope undergoes no betatron oscillation, the normalized emittance can be
expressed as

εnx ¼ Ez

Ez0

����
����K0

ffiffiffiffiffiffiffiffiffi
γ0h i

p
x02
� � ¼ Ez

Ez0

����
����εnx0: (49)

This indicates that in the absence of radiation and multiple Coulomb scattering,
the transverse normalized emittance of an initially matched beam is conserved in
the laser wakefield acceleration when the amplitude of accelerating field has no
variation, i.e., Ez

�� �� ¼ Ez0
�� ��. Note that the decreasing accelerating field at the final

phase results in a decrease of the normalized emittance of the injected beam
matched to the laser wakefield at the initial phase in the single stage. For the
multistage laser wakefield acceleration without a vacuum drift space in the coupling
section, properly choosing the injection and extraction phases enables continuous
reduction of the normalized emittance in the absence of synchrotron radiation and
multiple Coulomb scattering with plasma ions. Since the initial values of the
displacement xh i and normalized momentum uxh i at the next stage are expressed
as h�x21i≃

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffihγ0i=hγ1i
p h�x2mi0�Ez1 �K0=ð2 �Ez0 �K1Þ and hu2x1i≃ �K0 �K1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffihγ0ihγ1i
p h�x2mi0

�Ez1=ð2�Ez0Þ[19],
the initial amplitude of betatron oscillation at the next stage is

h�x2mi1 ¼ h�x21i þ hu2x1i=ð�K1hγ1iÞ
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hγ0i=hγ1i

p
h�x2mi0�Ez1 �K0=ð�Ez0 �K1Þ:

Accordingly, the emittance at the k-th stage is calculated as
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Figure 7.
(a) Geometry of the coupling segment, which is composed of a variable-curvature plasma channel with a
gradually varying channel radius along the channel axis (dashed line) from the entrance radius R0 = 10 mm in
the first stage to that of a straight channel R ! ∞ in the second stage, and the centroid trajectories for a first-
stage laser (yellow), a second-stage laser (red), and an electron beam (green). When the second laser is injected
at the curved channel entrance with an incidence angle of 5.7° and an off-axis deviation of 6.3 μm, its centroid
trajectory and an electron bunch (red points) are seamlessly coupled to the straight plasma channel, as shown in
the three-dimensional particle-in-cell (3D PIC) simulation results before (b) and after (c) the electron bunch is
trapped in the second straight channel [3]. (d) Energy and transverse momentum, initial (black points) and
final (blue points) (e) longitudinal and (f) transverse momentum distributions, and their Gaussian fitting
curves (red) of the electron beam obtained from the simulation results.
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φ ¼ ωβt is the betatron phase and xm ¼ x02 þ 2γ0βx0=s0Ez0
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. Thus, the ensem-

ble averaged quantities δx2
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, and δxδuxh i2 can be obtained: e.g., δx2
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. Assuming that the energy distribu-

tion about the mean energy γh i, i.e., the δγ ¼ γ � γh i distribution, is Gaussian with a
width of σγ, the energy is approximated about its mean value to the first order in
δγ= γh i, i.e., γ ¼ γh i þ δγ, ωβ ≃ωβ0 1� δγ=2 γh ið Þ, and φ≃ωβ0t 1� δγ=2 γh ið Þ. The
ensemble averaged quantities can be calculated as averages over the distribution of
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, defined as the time when the phase difference
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dtσγ= γh i ¼ π [43]. Considering transverse emittance of the particle beam

with initial energy spread that dominates decoherence, the normalized emittance for
t≫ tdec is given by

εnx ¼ 1
2

Ez

Ez0

����
����K0

ffiffiffiffiffiffiffiffiffi
γ0h i

p
xm0

2� � ¼ 1
2

Ez

Ez0

����
����K0

ffiffiffiffiffiffiffiffiffi
γ0h i

p
x02
� �þ u2x0

� �

K
2
0 γ0h i

 !
, (48)

where εnx ¼ kpεnx is the dimensionless normalized emittance. If the beam is
initially matched to the laser wakefield focusing channel, i.e., x0 ¼
2γ0βx0= s0Ez0

� � ¼ ux0= K0
ffiffiffiffiffi
γ0

p� �
, such that in the absence of radiation the beam

radial envelope undergoes no betatron oscillation, the normalized emittance can be
expressed as

εnx ¼ Ez
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This indicates that in the absence of radiation and multiple Coulomb scattering,
the transverse normalized emittance of an initially matched beam is conserved in
the laser wakefield acceleration when the amplitude of accelerating field has no
variation, i.e., Ez

�� �� ¼ Ez0
�� ��. Note that the decreasing accelerating field at the final

phase results in a decrease of the normalized emittance of the injected beam
matched to the laser wakefield at the initial phase in the single stage. For the
multistage laser wakefield acceleration without a vacuum drift space in the coupling
section, properly choosing the injection and extraction phases enables continuous
reduction of the normalized emittance in the absence of synchrotron radiation and
multiple Coulomb scattering with plasma ions. Since the initial values of the
displacement xh i and normalized momentum uxh i at the next stage are expressed
as h�x21i≃

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffihγ0i=hγ1i
p h�x2mi0�Ez1 �K0=ð2 �Ez0 �K1Þ and hu2x1i≃ �K0 �K1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffihγ0ihγ1i
p h�x2mi0

�Ez1=ð2�Ez0Þ[19],
the initial amplitude of betatron oscillation at the next stage is

h�x2mi1 ¼ h�x21i þ hu2x1i=ð�K1hγ1iÞ
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hγ0i=hγ1i

p
h�x2mi0�Ez1 �K0=ð�Ez0 �K1Þ:

Accordingly, the emittance at the k-th stage is calculated as
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�εknx ¼ ð1=2Þ�KðΨf Þ
ffiffiffiffiffiffiffiffiffi
hγi0

q
h�x2mi0

� j�EzðΨf Þ=�EzðΨiÞjkj�KðΨiÞ=�KðΨf Þjk:

Assuming K Ψf
� �

≈K Ψið Þ ¼ K0, the dimensionless normalized emittance at the
k-th stage yields

εknx ≃
1
2
Ez Ψf
� �

Ez Ψið Þ

�����

�����
k

K0

ffiffiffiffiffiffiffiffiffi
γh i0

q
x2m
� �

0 ¼ 1
2
Rke�2αa20kΔΨK0

ffiffiffiffiffiffiffiffiffi
γh i0

q
x2m
� �

0 ¼ Rke�2αa20kΔΨεn0,

(50)

where Ez Ψf
� �

=Ez Ψið Þ�� �� ¼ Re �2αa20ΔΨ is the ratio of the accelerating field ampli-
tude at the final phase Ψf to that at the initial phase Ψi with R ¼ Ω Ψf

� �
=Ω Ψið Þ�� �� and

ΔΨ ¼ Ψf � Ψi. Setting K0 γ0h i1=2 x2m
� � ¼ 2εn0, the normalized emittance increases or

decreases monotonically, depending on R> e2αa
2
0ΔΨ or R< e2αa

2
0ΔΨ as the particles

move along the stage in the absence of radiation and multiple Coulomb scattering.
For an application of laser-plasma accelerators to electron-positron colliders, it is

of most importance to achieve the smallest possible normalized emittance at the final
stage of the accelerator system, overwhelming the emittance growth due to the
multiple Coulomb scattering off plasma ions, being increased in proportion to the
square root of the beam energy. We consider the effect of multiple Coulomb scatter-
ing on the emittance growth and evaluate an achievable normalized emittance at the
end of the accelerator system comprisingNs stages. Using the growth rate of the mean
square deflection angle in Eq. (36) due to the multiple Coulomb scattering, the
growth rate of the transverse normalized emittance is estimated as [8, 44].

dεSCATn

dz
¼ 1

2
γ

kβ

d θ2
� �
dz

¼ kpreZ
K
ffiffiffi
γ

p ln
λD
RN

� �
, (51)

where kβ ¼ K=
ffiffiffi
γ

p
is the wave number of betatron oscillation. In the single stage,

the transverse normalized emittance of the particles undergoing the wakefields
evolves the growth in the same manner as the injected particle beam without the
multiple Coulomb scattering as

ε1nx ¼ Ez Ψ1ð Þ
Ez Ψ0ð Þ

����
����εn0 þ

kpreZ ln λD=RNð Þ
K0�Ez Ψ0ð Þ

ffiffiffiffiffiffiffiffiffiffiffiffi
γ1f

D Er
�

ffiffiffiffiffiffiffiffiffi
γ1ih i

p� �
: (52)

At the Ns-th stage, the normalized emittance can be obtained from

εNnx ¼ Ez Ψ1ð Þ
Ez Ψ0ð Þ

����
����
N

εn0 þ
kpreZ ln λD=RNð Þ

K0Ez Ψ0ð Þ
XN

k¼1

Ez Ψ1ð Þ
Ez Ψ0ð Þ

����
����
N�k ffiffiffiffiffi

γk
p

1�
ffiffiffiffiffiffiffiffiffi
γk�1

γk

r� �
: (53)

Assuming that the beam energy at the k-th stage is approximately given by

γkh i≃ πC1C2=2ð Þ1=2a20γ2g e� 1þ4αa20Ψ0ð Þ=2kΔΨ for k≫ 1, Eq. (53) can be calculated as

εNnx ¼ εn0RNse�2Nsαda20ΔΨ þ C1C2

2π

� �1=4 CSZ ln λD=RNð Þ
a0 C1 þ C2ð Þ

e 1þ4αa20Ψ0ð Þ=4RNse�2Nsαda20ΔΨ
ffiffiffiffiffiffiffi
ΔΨ

p

K0 Ω Ψ0ð Þj j
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lnR� 2αa20ΔΨ

p

� erf
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ns lnR� 2αda20ΔΨ
� �q

� erf
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lnR� 2αda20ΔΨ

q� �
,

(54)
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for R> e2αa
2
0ΔΨ, where CS ¼ kpreγg ¼ 17:7 � 10�9 μm½ �=λ0 and erf xð Þ ¼

2=
ffiffiffi
π

pð ÞÐ x0 e�t2dt are the error function, and for R< e2αa
2
0ΔΨ,

εNnx ¼ εn0RNse�2Nsαa20ΔΨ þ 2
π

� �3=4 Cs C1C2ð Þ1=4Z ln λD=RNð Þ
a0 C1 þ C2ð Þ

e 1þ4αda20Ψ0ð Þ=4 ffiffiffiffiffiffiffi
ΔΨ

p

K0 Ω Ψ0ð Þj j
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2αda20ΔΨ� lnR

p ,

� F
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ns 2αda20ΔΨ� lnR
� �q� �

� RNs�1e�2 Ns�1ð Þαda20ΔΨF
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2αda20ΔΨ� lnR

q� �� �

(55)

where F xð Þ ¼ e�x2
Ð x
0 e

t2dt is Dawson’s integral. For R ¼ e2αa
2
0ΔΨ, i.e.,

Ez Ψf
� �

=Ez Ψið Þ�� �� ¼ 1, the normalized emittance at the Ns-th stage is simply calcu-
lated as

εNnx ¼ εn
0 þ kpreZ ln λD=RNð Þ

K0 Ez Ψ0ð Þ�� ��
ffiffiffiffiffiffiffi
γNs

p � ffiffiffiffiffi
γ0

p� �

� εn
0 þ 2

2C1C2

π

� �1=4 CSβgZ ln λD=RNð Þ
a0 C1 þ C2ð Þ

e 1þ4αa20Ψ0ð Þ=4 ffiffiffiffiffiffiffiffiffiffiffiffiffi
NsΔΨ

p

K0 Ω Ψ0ð Þj j :

(56)

As expected, the normalized emittance in the multistage accelerator operated
with the constant accelerating field is conserved to the initial normalized emittance
and then limited by an increasing growth due to multiple Coulomb scattering. For
R> e2αa

2
0ΔΨ, the initial emittance of the injected beam dominates an exponential

growth of the normalized emittance, while for R< e2αa
2
0ΔΨ, an exponential decrease

of the initial emittance is followed by a slow decrease of the normalized emittance
arising from the multiple Coulomb scattering [19].

4.3 Numerical studies of the single-particle dynamics in multistages

Numerical studies on transverse beam dynamics of an electron bunch acceler-
ated in the multistage mode mixing LPA have been carried out by calculating the
ensemble of trajectories of test particles throughout consecutive stages, using the
single-particle dynamics code based on the analytical solutions of the equations of
motion of an electron in laser wakefields with the presence of effects of the radia-
tion reaction and multiple Coulomb scattering, as described in Section 3. Figure 8a
shows examples of the phase space distribution of 104 test particles on the kpx� γβx
plane and evolution of the transverse normalized emittance for 400 stages, in each
of which the electron is accelerated between the initial wakefield phase Ψi ¼ 0 and
final phase Ψf ¼ 4:5π, in the presence of the radiation reaction and multiple
Coulomb scattering. Figure 8b is the result for 60 stages with the stage phase
0≤Ψ≤4π and Figure 8c for 50 stages with �0:45π ≤Ψ≤4π, taking into account
only the radiation effect. The cases shown in Figure 8a and b obviously correspond
to the exponential decrease of the normalized emittance with R< exp 2αa20ΔΨ

� �
,

while the case shown in Figure 8c corresponds to the exponential increase with
R> exp 2αa20ΔΨ

� �
. In Figure 8a, the exponential decrease of the normalized emit-

tance is limited, leading to the equilibrium with the growth due to the multiple
Coulomb scattering after several stages. In Figure 8c, the exponential increase can
be limited by the radiation effects, resulting in an excess of radiation energy loss
and the equilibrium with the radiation reaction after 20 stages. For the case shown
in Figure 8a, the beam energy is accelerated up to 558.92 GeV with the relative rms
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Assuming K Ψf
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≈K Ψið Þ ¼ K0, the dimensionless normalized emittance at the
k-th stage yields
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where Ez Ψf
� �

=Ez Ψið Þ�� �� ¼ Re �2αa20ΔΨ is the ratio of the accelerating field ampli-
tude at the final phase Ψf to that at the initial phase Ψi with R ¼ Ω Ψf

� �
=Ω Ψið Þ�� �� and

ΔΨ ¼ Ψf � Ψi. Setting K0 γ0h i1=2 x2m
� � ¼ 2εn0, the normalized emittance increases or

decreases monotonically, depending on R> e2αa
2
0ΔΨ or R< e2αa

2
0ΔΨ as the particles

move along the stage in the absence of radiation and multiple Coulomb scattering.
For an application of laser-plasma accelerators to electron-positron colliders, it is

of most importance to achieve the smallest possible normalized emittance at the final
stage of the accelerator system, overwhelming the emittance growth due to the
multiple Coulomb scattering off plasma ions, being increased in proportion to the
square root of the beam energy. We consider the effect of multiple Coulomb scatter-
ing on the emittance growth and evaluate an achievable normalized emittance at the
end of the accelerator system comprisingNs stages. Using the growth rate of the mean
square deflection angle in Eq. (36) due to the multiple Coulomb scattering, the
growth rate of the transverse normalized emittance is estimated as [8, 44].
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¼ 1
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dz

¼ kpreZ
K
ffiffiffi
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p ln
λD
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, (51)

where kβ ¼ K=
ffiffiffi
γ

p
is the wave number of betatron oscillation. In the single stage,

the transverse normalized emittance of the particles undergoing the wakefields
evolves the growth in the same manner as the injected particle beam without the
multiple Coulomb scattering as

ε1nx ¼ Ez Ψ1ð Þ
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At the Ns-th stage, the normalized emittance can be obtained from
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Assuming that the beam energy at the k-th stage is approximately given by

γkh i≃ πC1C2=2ð Þ1=2a20γ2g e� 1þ4αa20Ψ0ð Þ=2kΔΨ for k≫ 1, Eq. (53) can be calculated as
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for R> e2αa
2
0ΔΨ, where CS ¼ kpreγg ¼ 17:7 � 10�9 μm½ �=λ0 and erf xð Þ ¼
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where F xð Þ ¼ e�x2
Ð x
0 e

t2dt is Dawson’s integral. For R ¼ e2αa
2
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As expected, the normalized emittance in the multistage accelerator operated
with the constant accelerating field is conserved to the initial normalized emittance
and then limited by an increasing growth due to multiple Coulomb scattering. For
R> e2αa

2
0ΔΨ, the initial emittance of the injected beam dominates an exponential

growth of the normalized emittance, while for R< e2αa
2
0ΔΨ, an exponential decrease

of the initial emittance is followed by a slow decrease of the normalized emittance
arising from the multiple Coulomb scattering [19].

4.3 Numerical studies of the single-particle dynamics in multistages

Numerical studies on transverse beam dynamics of an electron bunch acceler-
ated in the multistage mode mixing LPA have been carried out by calculating the
ensemble of trajectories of test particles throughout consecutive stages, using the
single-particle dynamics code based on the analytical solutions of the equations of
motion of an electron in laser wakefields with the presence of effects of the radia-
tion reaction and multiple Coulomb scattering, as described in Section 3. Figure 8a
shows examples of the phase space distribution of 104 test particles on the kpx� γβx
plane and evolution of the transverse normalized emittance for 400 stages, in each
of which the electron is accelerated between the initial wakefield phase Ψi ¼ 0 and
final phase Ψf ¼ 4:5π, in the presence of the radiation reaction and multiple
Coulomb scattering. Figure 8b is the result for 60 stages with the stage phase
0≤Ψ≤4π and Figure 8c for 50 stages with �0:45π ≤Ψ≤4π, taking into account
only the radiation effect. The cases shown in Figure 8a and b obviously correspond
to the exponential decrease of the normalized emittance with R< exp 2αa20ΔΨ

� �
,

while the case shown in Figure 8c corresponds to the exponential increase with
R> exp 2αa20ΔΨ

� �
. In Figure 8a, the exponential decrease of the normalized emit-

tance is limited, leading to the equilibrium with the growth due to the multiple
Coulomb scattering after several stages. In Figure 8c, the exponential increase can
be limited by the radiation effects, resulting in an excess of radiation energy loss
and the equilibrium with the radiation reaction after 20 stages. For the case shown
in Figure 8a, the beam energy is accelerated up to 558.92 GeV with the relative rms
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Figure 8.
Numerical results of the beam dynamics study on the two-mode mixing multistage LPA (Figure 1a). (a and d)
the phase space kpx� γβx and evolution of transverse normalized emittance kpεnx for 400 stages with each stage
phase 0≤Ψ ≤4:5π in the presence of radiation reaction and multiple coulomb scattering at the plasma density
ne ¼ 1� 1018 cm�3 and the initial normalized emittance εn0 ¼ 1 μm. (b and e) the phase space and evolution
of transverse normalized emittance (only shown for the initial 5 stages) for 60 stages with each stage phase
0≤Ψ ≤4π in the presence of the radiation reaction at ne ¼ 1:1� 1017 cm�3 and εn0 ¼ 100 μm. (c and f) the
phase space and evolution of transverse normalized emittance for 50 stages with each stage phase
�0:45π ≤Ψ ≤ 4π in the presence of the radiation reaction at ne ¼ 1:1� 1017 cm�3 and εn0 ¼ 100 μm.

Figure 9.
Numerical results of the beam dynamics study on the two-mode mixing multistage LPA at the plasma density
ne ¼ 1� 1018 cm�3 and number of electrons Nb ¼ 1� 108 in a bunch with a length of kpσz ¼ 3, the initial
energy mec2γ0 ¼ 1 GeV, relative energy spread σγ=γ0 ¼ 0:1, and normalized emittance εn0 ¼ 1 μm. (a, d,
and g) evolution of rms bunch radius σr, radiation energy Δγrad, and transverse normalized emittance εnx for
400 stages with each stage phase 0≤Ψ ≤ 4:5π. (b, e, and h) evolution of the same electron beam parameters for
260 stages with each stage phase �0:45π ≤Ψ ≤4:7π. (c f, and i) evolution of the same electron beam
parameters for 50 stages with each stage phase �0:45π ≤Ψ ≤ 4:2345π. In (g), (h), and (i), the blue solid curve
shows a fit using the analytical emittance evolution formula in Eqs. (54) and (55).
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energy spread of 0.02% over the whole 400 LPA stages with the stage phase
0≤Ψ≤4:5π at the operating plasma density of ne ¼ 1� 1018 cm�3 in the accelerator
length of 67 m, assuming initially a 10% relative energy spread. From this result, the
beam-induced longitudinal (decelerating) wakefield becomes approximately
Ezb=E0 � 0:01 and focusing strength Kb=kp

� �2 � 0:12, as calculated from an
ensemble average of the radius of an electron bunch with 1� 108 electrons and
length of 16 μm, using Eqs. (20) and (26), respectively, at each step of the stage
consisting of 100 segments. It is noted that both beam-induced wakefields reach the
equilibrium after several stages in consistency with the evolution of the normalized
emittance.

The detailed study on the evolution of the transverse normalized emittance in
the multistage two-mode mixing LPA has been investigated for three cases with the
different stage phases, i.e., 0≤Ψ≤4:5π (case A), �0:45π ≤Ψ≤4:7π (case B), and
�0:45π ≤Ψ≤4:2345π (case C), the reduction coefficients 2αda20ΔΨ� lnR for
which are 37.3, 1.37, and � 0.438, respectively. Figure 9 shows the evolution of the
bunch radius σr (a)–(c), radiation energy Δγrad (d)–(f), and transverse normalized
emittance εnx (g)–(i), respectively. In Figure 9 (g)–(i), the solid curve indicates the
normalized emittance predicted from the analytical formulae of Eqs. (54) and (55),
assuming that the average focusing constant is K0 � 0:004 for cases A–C and the
growth rate is �10% of the reduction coefficient for case C. It is noted that the
evolution of the normalized emittance is determined by the equilibrium between
the consecutive focusing and the defocusing due to the multiple Coulomb scattering
at a large number of stages Ns ≫ 1.

5. Considerations on electron-positron collider performance

Electron and positron beams being reached to the final energies in the multistage
two-mode mixing LPA are extracted at a phase corresponding to the minimum
transverse normalized emittance, followed by propagating a drift space in vacuum
and a final focusing system to the beam-beam collisions at the interaction point. In a
vacuum drift space outside plasma, the particle beam changes the spatial and
temporal dimensions of the bunch proportional to the propagation distance due to
the finite emittance and energy spread of the accelerated bunch. The evolution of
the rms bunch envelope σb in vacuum without the external focusing force is given

by σ2b ¼ σ20 1þ z� z0ð Þ2=Z2
b

h i
, where σ0 is an initial radius and Zb ¼ σ20γ=εn is the

characteristic distance of the bunch size growth [41]. The bunch radius after prop-
agation of the distance Lcol between the final LPA stage and interaction point is

estimated to be σb∗ ¼ σ2bf þ εnf Lcol=γσbf

� �2� �1=2
, where σb∗ is the rms bunch radius

at the interaction point and σbf , εnf the rms bunch radius and normalized emittance
at the exit of the LPA, respectively. In collisions between high-energy electron and
positron bunches from the LPAs, the beam particles emit synchrotron radiation due
to the interaction, the so-called Beamstrahlung, with the electromagnetic fields
generated by the counterpropagating beam. The beamstrahlung effect leads to
substantial beam energy loss and degradation on energy resolution for the high-
energy experiments in electron-positron linear colliders [50]. Intensive research on
beamstrahlung radiation has been explored [50–52], being of relevance to the
design of e+e� linear colliders in the TeV center-of-mass (CM) energies, for which
two major effects must be taken into account, namely, the disruption effect bending
particle trajectories by the oncoming beam-generated electromagnetic fields and the
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Figure 8.
Numerical results of the beam dynamics study on the two-mode mixing multistage LPA (Figure 1a). (a and d)
the phase space kpx� γβx and evolution of transverse normalized emittance kpεnx for 400 stages with each stage
phase 0≤Ψ ≤4:5π in the presence of radiation reaction and multiple coulomb scattering at the plasma density
ne ¼ 1� 1018 cm�3 and the initial normalized emittance εn0 ¼ 1 μm. (b and e) the phase space and evolution
of transverse normalized emittance (only shown for the initial 5 stages) for 60 stages with each stage phase
0≤Ψ ≤4π in the presence of the radiation reaction at ne ¼ 1:1� 1017 cm�3 and εn0 ¼ 100 μm. (c and f) the
phase space and evolution of transverse normalized emittance for 50 stages with each stage phase
�0:45π ≤Ψ ≤ 4π in the presence of the radiation reaction at ne ¼ 1:1� 1017 cm�3 and εn0 ¼ 100 μm.

Figure 9.
Numerical results of the beam dynamics study on the two-mode mixing multistage LPA at the plasma density
ne ¼ 1� 1018 cm�3 and number of electrons Nb ¼ 1� 108 in a bunch with a length of kpσz ¼ 3, the initial
energy mec2γ0 ¼ 1 GeV, relative energy spread σγ=γ0 ¼ 0:1, and normalized emittance εn0 ¼ 1 μm. (a, d,
and g) evolution of rms bunch radius σr, radiation energy Δγrad, and transverse normalized emittance εnx for
400 stages with each stage phase 0≤Ψ ≤ 4:5π. (b, e, and h) evolution of the same electron beam parameters for
260 stages with each stage phase �0:45π ≤Ψ ≤4:7π. (c f, and i) evolution of the same electron beam
parameters for 50 stages with each stage phase �0:45π ≤Ψ ≤ 4:2345π. In (g), (h), and (i), the blue solid curve
shows a fit using the analytical emittance evolution formula in Eqs. (54) and (55).
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energy spread of 0.02% over the whole 400 LPA stages with the stage phase
0≤Ψ≤4:5π at the operating plasma density of ne ¼ 1� 1018 cm�3 in the accelerator
length of 67 m, assuming initially a 10% relative energy spread. From this result, the
beam-induced longitudinal (decelerating) wakefield becomes approximately
Ezb=E0 � 0:01 and focusing strength Kb=kp

� �2 � 0:12, as calculated from an
ensemble average of the radius of an electron bunch with 1� 108 electrons and
length of 16 μm, using Eqs. (20) and (26), respectively, at each step of the stage
consisting of 100 segments. It is noted that both beam-induced wakefields reach the
equilibrium after several stages in consistency with the evolution of the normalized
emittance.

The detailed study on the evolution of the transverse normalized emittance in
the multistage two-mode mixing LPA has been investigated for three cases with the
different stage phases, i.e., 0≤Ψ≤4:5π (case A), �0:45π ≤Ψ≤4:7π (case B), and
�0:45π ≤Ψ≤4:2345π (case C), the reduction coefficients 2αda20ΔΨ� lnR for
which are 37.3, 1.37, and � 0.438, respectively. Figure 9 shows the evolution of the
bunch radius σr (a)–(c), radiation energy Δγrad (d)–(f), and transverse normalized
emittance εnx (g)–(i), respectively. In Figure 9 (g)–(i), the solid curve indicates the
normalized emittance predicted from the analytical formulae of Eqs. (54) and (55),
assuming that the average focusing constant is K0 � 0:004 for cases A–C and the
growth rate is �10% of the reduction coefficient for case C. It is noted that the
evolution of the normalized emittance is determined by the equilibrium between
the consecutive focusing and the defocusing due to the multiple Coulomb scattering
at a large number of stages Ns ≫ 1.

5. Considerations on electron-positron collider performance

Electron and positron beams being reached to the final energies in the multistage
two-mode mixing LPA are extracted at a phase corresponding to the minimum
transverse normalized emittance, followed by propagating a drift space in vacuum
and a final focusing system to the beam-beam collisions at the interaction point. In a
vacuum drift space outside plasma, the particle beam changes the spatial and
temporal dimensions of the bunch proportional to the propagation distance due to
the finite emittance and energy spread of the accelerated bunch. The evolution of
the rms bunch envelope σb in vacuum without the external focusing force is given

by σ2b ¼ σ20 1þ z� z0ð Þ2=Z2
b

h i
, where σ0 is an initial radius and Zb ¼ σ20γ=εn is the

characteristic distance of the bunch size growth [41]. The bunch radius after prop-
agation of the distance Lcol between the final LPA stage and interaction point is

estimated to be σb∗ ¼ σ2bf þ εnf Lcol=γσbf

� �2� �1=2
, where σb∗ is the rms bunch radius

at the interaction point and σbf , εnf the rms bunch radius and normalized emittance
at the exit of the LPA, respectively. In collisions between high-energy electron and
positron bunches from the LPAs, the beam particles emit synchrotron radiation due
to the interaction, the so-called Beamstrahlung, with the electromagnetic fields
generated by the counterpropagating beam. The beamstrahlung effect leads to
substantial beam energy loss and degradation on energy resolution for the high-
energy experiments in electron-positron linear colliders [50]. Intensive research on
beamstrahlung radiation has been explored [50–52], being of relevance to the
design of e+e� linear colliders in the TeV center-of-mass (CM) energies, for which
two major effects must be taken into account, namely, the disruption effect bending
particle trajectories by the oncoming beam-generated electromagnetic fields and the
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beamstrahlung effect yielding radiation loss of the particle energies induced by
bending their trajectories due to the disruption [52]. The radiative energy loss due
to beamstrahlung for a Gaussian beam can be estimated in terms of the
beamstrahlung parameter ϒ ∗ ¼ 5re2γNb= 12ασ ∗

x σ
∗
z

� �
for a round beam with σx ∗ ¼

σy ∗ , where α ¼ e2=ℏc (≃ 1=137:036) is the fine-structure constant [50]. According
to the beamstrahlung simulations [50], the average number of emitted photon per

electron and average fractional energy loss are nγ ≈ 2:54Bγϒ ∗ = 1þ ϒ2=3
∗

� �1=3
and

δb ≈ 1:24Bγϒ2
∗ = 1þ 3ϒ ∗ =2ð Þ2=3
h i2

, respectively, with Bγ ¼ α2σz ∗ = reγð Þ. Using

these parameters, the average CM energy loss can be calculated as ΔW= 2γmec2ð Þ≈
0:44þ 0:01 log 10ϒ ∗
� �

δb 1þ δb=nγ
� �

. In the quantum beamstrahlung regime, the
collider design must consider the CM energy loss such that their requirements can
be reached as well as that of the luminosity. The geometric luminosity is given by
L0 ¼ f cN

2
b= 4πσx ∗ σy ∗
� �

, where f c is the collision frequency. It is pointed out that an
appreciable disruption effect turns out to the luminosity enhancement through the
pinch effect arising from the attraction of the oppositely charged beams [51, 52].
For Gaussian beams, the disruption parameter for the round beam is D ¼ reσz ∗Nb=

γσ2x ∗

� �
, defined as the ratio of the bunch length to the focal length of a thin lens.

The luminosity enhancement factor being defined as the ratio of the effective
luminosity L induced by the disruption to the geometric luminosity in the absence
of disruption L0 is estimated from the empirical formula: HD � L=L0 ¼ 1þ
D1=4 D3=1þD3� �

ln
ffiffiffiffi
D

p þ 1
� �þ 2 ln 0:8=Að Þ� �

, where A ¼ εnD= reNð Þ is the inherent
divergence of the incoming beam [52]. This scenario allows us to transport both

Plasma density ne 1 � 108 cm�3

Plasma wavelength λp 33.4 μm

Capillary radius Rc 152.6 μm

Capillary stage length 16.75 cm

Laser wavelength λ 1 μm

Laser spot radius r0 91 μm (51 μm)

Laser pulse duration τ 25 fs

Normalized vector potential a0 1

Electromagnetic hybrid mode EH11 and EH12

Coupling efficiency for an Airy beam (a Gaussian beam) C1 = 0.4022 (0.5980)
C2 = 0.4986 (0.3531)

Bunch initial and final phase Ψi = 0, Ψf = 4.5π

Average accelerating gradient 8.3 GeV/m

Laser peak power PL 95 TW (18 TW)

Laser pulse energy UL 2.4 J (0.44 J)

Repetition frequency fc 50 kHz

Laser average power per stage 120 kW (22 kW)

Laser depletion ηpd 77%

The parameters in () correspond to the incident laser pulse with a Gaussian beam.

Table 1.
Parameters of the two-mode mixing laser-plasma accelerator stage.
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beams into the interaction point through no extra focusing devices, which often
induce the degradation of beam qualities prior to their interactions. In this scheme,
the vacuum drift region from the end of the LPA to the interaction point can be
used for control of the transverse beam size that strongly affect the luminosity and
CM energy through the beamstrahlung radiation and disruption. A typical design
example of the LPA stage using the gas-filled [19] two-mode mixing LPA operated
with EH11 and EH12 is shown in Table 1.

An embodiment of the LPA stage may be envisioned by exploiting a tens kW-
level high-average power laser such as a coherent amplification network of fiber
lasers [53]. Table 2 summarizes key parameters on the performance of 1 TeV CM
energy electron-positron linear collider.

6. Conclusions

The electron acceleration and beam dynamics of the two-mode mixing LPA
comprising a gas-filled metallic or dielectric capillary have been presented for the
performance of the single-stage and multistage configurations. As shown in
Table 1, when a laser pulse with an Airy beam (or a Gaussian beam) profile of the

CM energy 1.12 TeV

Beam energy 559 GeV

Injection beam energy 1 GeV

Particle per bunch Nb 1 � 108

Collision frequency fc 50 kHz

Total beam power 0.9 MW

Geometric luminosity L0 3.6 � 1032 cm�2 s�1

Effective luminosity L 1.76 � 1034 cm�2 s�1

Effective CM energy 1.09 TeV

rms CM energy spread 8.4%

rms bunch length σz 16 μm

Beam radius at IP σb* 3.3 nm

Beam aspect ratio R 1

Normalized emittance at IP εnf 3.7 pm-rad

Distance between LPA and IP Lcol 0.2 m

Beamstrahlung parameter ϒ* 0.94

Beamstrahlung photons nγ 0.52

Disruption parameter D 12

Luminosity enhancement HD 49

Number of stages per beam Ns 400

Linac length per beam 67 m

Power requirement for lasers 95 MW (18 MW)

The parameters in () correspond to the incident laser pulse with a Gaussian beam.

Table 2.
Parameters for 1 TeV laser-plasma e+e� linear collider.
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x σ
∗
z

� �
for a round beam with σx ∗ ¼

σy ∗ , where α ¼ e2=ℏc (≃ 1=137:036) is the fine-structure constant [50]. According
to the beamstrahlung simulations [50], the average number of emitted photon per

electron and average fractional energy loss are nγ ≈ 2:54Bγϒ ∗ = 1þ ϒ2=3
∗

� �1=3
and

δb ≈ 1:24Bγϒ2
∗ = 1þ 3ϒ ∗ =2ð Þ2=3
h i2

, respectively, with Bγ ¼ α2σz ∗ = reγð Þ. Using
these parameters, the average CM energy loss can be calculated as ΔW= 2γmec2ð Þ≈
0:44þ 0:01 log 10ϒ ∗
� �

δb 1þ δb=nγ
� �

. In the quantum beamstrahlung regime, the
collider design must consider the CM energy loss such that their requirements can
be reached as well as that of the luminosity. The geometric luminosity is given by
L0 ¼ f cN

2
b= 4πσx ∗ σy ∗
� �

, where f c is the collision frequency. It is pointed out that an
appreciable disruption effect turns out to the luminosity enhancement through the
pinch effect arising from the attraction of the oppositely charged beams [51, 52].
For Gaussian beams, the disruption parameter for the round beam is D ¼ reσz ∗Nb=

γσ2x ∗

� �
, defined as the ratio of the bunch length to the focal length of a thin lens.

The luminosity enhancement factor being defined as the ratio of the effective
luminosity L induced by the disruption to the geometric luminosity in the absence
of disruption L0 is estimated from the empirical formula: HD � L=L0 ¼ 1þ
D1=4 D3=1þD3� �

ln
ffiffiffiffi
D

p þ 1
� �þ 2 ln 0:8=Að Þ� �

, where A ¼ εnD= reNð Þ is the inherent
divergence of the incoming beam [52]. This scenario allows us to transport both

Plasma density ne 1 � 108 cm�3

Plasma wavelength λp 33.4 μm

Capillary radius Rc 152.6 μm

Capillary stage length 16.75 cm

Laser wavelength λ 1 μm

Laser spot radius r0 91 μm (51 μm)

Laser pulse duration τ 25 fs

Normalized vector potential a0 1

Electromagnetic hybrid mode EH11 and EH12

Coupling efficiency for an Airy beam (a Gaussian beam) C1 = 0.4022 (0.5980)
C2 = 0.4986 (0.3531)

Bunch initial and final phase Ψi = 0, Ψf = 4.5π

Average accelerating gradient 8.3 GeV/m

Laser peak power PL 95 TW (18 TW)

Laser pulse energy UL 2.4 J (0.44 J)

Repetition frequency fc 50 kHz

Laser average power per stage 120 kW (22 kW)

Laser depletion ηpd 77%

The parameters in () correspond to the incident laser pulse with a Gaussian beam.

Table 1.
Parameters of the two-mode mixing laser-plasma accelerator stage.
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beams into the interaction point through no extra focusing devices, which often
induce the degradation of beam qualities prior to their interactions. In this scheme,
the vacuum drift region from the end of the LPA to the interaction point can be
used for control of the transverse beam size that strongly affect the luminosity and
CM energy through the beamstrahlung radiation and disruption. A typical design
example of the LPA stage using the gas-filled [19] two-mode mixing LPA operated
with EH11 and EH12 is shown in Table 1.

An embodiment of the LPA stage may be envisioned by exploiting a tens kW-
level high-average power laser such as a coherent amplification network of fiber
lasers [53]. Table 2 summarizes key parameters on the performance of 1 TeV CM
energy electron-positron linear collider.

6. Conclusions

The electron acceleration and beam dynamics of the two-mode mixing LPA
comprising a gas-filled metallic or dielectric capillary have been presented for the
performance of the single-stage and multistage configurations. As shown in
Table 1, when a laser pulse with an Airy beam (or a Gaussian beam) profile of the

CM energy 1.12 TeV

Beam energy 559 GeV

Injection beam energy 1 GeV

Particle per bunch Nb 1 � 108

Collision frequency fc 50 kHz

Total beam power 0.9 MW

Geometric luminosity L0 3.6 � 1032 cm�2 s�1

Effective luminosity L 1.76 � 1034 cm�2 s�1

Effective CM energy 1.09 TeV

rms CM energy spread 8.4%

rms bunch length σz 16 μm

Beam radius at IP σb* 3.3 nm

Beam aspect ratio R 1

Normalized emittance at IP εnf 3.7 pm-rad

Distance between LPA and IP Lcol 0.2 m

Beamstrahlung parameter ϒ* 0.94

Beamstrahlung photons nγ 0.52

Disruption parameter D 12

Luminosity enhancement HD 49

Number of stages per beam Ns 400

Linac length per beam 67 m

Power requirement for lasers 95 MW (18 MW)

The parameters in () correspond to the incident laser pulse with a Gaussian beam.

Table 2.
Parameters for 1 TeV laser-plasma e+e� linear collider.
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spot radius r0 ≃0:6Rc (r0 ¼ 0:33Rc) is coupled to a gas-filled capillary, two electro-
magnetic hybrid modes EH11 and EH12 are generated with the coupling efficiency
C1 ¼ 0:40 (C1 ¼ 0:60) and C2 ¼ 0:50 (C2 ¼ 0:35), respectively. Furthermore,
when the capillary radius is tuned to the matching condition given by Eq. (12), the
laser pulse comprising two beating hybrid modes EH11 and EH12 with a Gaussian
temporal profile can efficiently excite a rectified accelerating wakefield, where
relativistic electrons dominantly propagate in the accelerating phase and continu-
ously gain the energy until depletion of the laser pulse energy, whereby a nearly
100% of the laser energy can be transferred to wakefields in the single stage.

In the two-mode mixing LPA multistage coupled with a variable curvature
plasma channel, the transverse dynamics of the electron bunch is dominated by
seamless recurrence of the accelerating wakefield in the stages, where the cumula-
tive nature of the particle trajectories is determined by the amplitude ratio of the
accelerating field at the final phase Ψf to the initial phase Ψi in each stage, i.e.,
Ez Ψf
� �

=Ez Ψið Þ�� ��. With the converging condition, i.e., Ez Ψf
� �

=Ez Ψið Þ�� ��< 1, the bunch
radius and normalized emittance exhibit an exponential decrease initially and then
turn out to be in equilibrium with the growth due to the multiple Coulomb scatter-
ing after 20 stages, leading to the rms bunch radius of the order of �1 nm and the
transverse normalized emittance of the order of �0.1 nm-rad at the beam energy
559 GeV with the relative rms energy spread of 0.02% in the final 400 stage of the
accelerator length of 67 m, as shown for case A in Figure 9. This capability of
producing such high-energy and high-quality electron (or positron) beams allows
us to conceive a unique electron-positron linear collider with high luminosity of the
order of 1034 cm�2 s�1 at 1 TeV center-of-mass energy in a very compact size.

In conclusion, a novel scheme of 1 TeV electron-positron linear collider com-
prising properly phased multistage two-mode mixing LPAs using gas-filled capillary
waveguides can provide a unique approach in collider applications. This scheme
presented resorts two major mechanisms pertaining to laser wakefield acceleration,
that is, dephasing and strong focusing force as well as very high-gradient accelerat-
ing field. The multistage scheme using two-mode mixing capillary waveguides filled
with plasma may provide a robust approach leading to the supreme goal for LPAs.
The numerical model developed for study on beam dynamics in large-scale LPAs
will be useful for assessing effects of underlying physics and the optimum design for
future laser-plasma-based colliders. Although the present model has been devel-
oped to study the simplest two-dimensional phase-space model of electron beam
dynamics in laser wakefield acceleration, the analysis of higher multi-dimensional
phase-space model as well as the quantum plasma effect will be extensively pursued
in the future work.
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Chapter 5

Theoretical Calculations of the
Masses of the Elementary
Fermions
Nathalie Olivi-Tran

Abstract

Our universe is three-dimensional and curved (with a positive curvature) and
thus may be embedded in a four-dimensional Euclidean space with coordinates
x, y, z, twhere the fourth dimension time t is treated as a regular dimension. One can
set in this spacetime a four-dimensional underlying array of small hypercubes of
one Planck length edge. With this array all elementary particles can be classified
following that they are two-, three-, or four-dimensional. The elementary
wavefunctions of this underlying array are equal to

ffiffiffi
2

p
exp ixið Þ for xi ¼ x, y, z or toffiffiffi

2
p

exp itð Þ for t. Hence, the masses of the fermions of the first family are equal to 2n

(in eV/c2) where n is an integer. The other families of fermions are excited states
of the fermions of the first family and thus have masses equal to 2n: p2ð Þ/2 where n
and p are two integers. Theoretical and experimental masses fit within 10%.

Keywords: four-dimensional spacetime, masses of elementary fermions,
theoretical masses, real space theory, Grand Unified Theory

1. Introduction

Since the beginning of the twentieth century, experimental particle physics has
been making large progresses with the set up of accelerators and colliders.

The main locations of accelerators are presently: the Centre Europeen de
Recherches Nucleaires (CERN) near Geneva (Switzerland and France). Equipments
of the CERN are presently the Super Proton Synchrotron and the Large Hadron
Collider (LHC), which is a protons collider. In Germany, the DESY (Deutsche
Elektronen Synchrotron) main set up HERA is a collider between electrons or
positrons and protons. In the USA, the Stanford Linear Accelerator Center (SLAC)
main set up is PEP-II, which is a collider between electrons and positrons. Located
also in the USA, the Fermi National Accelerator Laboratory (Fermilab) uses its main
set up the Tevatron to collide protons and antiprotons. Finally, the Brookhaven
National Laboratory (USA) uses the set up Relativistic Heavy Ion Collider to study
collisions between heavy ions.

Up to now, the results obtained with colliders and accelerators fit the Standard
Model, which predicts the existence of three families of elementary fermions and
five different types of bosons. Although string theories [1] and supersymmetry [2]
try to unify all different types of elementary particles, no experimental proof has
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been made of these theories. So, we present here a new theory that aims to unify
elementary particles characteristics. The theoretical masses of the elementary
particles are compared to the experimental masses.

This book chapter is a small review of the theoretical calculations of the masses of
elementary particles in real space [3–5]. The theoretical masses that we calculated fit
the experimental masses within less than 10% for almost all elementary fermions.

Our universe is three-dimensional and has a positive curvature. So our universe
may be embedded in an Euclidean four-dimensional space. These four dimensions
are x, y, z, t where t is time [6–8]. In this four-dimensional space, we classify the
elementary particles following their geometry, that is, elementary particles may be
four-, three-, or two-dimensional [5] (see Section 2). Let us notice that for a given
particle, time and mass are linked: if the mass of a particle is zero, this particle has
no temporal dimension.

If spacetime is composed of small hypercubes of one Planck length edge, there
exist elementary wavefunctions that are equal to

ffiffiffi
2

p
exp ixið Þ if it corresponds to a

space dimension or equal to
ffiffiffi
2

p
exp itð Þ if it corresponds to a time dimension (these

elementary wave functions are obtained by calculating the eigenfunction of a par-
ticle in a one-dimensional box, that is, the edge of the underlying hypercubes). The
masses of the electron, of the electron neutrino and of the quark up (first family of
fermions) are equal to integer powers of 2 (in eV/c2) [3]. We will show that the
fermions of the second and third families are excited states of the fermions of the
first family. Indeed, the masses of all elementary fermions follow the formula
2n: p2ð Þ/2 where n is an integer [3, 4] calculated for the electron, electron neutrino
and quark up and p is another integer that corresponds to the excited states of the
elementary wavefunctions (see Section 3).

2. Dimensions of elementary particles

All the theories that aim to understand the elementary particles treat time t as a
special dimension. Thus, many physicists deal with nþ 1 space dimensions in particle
physics, where the +1 corresponds to the special temporal dimension, thus treated
differently. As previously published [3–8], time may be seen as a function of space
dimension, if our three-dimensional universe is embedded in a four-dimensional
space (due to the positive curvature of our three-dimensional universe).

So, here we will present a simple hypothesis about the classification of
elementary particles based on the fact that the space is four-dimensional and that
time t is a dimension like x, y and z. Here, this book chapter is dedicated to our
hypothesis. This classification is intuitive but next sections of this book chapter,
which deal with the masses of the elementary fermions, use and thus demonstrate
this classification.

Indeed, with simple arguments, it seems to lead to the Grand Unified Theory
(GUT). Time is a function of the fourth dimension of this four-dimensional
Euclidean space. If we apply this hypothesis to particle physics, we may say that
elementary particles are four-dimensional, three-dimensional and two-dimensional.
The coordinates (x, y, z, t) are not orthonormal. Indeed, time t evolves as log rð Þ
where r is the co-moving distance in cosmology [6]. Let us make the additional
assumption that for each of these four dimensions there are functions like exp ir j

� �
with (r j ¼ x, y, z, t) that vibrate (like in string theory). To find these elementary
functions, one has to solve the one-dimensional problem of a particle in a square
potential of edge length ℏ (the Planck constant).

So, our reasoning is simply the description of how to distribute these functions in
the four-dimensional space. In the following, the reasoning applies in real space.
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A previous paper of mine (see [3, 9]) predicts that the Higgs potential in real space is a
hypercubic box in our four-dimensional space. To obtain the first family of fermions
from the StandardModel (i.e., quark up, electron, electron neutrino), onemay say that
see Figure 1:

• the electron is four-dimensional (t, x, y, z);

• the quark up is three-dimensional (t, x, y) or (t, x, z) or (t, y, z); and

• the electronic neutrino is two-dimensional (t, x) and x, y and z are equivalent.
When this neutrino propagates, there are infinitesimal rotations between the
characteristic coordinates (leading to flavor oscillations).

To obtain the masses of the remaining fermions (fermions of the second and
third families), one has to add a second quantum number p (similar to the quantum
number obtained for a particle in a square potential of dimensions ℏ—the Planck
length). Thus, the remaining fermions of the Standard Model may be seen as
excited states of the first fermion family.

Bosons may be classified with the same assumptions see Figure 2:

• the photon is two-dimensional (x, y) but has no temporal t coordinate—no mass
(indeedwithmyHiggs potential [3, 9], time at square is proportional to themass);

• the gluon is three-dimensional (x, y, z) and has no temporal dimension—no
mass (during the strong interaction, one gluon interferes (positive
interferences) with two quarks: x on x, y on y, etc.);

• the Z and W bosons are three-dimensional with mass (t, x, y); and

• the Higgs boson is four-dimensional (x, y, z, t).

Figure 1.
Dimensions of elementary fermions.
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In all these descriptions [5], the geometrical characteristics of elementary parti-
cles have been separated from their equation of propagation. With this hypothesis,
we obtained a new geometrical classification of elementary particles. Presently,
most of the calculations have been made using Feynman graphs, that is, in the space
of functions, leading to symmetries that are not yet unified. So in our opinion, the
symmetries in the Standard Model do not give the entire description of elementary
particles.

In the following section, I will use the geometrical dimensions of the elementary
particles to calculate the masses of elementary particles.

3. Masses of elementary fermions

In quantum mechanics, the wavefunction gives the most fundamental descrip-
tion of the behavior of a particle; the measurable properties of the particle (such as
its position, momentum and energy) may all be derived from the wavefunction.
The wavefunction ψ x, tð Þ can be found by solving the Schrödinger equation for the
system [10].

iℏ
∂

∂t
ψ x, tð Þ ¼ � ℏ2

2m
∂
2

∂x2
ψ x, tð Þ þ V x, tð Þψ x, tð Þ (1)

where ℏ is the reduced Planck constant, m is the mass of the particle, i is the
imaginary unit and t is time. The square potential V x, tð Þ is equal to zero for x<L
and x>0 and for t<L and t>0. We use Von-Karman boundary conditions.
Moreover, the domain of definition of the function ψ x, tð Þ is 0,L½ � for x and also
0,L½ � for t where L is the width of the potential V x, tð Þ.

The eigenfunctions of the Schrödinger equation may be written:

ψ x, tð Þ ¼
ffiffiffi
2
L

r
exp �ikpx

� �
exp �iωtð Þ (2)

Figure 2.
Dimensions of elementary bosons.
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where
ffiffi
2
L

q
normalizes the eigenfunctions. To compute the energy levels of these

eigenfunctions, we have:

kp ¼ pπ
L

(3)

and

Ep ¼ ℏωp ¼ p2π2ℏ2

2mL2 , (4)

In order to simplify our calculations, we normalize all constants so that the
eigenfunctions are equal to:

ψ x, tð Þ ¼
ffiffiffi
2

p
exp ix j

� �
exp itð Þ (5)

To obtain the masses of all elementary fermions (elementary particles), one has
to modify the quantum number p [4] (similar to the quantum number of a particle
in a box). Thus, the remaining fermions of the Standard Model may be seen as
excited states of the first fermion family.

Straightforwardly, we make the following hypotheses:

• spacetime has an underlying hypersquare array of edge length ℏ;

• elementary wave functions (in (x, y, z, t) space) are eigenfunctions of a
particle in a square potential (reduced parameters)

ffiffiffi
2

p
exp �ixð Þ for spaceffiffiffi

2
p

exp �itð Þ for time; and

• the eigenvalues of the elementary wave functions are equal to p2

2 (with p an
integer number).

In the following subsection, I will use the preceding hypotheses to calculate
theoretically the masses of the elementary fermions.

3.1 Masses of the electron, muon and tau

The Dirac equation may be written:

iγμ∂μψ �mψ ¼ 0 (6)

with ψ the wavefunction, m the mass of the fermion and with the Dirac
matrices:

γ0 ¼ I2 0

0 �I2

� �
, (7)

γ1 ¼ 0 σx

�σx 0

� �
, (8)

γ2 ¼ 0 σy

�σy 0

� �
, (9)
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To obtain the masses of all elementary fermions (elementary particles), one has
to modify the quantum number p [4] (similar to the quantum number of a particle
in a box). Thus, the remaining fermions of the Standard Model may be seen as
excited states of the first fermion family.

Straightforwardly, we make the following hypotheses:

• spacetime has an underlying hypersquare array of edge length ℏ;

• elementary wave functions (in (x, y, z, t) space) are eigenfunctions of a
particle in a square potential (reduced parameters)
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exp �itð Þ for time; and

• the eigenvalues of the elementary wave functions are equal to p2

2 (with p an
integer number).

In the following subsection, I will use the preceding hypotheses to calculate
theoretically the masses of the elementary fermions.

3.1 Masses of the electron, muon and tau

The Dirac equation may be written:

iγμ∂μψ �mψ ¼ 0 (6)

with ψ the wavefunction, m the mass of the fermion and with the Dirac
matrices:

γ0 ¼ I2 0
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, (7)
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γ3 ¼ 0 σz

�σz 0

� �
, (10)

where σν are the Pauli matrices.
Using combinatorial analysis, we obtain Eq. (11) (using the fact that electrons

are 4d [5] and that all space dimensions are equivalent).

γ1 0 0 0 0 0 0 0 0 0

0 γ2 0 0 0 0 0 0 0 0

0 0 γ3 0 0 0 0 0 0 0

0 0 0 γ3 0 0 0 0 0 0

0 0 0 0 γ1 0 0 0 0 0

0 0 0 0 0 γ2 0 0 0 0

0 0 0 0 0 0 γ2 0 0 0

0 0 0 0 0 0 0 γ3 0 0

0 0 0 0 0 0 0 0 γ1 0

0 0 0 0 0 0 0 0 0 σ0

0
BBBBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCCCA

∂1Ψ
∂2Ψ
∂3Ψ
∂1Ψ
∂2Ψ
∂3Ψ
∂1Ψ
∂2Ψ
∂3Ψ
∂0Ψ

0
BBBBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCCCA

¼ m:

Ψ
Ψ
Ψ
Ψ
Ψ
Ψ
Ψ
Ψ
Ψ
Ψ

0
BBBBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCCCA

(11)

There are three possibilities of arranging γ1, γ2, γ3 (the Dirac matrices) over x, y
and z (all space dimensions are equivalent) and one possibility to arrange σ0
(temporal Pauli matrix: half of γ0; because time does not go backward).

The large matrix M (see Eq. (11)) containing all combinations has a dimension
9X4þ 2 ¼ 38. We see that, with the coordinate vectors

ffiffiffi
2

p
exp �itð Þ andffiffiffi

2
p

exp �ixð Þ (eigenfunctions of a particle in a square potential), we have to
multiply the modified Dirac equation by the Jacobian corresponding to these new

coordinates. This Jacobian is equal to
ffiffiffi
2

p 38
where 38 is the dimension of the large

matrix [3]. We multiply the mass of the first particle of this family by the
eigenvalues of the eigenfunctions (of the particle).

We decompose the eigenvalues into prime numbers [4]. The number of
eigenvalues for the ground state (electron) is 38 (the dimension of the large matrix
M). For the other particles, we take into account the spinor 1, 0ð ÞT corresponding
to the σ0 Pauli matrix. So except for the electron, there are 37 eigenvalues for each
particle [4].

• The mass of the electron is equal to
ffiffiffi
2

p 38 ¼ 219 eV/c2 = 219: 1
2
2

� �19
: 22

2

� �19
¼

0:524MeV/c2 ≈ 0.511 MeV/c2.

• The mass of the muon is equal to 219:202/2 = 219: 2
2

2 :
22
2 :

22
2 :

22
2 :

52
2 :

1
2
2

� �16
: 22

2

� �16
¼

104:8MeV/c2 ≈ 105.6 MeV/c2.

• The mass of the tau is equal to 219:822/2 = 219: 41
2

2 : 2
2

2 :
22
2 :

1
2
2

� �17
: 22

2

� �17
¼

1:76GeV=c2 ≈ 1.78 GeV/c2.

The values in italic are the experimental masses [11].

We see that for the tau particle, one of the eigenvalues 412
2

� �
is much larger than

the others. This may explain the short lifetime of this particle.
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The masses (theoretical and experimental) of the electron, muon and tau are
summarized in Table 1.

3.2 Masses of the quarks

For quarks, we have

iγμ∂μψ ¼ mψ (12)

The Dirac matrices are representative of infinitesimal rotations within the
wavefunction of a given elementary particle.

Using combinatorial analysis, we obtain Eq. (13) (using the fact that quarks are
3d [5] and that all space dimensions are equivalent). There are three possibilities for
arranging γ1, γ2, γ3 (the Dirac matrices) over x, y and z (all space dimensions are
equivalent). There is one possibility to arrange σ0 (temporal Pauli matrix; half of γ0,
because time does not go backward) for each combination of spatial Dirac matrices
(x, y; x, z; and y, z). We have to take into account that the quarks are three-
dimensional. So, the matrix M containing all combinations has a dimension equal to
9X4þ 3X2 ¼ 42.

γ1 0 0 0 0 0 0 0 0 0 0 0

0 γ2 0 0 0 0 0 0 0 0 0 0

0 0 γ3 0 0 0 0 0 0 0 0 0

0 0 0 σ0 0 0 0 0 0 0 0 0

0 0 0 0 γ2 0 0 0 0 0 0 0

0 0 0 0 0 γ3 0 0 0 0 0 0

0 0 0 0 0 0 γ1 0 0 0 0 0

0 0 0 0 0 0 0 σ0 0 0 0 0

0 0 0 0 0 0 0 0 γ3 0 0 0

0 0 0 0 0 0 0 0 0 γ1 0 0

0 0 0 0 0 0 0 0 0 0 γ2 0

0 0 0 0 0 0 0 0 0 0 0 σ0

0
BBBBBBBBBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCCCCCCCCA

∂1Ψ
∂2Ψ
∂3Ψ
∂0Ψ
∂1Ψ
∂2Ψ
∂3Ψ
∂0Ψ
∂1Ψ
∂2Ψ
∂3Ψ
∂0Ψ

0
BBBBBBBBBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCCCCCCCCA

¼ m

Ψ
Ψ
Ψ
Ψ
Ψ
Ψ
Ψ
Ψ
Ψ
Ψ
Ψ
Ψ

0
BBBBBBBBBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCCCCCCCCA

(13)

We see that, with the coordinate vectors
ffiffiffi
2

p
exp �itð Þ and ffiffiffi

2
p

exp �ixð Þ
(eigenfunctions of the underlying hypersquare array), we have to multiply the
modified Dirac equation by the Jacobian corresponding to these new coordinates.

This Jacobian is equal to
ffiffiffi
2

p 42
where 42 is the dimension of the matrix [3]. We

multiply the mass of the first particle of the quarks family by the eigenvalues of the
eigenfunctions (of the particle). We decompose the eigenvalues into prime

Table 1.
Theoretical and experimental masses of the electron, muon and tau.
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The masses (theoretical and experimental) of the electron, muon and tau are
summarized in Table 1.

3.2 Masses of the quarks

For quarks, we have

iγμ∂μψ ¼ mψ (12)

The Dirac matrices are representative of infinitesimal rotations within the
wavefunction of a given elementary particle.

Using combinatorial analysis, we obtain Eq. (13) (using the fact that quarks are
3d [5] and that all space dimensions are equivalent). There are three possibilities for
arranging γ1, γ2, γ3 (the Dirac matrices) over x, y and z (all space dimensions are
equivalent). There is one possibility to arrange σ0 (temporal Pauli matrix; half of γ0,
because time does not go backward) for each combination of spatial Dirac matrices
(x, y; x, z; and y, z). We have to take into account that the quarks are three-
dimensional. So, the matrix M containing all combinations has a dimension equal to
9X4þ 3X2 ¼ 42.
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We see that, with the coordinate vectors
ffiffiffi
2

p
exp �itð Þ and ffiffiffi

2
p
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(eigenfunctions of the underlying hypersquare array), we have to multiply the
modified Dirac equation by the Jacobian corresponding to these new coordinates.

This Jacobian is equal to
ffiffiffi
2
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where 42 is the dimension of the matrix [3]. We

multiply the mass of the first particle of the quarks family by the eigenvalues of the
eigenfunctions (of the particle). We decompose the eigenvalues into prime

Table 1.
Theoretical and experimental masses of the electron, muon and tau.

79

Theoretical Calculations of the Masses of the Elementary Fermions
DOI: http://dx.doi.org/10.5772/intechopen.91846



numbers [4]. The number of eigenvalues for the ground state (quark up) is 42
(the dimension of the large matrix M, see Eq. (13)). For the other quarks, we take
into account the spinor 1, 0ð ÞT corresponding to the three σ0 Pauli matrices. So
except for the quark up, there are 39 eigenvalues for each quark [4].

• The quark up has a mass equal to
ffiffiffi
2

p 42 ¼ 221 eV/c2 = 221: 1
2
2

� �21
: 22

2

� �21
¼

2:09MeV/c2 ≈ 2.2 MeV/c2.

• The quark down has a mass equal to 221: 2
2

2 = 221: 2
2

2 :
1
2
2

� �19
: 22

2

� �19
¼

4:19MeV=c2 ≈4:7MeV=c2.

• The quark strange has a mass equal to 221: 9
2

2 ¼ 221: 3
2

2 :
32
2 :

22
2 :

1
2
2

� �18
: 22

2

� �18
¼

84:9MeV/c2 ≈ 96 MeV/c2.

• The quark charm has a mass equal to 221: 36
2

2 ¼

221: 3
2

2 :
32
2 :

22
2 :

22
2 :

22
2 :

22
2 :

22
2

1
2
2

� �16
: 22

2

� �16
¼ 1:35GeV/c2 ≈ 1.27 GeV/c2.

• The quark bottom has a mass equal to 221: 63
2

2 ¼

221: 3
2

2 :
32
2 :

22
2 :

22
2 :
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2 :

1
2
2

� �17
: 22

2

� �17
¼ 4:16GeV/c2 ≈ 4.18 GeV/c2.

• The quark top has a mass equal to 221: 405
2
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221: 3
2

2 :
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2 :
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2 :

32
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2 :
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2 :

1
2
2

� �15
: 22
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� �15
¼ 171:9GeV/c2 ≈ 173 GeV/c2.

The values in italic are the experimental masses [11].
The theoretical and experimental masses of the quarks family are summarized in

Table 2.

Table 2.
Theoretical and experimental masses of the quarks family.

Table 3.
Theoretical masses of the neutrinos and upper limits of experimental masses.
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3.3 Masses of the neutrinos

Up to now, there is no theoretical propagation equation for the neutrinos.
If we use the eigenvalues of the elementary wave functions like for quarks and

electrons, muons and taus, we may write [4]:

• the mass of the electron neutrino is equal to 2 eV/c2;

• the mass of the muon neutrino is equal to 2: 412
2

2 ¼ 4122 eV/c2 ¼ 169keV=c2; and

• the mass of the tau neutrino is equal to 2: 3937
2

2 ¼ 39372 eV/c2 ¼ 15:4MeV/c2.

Hence, we found theoretical values of the masses of the neutrinos, which are in
good agreement with the experimental masses (Table 3).

4. Conclusion

In this chapter, the calculations of the masses of all the known elementary
fermions are made in real space. At the beginning of this book chapter (Section 2),
I presented a classification of elementary particles over all space and temporal
dimensions. Using this geometrical classification (which is intuitive), we found the
theoretical values of masses for all the elementary fermions (electrons, muons and
taus; all quarks and all neutrinos). The theoretical masses are in good agreement
with the experimental masses (the differences between theoretical and experimen-
tal masses are less than 10% except for the quarks down and strange). To conclude,
our theory unifies all elementary fermions: we use the same approach to all these
fermions (geometry and the underlying hypersquare array of spacetime). In the
future, there is a possibility to analyze the symmetries of these particles and com-
pare them to the symmetries of the Standard Model.
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Chapter 6

Review of Quantum
Chromodynamics (QCD)
Leonard S. Kisslinger

Abstract

This is a review of the elementary particles, quantum chromodynamics (QCD),
and strong interactions in QCD theory via gluon exchange between quarks-
antiquarks-producing mesons. Some mesons consist of an active gluon in addition
to a quark-antiquark. They are called hybrid mesons. We also review the possible
detection of the quark-gluon plasma, the consistuent of the universe until about
10�4 s after the Big Bang, via relativistic heavy ion collisions (RHIC) producing
heavy quark hybrid mesons.

Keywords: quantum chromodynamics, elementay particles, quark-gluon plasma

1. Introduction

In this review of quantum chromodynamics (QCD), basic QCD particles and
forces, the theory of hybrid mesons, the cosmological quantum chromodynamics
phase transition (QCDPT), the quark-gluon plasma (QGP), theoretial studies of jet
quenching due to the formation of the QGP, and the possible detection of the QGP
via the production of mixed hybrid meson states produced by RHIC are reviewed.

First we review elementary particles, fermions and bosons, and standard QCD
theory with the concept of color for the basic fermions (quarks) and bosons
(gluons).

In the next section, the structure of standard mesons in terms of quarks and
antiquarks is discussed.

Next we review the theory predicting that some mesons consisting of heavy
charmonium quarks (Ψ nSð Þ, n = 1, 2) and bottomonium quarks (ϒ mSð Þ, m = 1, 2,
3, 4) are partially hybrids. Experiments test the theory.

The interactions in quantum chromodynamics are strong, so perturbation theory
does not work. Therefore, Feynman diagrams used for quantum electrodynamics
cannot be used for quantum chromodynamics [1].

One nonperturbative QCD method involves lattice gauge theory. The articles
“Twenty-first Century Lattice Gauge Theory: Results from the QCD Lagrangian” by
Kronfelld [2] and “Lattice gauge theory in the microcanonical ensemble” by
Calloway and Rahman [3] give a detailed description of how lattice gauge theory
can calculate QCD interactions using computers.

Another nonperturbative theory, which is used in our review of mixed hybrid
heavy quark mesons, is the method of QCD sum rules. This method, developed
by Shifman et al. [4], does not require large computers.
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It was the method of QCD sum rules that showed [5] that the Ψ 2Sð Þ charmonium
quark meson and the ϒ 3Sð Þ bottomonium quark mesons are mixed hybrid states,
while all the other Ψ nSð Þ and ϒ mSð Þ are standard charmonium and bottomonium
meson states.

In our final section, we review the early universe QCDPT, with the production
of the QGP.

In our second subsection, theoretial studies of jet quenching due to the forma-
tion of the QGP and experiments with Pb-Pb collisions verifying the theory are
discussed.

In our final section, the possible production of the QGP via relativistic heavy ion
collisions (RHIC) with the possible detection of the QGP by the production of
mixed heavy quark hybrid mesons is reviewed. That is, we consider the collision of
gold (Au) atomic nuclei with the energy of the Au nuclei large enough that after the
Au-Au collision the temperature of the overlapping material is
T ≥TQCDPT

c ≃ 150 MeV, where TQCDPT
c is the critical temperature for the QCDPT.

That matter with T ≥TQCDPT
c is QGP is discussed.

The production of the mixed hybrid states Ψ 2Sð Þ and ϒ 3Sð Þ via Au-Au collisions
could detect the production of the QGP in the overlapping material. We conclude
that the detection of Ψ 2Sð Þ and ϒ 3Sð Þ produced via RHIC could be a test for the
creation of the early universe QGP.

2. Elementary particles and basic forces

Among the elementary particles—fermions and bosons—fermions have
quantum spin = 1/2.

The elementary femions are leptons and quarks. There are three generations of
leptons: electron, muon, and tau, with electric charge �1, and their neutrinos with
no electric charge. There are three generations of quarks: (u, d); (c, s); and (t, b).
The (u, c, t) quarks have electric charge 2/3 while the (d, s, b) quarks have electric
charge �1/3.

Second Generation

Third Generation

First Generation

e

ν e

μ

τ

τν

νμ

u

d

c

s

t

b

Bosons have quantum spin = 1: photon, quantum of the electromagnetic field;
gluon, quantum of the strong field; and W and Z, weak field quanta, which we do
not need.
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2.1 Quantum chromodynamics (QCD): strong interaction field theory

Strong interactions are produced by quarks exchanging gluons, as illustrated in
the figure below.

g

g

quark

quark

QCD (Quantum Chromodynamics): quark force via gluon exchange

gluon

(quantum of strong interaction)

STRONG FORCE

g  ~1~100 x e 22

Nonperturbative. Diagrams do not converge− single diagram no good

Color: Quarks have three colors.
Color is to the strong interaction as electric charge is to the electromagnetic

interaction.
A quark and antiquark can form a gluon, which has color 8.

gluon

color (8=octet)

q (quark)

q (anti−quark)

Note that particles with color, like gluon and quarks, cannot move freely in
space. Particles that can move freely are baryons, like the proton and neutron, and
mesons, which have no total color.

Note that in the figure above, the quark and antiquark have a different color,
which is why the gluon has color = 8.

Antiparticles: All fermions have antiparticles. The antiparticle of the electron e�

is the positron eþ, and a photon can create a e�eþ pair. Similarly, each quark q has an
antiquark q.

Standard mesons consist of a quark and an antiquark. A meson that is important
for today’s discussion is the J=Ψ 1Sð Þ.

∣ J=Ψ 1Sð Þ> ¼ ∣cc 1Sð Þ> : (1)

As we discuss below, the first excited cc state, the Ψ 2Sð Þ has a hybrid component
with an active gluon: ∣ccg 2Sð Þ> .

3. QCD sum rules and mixed heavy quark hybrid meson states

The starting point of the method of QCD sum rules [4] is the correlator

ΠA xð Þ ¼ jT JA xð Þ JA 0ð Þ½ �jh i, (2)
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with ∣i the vacuum state and the current JA xð Þ creates the states with quantum
numbers A. For the charmonium states, Jc is

Jc ¼ f Jcc þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� f 2

q
Jccg, (3)

where Jcc creates a normal charmonium state and Jccg creates a hybrid state with

an active gluon. It was shown that f ≃ � ffiffiffi
2

p
for the Ψ 2Sð Þ and ϒ 3Sð Þ and f ≃ 1:0 for

the other charmonium and bottomonium states [5]. Therefore,

∣ J=Ψ 1Sð Þ> ≃ ∣cc 1Sð Þ>
∣Ψ 2Sð Þ> ≃ �

ffiffiffi
2

p
∣cc 1Sð Þ> þ

ffiffiffi
2

p
∣ccg 2Sð Þ>

∣ϒ 3Sð Þ> ≃ �
ffiffiffi
2

p
∣bb 3Sð Þ> þ

ffiffiffi
2

p
∣bbg 3Sð Þ> ,

(4)

That is J=Ψ 1Sð Þ is a standard charmonium meson and all of the ϒ nSð Þmesons are
standard bottominium mesons except for n ¼ 3.

3.1 Experimental verification that the Ψ 2Sð Þ and ϒ 3Sð Þ are mixed hybrid heavy
quark mesons

Ψ and ϒ production by Cu-Cu collisions for E = 200 GeV [6] are shown in
Figures 1–4. The dashed curves are for the standard model.

Tests of the mixed hybrid theory for Ψ 2Sð Þ and ϒ 3Sð Þ states using ratios
of cross sections for Cu-Cu collisions at E = 200 GeV: Since the absolute
magnitude of dσ/dy for production of Ψ 2Sð Þ states via Cu-Cu collisions is not
certain, due to uncertainty in the normalization of the states, the tests of the theory
[6] were carried out using ratios of cross sections, which can be compared to
experiments.

From Figures 1 and 2, the ratios of Ψ 2Sð Þ to J=Ψ 1Sð Þ for the standard model
(st) and the mixed hybrid theory (hy) for A-A (including Cu-Cu) collisions are
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Figure 1.
dσ/dy for E = 200 GeV Cu-Cu collisions producing J=Ψ .
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Figure 3.
dσ/dy for E = 200 GeV Cu-Cu collisions producing ϒ 1Sð Þ.
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Figure 2.
dσ/dy for E = 200 GeV Cu-Cu collisions producing Ψ 2Sð Þ.
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with ∣i the vacuum state and the current JA xð Þ creates the states with quantum
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ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� f 2

q
Jccg, (3)
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an active gluon. It was shown that f ≃ � ffiffiffi
2

p
for the Ψ 2Sð Þ and ϒ 3Sð Þ and f ≃ 1:0 for

the other charmonium and bottomonium states [5]. Therefore,
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ffiffiffi
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p
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ffiffiffi
2
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ffiffiffi
2

p
∣bb 3Sð Þ> þ

ffiffiffi
2

p
∣bbg 3Sð Þ> ,

(4)

That is J=Ψ 1Sð Þ is a standard charmonium meson and all of the ϒ nSð Þmesons are
standard bottominium mesons except for n ¼ 3.
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Figures 1–4. The dashed curves are for the standard model.

Tests of the mixed hybrid theory for Ψ 2Sð Þ and ϒ 3Sð Þ states using ratios
of cross sections for Cu-Cu collisions at E = 200 GeV: Since the absolute
magnitude of dσ/dy for production of Ψ 2Sð Þ states via Cu-Cu collisions is not
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experiments.
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σ Ψ 2Sð Þð Þ=σ J=Ψ 1Sð Þð Þjst�A�A ≃0:27

σ Ψ 2Sð Þð Þ=σ J=Ψ 1Sð Þð Þjhy�A�A ≃0:52� 0:05,
(5)

while the experimental result [7] is

σ Ψ 2Sð Þð Þ=σ J=Ψ 1Sð Þ≃0:59,ð (6)

which shows that the mixed hybrid theory for theΨ 2Sð Þ state is consistent
with experiment, while the standard ∣cc 2Sð Þ> is not. From studies of heavy quark state
production in p-p collisions, theoretical results for the nature ofϒ 3Sð Þ state found [8]

σ ϒ 3Sð Þð Þ=σ ϒ 1Sð Þð Þ≃0:04 standard
σ ϒ 3Sð Þð Þ=σ ϒ 1Sð Þð Þ≃0:147 � 0:22 hybrid

(7)

compared to the experimental result of about 0.12–0.16 [9]. Therefore, the ϒ 3Sð Þ
state, as well as theΨ 2Sð Þ state, has been shown to be a heavy quarkmixed hybrid state.

4. The cosmological QCDPT and possible detection of the QGP

In this section we first review the temperature of the universe based on the time
when the cosmolical quantum chromodynamic phase transition (QCDPT) occured.
At that time, the universe consisted of the quark-gluon plasma (QGP). Then we
discuss the creation of the QGP via RHIC Au-Au collisions with the possible
detection of the QGP.

4.1 The quantum chromodynamic phase transition (QCDPT)

From astrophysical studies, it is known that the QCDPT occured at a time
t≃ 10�5 � 10�4 s; one can estimate the temperature of the universe at time T(t)
using the equations from Einstein’s General Theory of Relativity.

A simpler form of Einstein’s equations are Friedman’s equations. From
Friedman’s equations, one can find an approximation to T(t) [10].

T tð Þ≃ 1 MeVffiffiffiffiffiffiffiffiffiffiffiffiffi
t in sð Þp : (8)

QGP

Hadron Phase

Figure 5.
Hadron phase forming within the QGP during the QCDPT.
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From this, one finds, using t≃ 5� 10�5 s, at the time of the QCDPT the critical
temperature for the QCDPT TQCDPT

c ≃ 150 MeV. During the time that T ¼ TQCDPT
c ,

bubbles of our universe nucleated within the QGP, as shown in Figure 5.

4.2 Theoretical studies and predictions for the detection of the QGP

Theoretial studies of jet quenching due to the formation of the QGP were
carried out.

Theoretial studies of jet quenching due to the formation of the QGP in high-
energy Pb-Pb collisions [11] help motivate experimental studies. The theoretical
equation predicting jet quenching [11] is

ΔQGP ≃ 1� e�
Θjet
Θc , (9)

where ΔQGP is the magnitude of the jet quenching and Θjet and Θc are the
aperature of the jet and emitted gluons, respectively.

Motivated in part by the theoretical study, the CMS collaboration carried out a
study [12] of jet quencing via jet+Z boson correlations in Pb-Pb collisions. The
results are shown in Figure 6.

As can be seen from the figure and Eq. (9), the theoretical prediction of jet
quenching due to the QGP has been verified by experiments.

4.3 Creation and detection of the QGP via RHIC

Amain goal of the study of heavy quark state production in relativistic heavy ion
collisions (RHIC) is the detection of the quark-gluon plasma [13]. The energy of the
atomic nuclei must be large enough so just after the nuclei collide, the temperature
is that of the universe about 10�5 s after the Big Bang, when the universe was too
hot for protons or neutrons and consisted of quarks and gluons (the constituents of
proton and nucleons)—the quark-gluon plasma (QGP).

As Figure 7 illustrates for Au-Au collisions with sufficient energy that the
temperature T tð Þ≥ 150 MeV where the Au-Au nuclei merge, the emission of mixed
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Figure 6.
x = (jet/Z) momentum vs. pz = the momentum of the Z boson for p-p and Pb-Pb collisions.
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From this, one finds, using t≃ 5� 10�5 s, at the time of the QCDPT the critical
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hot for protons or neutrons and consisted of quarks and gluons (the constituents of
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hybrid mesons, the Ψ 2Sð Þ and ϒ 3Sð Þ as discussed above, with active gluons, could
be a signal of the formation of the QGP.

5. Conclusions

The results from comparison of the production of Ψ 2Sð Þ and ϒ 3Sð Þ differential
cross sections with experiment confirm the theoretical prediction that the Ψ 2Sð Þ
and ϒ 3Sð Þ states are mixed hybrid states.

There are tests of the creation of the QGP from jet quenching via experiments
using Z-jet correlations, as well as other tests suggested by theoretical studies.

There are also possible tests of the creation and detection of the QGP by the
production of Ψ 2Sð Þ and ϒ 3Sð Þ via relativistic heavy ion collisions as shown in
Figure 7.

From this, one can conclude that the production of these states via RHIC with
sufficient energy that part of the matter during the collision has reached
a temperature T ≥TQCDPT

c ≃ 150 MeV, the temperature when the universe was a
dense plasma (the QGP), can be a test of the creation of the quark-gluon plasma.

This would be an important result for particle theory as well as astrophysics.
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