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Chapter 1

The Role of Micro Vortex in the 
Environmental and Biological 
Processes
Benjamin Oyegbile, Brian Oyegbile and Guven Akdogan

Abstract

This work presents a short review of the theoretical developments in the 
application of vortex dynamics to the processing of environmental and biologi-
cal systems. The mechanisms of complex fluid-particle interaction in vortex 
dominated and non-vortex dominated flows are briefly discussed from theoretical 
and practical perspectives. Micro vortex propagation, characteristics and their 
various applications in environmental process engineering are briefly discussed. 
Several existing and potential applications of vortex dynamics in turbulent flows 
are highlighted and as well as the knowledge gaps in the current understanding 
of turbulence phenomenon with respect to its applications in the processing of 
solid-liquid suspension and biological systems.

Keywords: hydrodynamics, turbulence, eddies, vortex, aggregation

1. Introduction

Hydrodynamic-mediated interactions often occur in many technical and natu-
ral environmental processes. In the case of turbulent flows, this leads to the forma-
tion of turbulent eddies of various scales and sizes [1, 2]. These energy-carrying 
eddies often interact with particles and biological materials on various temporal 
and spatial scales. Eddy-particle interactions often play a crucial role in these 
processes and it is largely the dominant driver of mass and momentum transfer. In 
studying the dynamics of such complex interplay of forces, a good knowledge of 
the vortex dynamics and its influence on the fluid and particle dynamics is highly 
indispensable [3, 4].

Turbulent mixing, particle dispersion, and bioreactions have been topics of 
intense and sustained interest in many scientific inquiries [5, 6]. The role of mixing 
and turbulence-driven particle dispersion in many fluid-particle processes is well-
understood owing an abundant body of knowledge from many scientific interroga-
tions. However, turbulence as a phenomenon is still poorly understood due to its 
complex nature. Since mixing and chemical reactions are impacted by the presence 
of turbulence, it is therefore extremely important to understand the different scales 
of turbulence in mixing applications.

As mentioned earlier, turbulence has been shown to lead to the formation of 
eddies on different scales [7, 8]. The spatial degree of mixing such as the macro, 
meso and micro mixing are governed by the different scales of turbulence [5]. 
Mixing especially at high Reynolds number is often characterized by irregular, 
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rotational, and dissipative motion containing vorticities of different energy spectra 
or eddy sizes [3]. It is therefore imperative to carry out qualitative and quantitative 
assessment of mixing efficiency in many of the practical applications involving 
mixing and dispersion. A number of techniques are available for quantifying 
mixing performance in a wide range of applications. One widely used parameter 
for quantifying the mixing performance is the coefficient of variation proposed by 
Alloca and Streiff [6]. This approach relies on the statistical analysis of the spatio-
temporal homogeneity of the particle dispersion in mixing applications [9]. Several 
other techniques are also available for quantifying the degree of mixing in bioreac-
tor systems. In terms of the different phenomena responsible for fluid-particle 
mixing, advective, turbulent, and diffusive transport depicted in Figure 1 are the 
dominant ones.

In turbulent mixing, energy transfer occurs on different eddy scales or energy 
spectrum. These turbulent eddies consist of the large energy carrying eddies at 
the inertia sub-range to the smallest ones at the dissipation sub-range as shown 
in Figure 2. The important scales of energy spectrums with respect to the differ-
ent mixing regimes (i.e. micro, meso, and macro mixing) are the Kolmogorov, 
Batchelor, and Taylor length scales (Eqs. (1)–(3)). The Kolmogorov length scale of 
turbulence is used as a convenient reference point for comparison of different scales 
of mixing. A detailed description of the different time and length scales in turbu-
lent flows is beyond the scope of this work. Further discussion on the subject matter 
can be found in the following reference texts [11, 12]. Therefore, getting the desired 
mixing regime is highly imperative for enhanced mass and momentum transfer.

In fluid-particle mixing there exist three distinct mixing regimes in most practi-
cal mixing applications namely: micro, meso, and macro mixing. In typical mixing 
conditions, the dividing line between micro and macro scale is between 100 and 
1000 μm, respectively [13]. Consequently, it is often necessary to tailor the mix-
ing performance to the physical, chemical, and biological processes in the target 
reactor systems.

Macromixing is largely driven by the largest scale of motion in the fluid or the 
integral length scale. Meso mixing on the other hand involves mixing on a smaller 
scale than the bulk circulation, but larger than the micro mixing, while micro 
mixing refers to the mixing on the smallest scale of fluid motion or molecular level. 
The largest eddies in turbulent dispersion which represents the macro scale of 
turbulence, are produced by the stirrer or the agitator head and contains most of 
the fluid energy [11, 14]. Turbulent flow can be viewed as an eddy continuum, with 
their sizes ranging from the dimension of the turbulence generating device to the 
Kolmogorov length scale. In between the energy-containing and energy-dissipating 

Figure 1. 
Schematic representation of different mixing and transport mechanisms (a) advection (b) turbulence (c) 
diffusion (reproduced from [10] with permissions © 2011 Taylor & Francis).
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eddies, there exists many eddies of other scales smaller than the integral scale that 
continually transfer the kinetic energy of the fluid through the other length scales. 
The Batchelor and Taylor scales given in Eqs. (2) and (3) are the examples of other 
important length scales of fluid motion.

The Taylor scale is an intermediate length scale in the viscous subrange that is 
representative of the energy transfer from large to small scales, but not a dissipation 
scale and does not represent any distinct group of eddies. Batchelor scale on the 
other hand is a limiting length scale where the rate of molecular diffusion is equal to 
the rate of dissipation of turbulent kinetic energy of the fluid.

 0
 

λ =  ε 

1
2 4v  (1)

  
λ =  ε 

1
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ε

T
u 15

v
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2. Colloidal stability and interaction forces

Colloidal materials in environmental and biological systems consist of small 
particles with very large surface area. Their typical sizes are in the range of 0.001–
10 μm as shown in Table 1. The stability of these colloidal materials when dis-
persed in fluid can be explained by their tendency to acquire electrostatic charges 
by adsorbing ions from their surroundings. Forces mediating particle-particle 
interactions can broadly be classified into the following categories depending 

Figure 2. 
Schematic view of energy spectrum in turbulent mixing (reproduced from [15] with permissions © 2007 IWA 
publishing).
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on the chosen approach: contact forces due to the particle-particle collisions and 
non-contact forces due to molecular interactions at contact or interface. A brief 
description of these forces is hereby presented in the following sections.

2.1 Molecular dynamics approach

The molecular dynamics description of particle-particle interaction forces 
shown in Figure 3 is based on the molecular interactions through interfacial forces 
on the surface of the interacting particles [17]. Interfacial forces are generally 
assumed to act on a length scales smaller than the particle size and interactions are 
only possible when particles are in close proximity or during collisions. The interac-
tions of particles in suspension depend on these surface forces which consists of 
the long-range ionic electrostatic repulsive forces and the short-range London-van 
der Waals attractive forces. Classical DLVO or colloid stability theory provides a 
quantitative description of the forces experienced by particles in close proximity by 
considering such interactions forces to be additive [18].

The magnitude of the London-van der Waals attractive force between two 
charged particles and the electrostatic repulsive force due to the electric double layer 
can be derived from their corresponding interaction potential energies [17]. Eqs. (4) 

Particle sizes, mm Classification Examples Total surface 
area, m2 cm−3

Time required 
to settle 100 
mm if  
SG = 2.65

10–10−1 Coarse 
dispersion

Sand, mineral 
substances, 
precipitated 
and flocculated 
substances, silt, 
microplankton

6 × 10−4–6 × 10−2 0.1–13 s

10−2–10−4 Fine particle 
dispersion

Mineral substances, 
precipitated 
and flocculated 
substances, silt, 
bacteria, plankton, 
and other micro 
organisms

0.6–60 11 min–2 years

10−5–10−6 Colloidal 
dispersion

Mineral substances, 
hydrolyzed and 
precipitated 
products, 
macromolecules, 
biopolymers, 
viruses

6 × 103 20 years

<10−6 Solution Inorganic simple 
and complex ions, 
molecules and 
polymeric species, 
polyelectrolytes, 
organic molecules 
and undissociated 
solutes

— —

Table 1. 
Classification of particles in dispersion [16].
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and (5) represent the magnitude of these forces while Eqs. (6) and (7) represent their 
respective potential energies. In addition to these surface forces, a number of other 
interfacial interactions such as the hydration effects, hydrophobic attraction, steric 
repulsion, and polymer bridging have been observed to mediate particle-particle 
interactions [19]. Additional forces due to the fluid-particle interactions must also be 
considered to fully resolve all the forces experienced by particles in suspension and 
this is briefly discussed in Section 3.

 
=vdw

dF
dR

vdw

ij

U
 (4)

 =elec
dUF
dR

elec

ij

 (5)

 2 2 2
H i i i

vdw 2 2 2 2
ij i ij ij

A 2R 2R 4RU 1
6 R 4R R R

   = + + −  −    
ln  (6)

 ( )( ) = πε Ψ + − − 
2

elec i 0 ij iU 2 R ln 1 exp K R 2R  (7)

where Rij is the distance between two interacting particles (center-to-center), 
AH is the Hamaker constant, ε is the permittivity of the medium, ψ0 is the surface 
potential of the particles, K is the reciprocal of the Debye length.

2.2 Micromechanical approach

In contrast to the molecular dynamics approach, the micromechanical descrip-
tion of particle-particle interaction relies on the geometric analysis of finite number 

Figure 3. 
Classification of different phenomena fluid-particle interactions (reproduced from with [17] permissions © 
2019 Elsevier).
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microplankton

6 × 10−4–6 × 10−2 0.1–13 s

10−2–10−4 Fine particle 
dispersion

Mineral substances, 
precipitated 
and flocculated 
substances, silt, 
bacteria, plankton, 
and other micro 
organisms

0.6–60 11 min–2 years

10−5–10−6 Colloidal 
dispersion

Mineral substances, 
hydrolyzed and 
precipitated 
products, 
macromolecules, 
biopolymers, 
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6 × 103 20 years

<10−6 Solution Inorganic simple 
and complex ions, 
molecules and 
polymeric species, 
polyelectrolytes, 
organic molecules 
and undissociated 
solutes

— —

Table 1. 
Classification of particles in dispersion [16].
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and (5) represent the magnitude of these forces while Eqs. (6) and (7) represent their 
respective potential energies. In addition to these surface forces, a number of other 
interfacial interactions such as the hydration effects, hydrophobic attraction, steric 
repulsion, and polymer bridging have been observed to mediate particle-particle 
interactions [19]. Additional forces due to the fluid-particle interactions must also be 
considered to fully resolve all the forces experienced by particles in suspension and 
this is briefly discussed in Section 3.
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where Rij is the distance between two interacting particles (center-to-center), 
AH is the Hamaker constant, ε is the permittivity of the medium, ψ0 is the surface 
potential of the particles, K is the reciprocal of the Debye length.

2.2 Micromechanical approach

In contrast to the molecular dynamics approach, the micromechanical descrip-
tion of particle-particle interaction relies on the geometric analysis of finite number 

Figure 3. 
Classification of different phenomena fluid-particle interactions (reproduced from with [17] permissions © 
2019 Elsevier).
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of discrete sub-elements as shown in Figure 3. All particle-particle interactions 
within this context are described by contact forces in the normal and tangential 
directions, while considering the elastic force-displacement, inelastic deformations 
or plastic dislocations, solid friction, and viscous damping [17]. Depending on 
the simplicity of these interactions, a soft or hard sphere description can be given. 
In the hard sphere model, only elastic force-displacement is allowed. Soft sphere 
model on the other hand allows for most of the interactions that are possible when 
two particles are in direct contact.

When all these contact forces are fully resolved, the behavior of the particles 
upon collisions or impact on a wall such as their translational and rotational veloci-
ties can be predicted with a high degree of accuracy. A detailed description of the 
micromechanical theory of particle collisions and its importance in the determi-
nation of particle trajectory in dispersed suspension is beyond the scope of this 
communication and is available elsewhere [20]. In addition to the contact forces, 
body forces such as gravity and buoyancy and surface forces due to the fluid are 
some of the other important forces acting on the particles and their quantification is 
highly indispensable in resolving the dynamics of particles in suspension [21]. Some 
of these additional forces are discussed in the next section.

3. Particle-vortex interactions in turbulence

In order to initiate meaningful interactions through the interfacial forces, par-
ticles must be brought in close proximity. This can be achieved through the mecha-
nisms of Brownian motion, differential settling, or turbulent dispersion as shown in 
Figure 4. The probability of particle collisions and the frequency of such collisions 
also depend on the trajectory of the particle motion. Thomas et al. [22] identified 
two types of particle trajectories leading to particle collisions namely: curvilinear 
and rectilinear particle trajectories. The particles in suspension under the influ-
ence of turbulence will experience fluctuating fluid motion with the particle being 
transported by the fluid eddies that exists within the flow vortex [3].

Consequently, small particles suspended in fluid exist in an environment of 
small energy-dissipating eddies in most practical flow devices. Under such condi-
tions, particle collisions are facilitated by eddy size similar to that of the colliding 
particles. Furthermore, studies have shown that in addition to the fluid properties, 

Figure 4. 
Mechanisms of particle transport in fluid leading to collisions (a) Brownian motion (b) fluid turbulence 
(c) differential settling (reproduced from [19] with permissions © 2006 CRC press).
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the particle properties such as size, density, and porosity also play important role 
in particle-vortex interactions [1, 23]. Smaller particles with lower density than the 
flow fluid have been shown to be fully entrained within the vortex in the case of a 
vortical flow produced by the interaction of two flow streams of unequal velocity. 
The particles will be in dynamic equilibrium with the carrier fluid and will faith-
fully follow the flow streamlines. On the other hand, large particles will be unaf-
fected by the vortex due to their large inertia, while the intermediate particles will 
be driven from the center of the vortex to the periphery as shown in Figure 5. The 
determining factor in particle-vortex interactions is the ratio of the particle relax-
ation time to that of the fluid, which is given by the Stokes number (Eq. (8)).  
Depending on the flow scenario, the particles in suspension will experience addi-
tional forces such as the drag, lift, pressure gradient, virtual mass, basset, and 
viscous stress forces due to the fluid-particle interactions [4, 24]. Taken together, all 
these forces will ultimately determine the trajectory, dynamics, and fate of particles 
in suspension. The trajectory equation is given in Eq. (9).
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where is τA the particle relaxation time, τF is the time associated with fluid 
motion (fluid time), ϱp is the particle density, d is the particle diameter, L is the 
length scale associated with the vortex while U is the flow velocity.
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4. Particle dynamics and aggregate disruption

Turbulence is the main driver of particle interactions in many practical appli-
cations. Consequently, the particle dynamics in terms of the particle collisions, 
coalescence/aggregation, growth, and breakage is primarily controlled by the 
fluid turbulence. The aggregate stability under the influence of hydrodynamic 
force has been suggested to be a function of the binding or cohesive force FB and 

Figure 5. 
Vortex-Particle interactions in turbulent flow (reproduced from [1] with permissions © 1995 springer).
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the particle properties such as size, density, and porosity also play important role 
in particle-vortex interactions [1, 23]. Smaller particles with lower density than the 
flow fluid have been shown to be fully entrained within the vortex in the case of a 
vortical flow produced by the interaction of two flow streams of unequal velocity. 
The particles will be in dynamic equilibrium with the carrier fluid and will faith-
fully follow the flow streamlines. On the other hand, large particles will be unaf-
fected by the vortex due to their large inertia, while the intermediate particles will 
be driven from the center of the vortex to the periphery as shown in Figure 5. The 
determining factor in particle-vortex interactions is the ratio of the particle relax-
ation time to that of the fluid, which is given by the Stokes number (Eq. (8)).  
Depending on the flow scenario, the particles in suspension will experience addi-
tional forces such as the drag, lift, pressure gradient, virtual mass, basset, and 
viscous stress forces due to the fluid-particle interactions [4, 24]. Taken together, all 
these forces will ultimately determine the trajectory, dynamics, and fate of particles 
in suspension. The trajectory equation is given in Eq. (9).
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the hydrodynamic breaking force FH. While the binding force is determined by 
the aggregate structure and physicochemical attributes discussed Section 2, flow 
turbulence is the principal factor in the case of the hydrodynamic force. Therefore, 
the dynamics of particle behavior depends on an interplay of collision-induced 
particle aggregation and cohesive force and the rate of aggregate breakage due to the 
hydrodynamic stress.

The aggregate cohesive strength τ is a function of the physicochemical and 
biological conditions as well as the aggregate properties, while the hydrodynamic 
stress σ depends on the design of the aggregation unit and the prevailing process 
conditions. Several empirical and theoretical formulations are available for predict-
ing the aggregate cohesive force and the maximum hydrodynamic breaking force. 
The global hydrodynamic stress σ due to the shearing action of the fluid motion 
on the aggregate as well as the overall cohesive strength τ of the aggregate resisting 
the hydrodynamic loading assuming a uniform shape and constant porosity can be 
expressed mathematically in Eqs. (10) and (11) [25, 26]. An equilibrium of particle 
dynamics is reached at the steady-state condition. In this state, a continued particle 
or micro flocs/aggregate attachment to the larger flocs/aggregate is prevented, or 
the breakup kinetics is equal to the turbulence-induced collision rates.

In assessing aggregate strength and resistance to hydrodynamic-induced 
breakup, two common approaches are normally followed namely: limiting growth 
and limiting strength. The former relies on the determination of the maximum 
floc size before rupture, while the latter is based on the micromechanical analysis 
of aggregate strength. Many empirical and theoretical formulations based on the 
mentioned approaches are available in literature (Eqs. (12) and (13)). Liu et al. 
[27] presented the yield stress approach for calculating maximum aggregate tensile 
strength τy at which breakage is likely to occur in the inertia range of turbulence 
(Eq. (12)). Similarly, Attia [28] presented a model for predicting the critical fluid 
velocity above which there will be aggregate disruption by estimating floc yield 
stress σy resulting from the dynamic pressure acting on the floc (Eq. (13)).
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5. Case studies in environmental and biological systems

This section presents a short review of the recent studies on the applications of 
turbulence or hydrodynamics in the environmental and biological systems (Table 2). 
Water purification, irrigation, water quality assessment, sludge dewatering, bio-
flocculation, and bio-clogging are some of the technical areas of application identified. 
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It should be noted that improvements in the performance of the engineered processes 
(e.g., stirred tanks, shear reactors and photobioreactors etc.) in the identified areas of 
applications continue to shape the research focus in the field of environmental process 
engineering [29]. In this respect, studies have been conducted to determine how to 
accurately quantify the impact of hydrodynamic characteristics on the infectivity of 
bacteriophage MS2, a norovirus surrogate. Several studies also involved the develop-
ment of bioreactors for testing the effect of hydrodynamic characteristics on microal-
gae and human enteric viruses [29–33]. The results obtained from the studies indicated 
that the hydrodynamic cavitation could trigger the inactivation waterborne viruses to 
levels defined in water quality directives. This was reportedly due to OH-radicals that 
form an AOP during the cavitation process and high shear forces inside the cavita-
tion structure. Also, flow structures in a hydrodynamic filter have been numerically 
investigated [34]. In this study, tangential component of velocity was defined, and the 
three-dimensional pattern of the flow current/streamlines was obtained using their 
two-dimensional projection in the meridian cross-section of the filter, which allows 
one to discover the vortex structures. It was concluded that the optimal flow regime 
can be implemented by selecting the optimal correlation between the flow of liquid 
regime to be processed and the rotation frequency of the filtering baffle in the hydro-
dynamic filter. The remaining sub-sections describe how hydrodynamics, turbulence, 
and vortex dynamics are applied to achieve the desired process efficiency in other 
identified areas of applications—water purification, sludge dewatering, food process-
ing, and self-purification of the water bodies.

5.1 Hydrodynamics in water purification process

In fluid engineering problems, research has consistently focused on identifying 
parameters that improve engineered processes including water purification and 
inactivation of pathogens [35]. While the conventional technique of disinfection 
by chlorination has been employed to kill pathogenic microorganisms in raw water, 
recent studies have shown that chlorine reacts with organic compounds in water 
and generates disinfection byproducts (DBPs), such as trihalomethanes (THMs), 
haloacetic acids (HAAs), etc. As a result, turbulence-induced inactivation has been 
studied as an alternative approach.

The effect of hydrodynamic parameters such as orifice size, orifice number and 
orifice layout of multi-orifice plate, cavitation number, cavitation time and orifice 
velocity on the microbial population have been investigated to determine how the 
desired process efficiency can be achieved [36]. Experimental results have shown 
that cavitation effects increased with decrease in orifice size and increase in orifice 
number, cavitation time and orifice velocity. Flow hydrodynamics and pipe material 
have also been shown to influence biofilm development in drinking water distribu-
tion systems (DWDS). Furthermore, biofilm development was inhibited at higher 

Technical application Flow regime Study type References

Biofouling/biofilms Turbulent Experimental/CFD [25–30]

Water disinfection/irrigation Turbulent Experimental/CFD [31–35]

Water self-purification Turbulent Experimental [43–46]

Solid-liquid separation Turbulent Experimental [2, 36–38]

Food and paper processing Turbulent Experimental [39–42]

Table 2. 
Selected studies on computational and experimental studies of turbulence applications in environmental and 
biological processes.
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5. Case studies in environmental and biological systems

This section presents a short review of the recent studies on the applications of 
turbulence or hydrodynamics in the environmental and biological systems (Table 2). 
Water purification, irrigation, water quality assessment, sludge dewatering, bio-
flocculation, and bio-clogging are some of the technical areas of application identified. 
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flows indicating shear forces imposed by the flow conditions were above the critical 
levels for biofilm attachment. Experimental data from these studies were used to 
characterize the hydrodynamic behavior for numerical simulation and validation 
[37, 38]. Low-cost pipe-based pathogen reduction system was also demonstrated 
by Thomas et al. Their approach has a huge potential for application in developing 
countries due to its simple design [39].

5.2 Hydrodynamics in solid-liquid separation

In the design of process reactors, it is often necessary to tailor the separation 
technique to the dynamics and characteristics of the waste slurry that is being 
treated. Hence, several studies have been conducted to determine the influence 
of hydrodynamics on sludge processing. The optimum dosage values, which were 
obtained when flocculation performance was assessed based on surrogate indicators 
such as sludge volume index and supernatant turbidity, confirmed polymer bridg-
ing as the primary flocculation mechanism. Specific apparatus construction and 
reactor geometry were found to help maintain sludge suspension in a metastable 
state that is crucial for the formation of pellet-like compact agglomerates with 
better dewaterability properties [2, 40]. Similarly, sludge disintegration, using 
rotor-stator type hydrodynamic cavitation reactor (HCR), has been experimen-
tally investigated [41]. To determine the effects of cavitation (including thermal 
energy) and shear stress on sludge disintegration, the performance of the HCR 
with and without the dimples and temperature control was analyzed. The results 
indicated that when dimples were present and there was no temperature control, 
the reduction of sludge particles increased by 50–80%. Further, the disintegration 
performance increased with the rotational speed and was minimized at the highest 
inlet pressure. Several other studies leveraging on the hydrodynamics of the process 
reactor for fluid-particle separation are available in literature [42, 43]. Many of 
these lab-scale studies have demonstrated the feasibility of turbulence-induced 
fluid-particle separation.

5.3 Hydrodynamics in food and paper processing

Hydrodynamic cavitation (HC) is a process in which high energy is released in 
a flowing liquid upon bubble implosion due to decrease and subsequent increase 
in local pressure. In food and beverage industries, hydrodynamic cavitators can be 
utilized for the purpose of extraction, emulsification, sterilization, disinfection, and 
homogenization [44]. HC, which can effectively induce sonochemistry by mechanical 
means, creates extraordinarily high of pressures of ~1000 bar, local hotspots with 
~5000 K, and high oxidation (hydroxyl radicals) in room environment, without 
introducing new chemicals. For possible industrial application, the efficiency of HC 
has been studied by comparing the chemical oxygen demand (COD) removal effi-
ciency of a Venturi device to that of an orifice plate. A sucrose solution and an effluent 
from a sucrose-based soft drink industry were treated. Results showed that the 
Venturi device recorded 90% COD removal efficiency after treatment period of three 
minutes. On the other hand, the orifice plate recorded 90% COD removal efficiency 
after 9 minutes [44–46]. Developing high-performance HCRs and revealing the cor-
responding disinfection mechanisms constitute the most crucial issues today [45].

Refining of cellulose pulp is a critical step in obtaining high quality paper char-
acteristics, however, this process is slow and costly especially for refining longer 
conifer fibers which are the preferred source for high quality paper production and 
give the paper its strength. Recently, hydrodynamic cavitation was applied to the 
refinement conifer rich pulp samples [47].
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5.4 Hydrodynamics in self-purification of water bodies

The self-purification ability of water bodies is related to the prevailing hydrody-
namic conditions. Coupled hydrodynamic and water quality models have been used 
to investigate the spatial and temporal water quality variations of the water bodies. 
Using an Acoustic Doppler Velocimeter, the efficiency of aeration plug-flow device 
(APFD) in terms of water flow and dissolved oxygen (DO) have been determined 
experimentally [48–50]. Recent findings have shown that discharges from several 
rivers flowing into the New York/New Jersey (NY/NJ) harbor interact and interfere 
with one another. Such interactions can improve or inhibit water and contaminant 
flushing from the harbor. In Poyang Lake, three-dimensional velocity at various 
locations as well as the velocity distribution and turbulence characteristics were 
assessed, and plug-flow characteristics were analyzed. The two patterns of velocity 
and turbulence in horizontal sections observed are (1) near the aeration plug-flow 
device (APFD), the water flow was intensively pushed downstream and simultane-
ously recirculated; (2) farther away, the reflux area gradually decreased, and the 
velocity and turbulence distribution were more or less uniform. At the interfaces 
between two immiscible fluids – water and alkane of small carbon number, the 
amphiphilic PEO chain diffuses laterally, experiencing hydrodynamic drags from 
both phases. The absolute values of interfacial diffusion coefficients demonstrate a 
bigger contribution from the hydrodynamics from the water phase, which may be 
attributed to a stronger attraction between water and the PEO molecules [51].

5.5 Vortex patterns in fluid-particle reactors

The flow vortex patterns in many fluid-particle reactors are quite diverse and 
their analysis and characterization can provide an insight into the fluid and particle 
dynamics within the reactor. One important feature in many of these flow types 
is the presence of rotation or swirling or a combination of both resulting in aniso-
tropic turbulence. A few of the dominant vortex patterns will be discussed in this 
section. It is also worth mentioning that the flow pattern is a function of the reactor 
geometry, stirrer or agitator, baffles, and the operating conditions. The focus will be 
on the common reactor geometries and flow regimes that are typically encountered 
in many practical applications.

A qualitative and quantitative analysis of the flow pattern in a processing 
reactor may be performed experimentally using an optical diagnostic imaging 
technique such as PIV or PDA or by numerical modeling. The selected approach in 
a given scenario will depend on the required detail of the flow field as well as the 
available resources. While the later provide a flexible option for the investigation 
of fluid flow problems, the former often complements or used in the validation 
of numerical model. A detailed description of specific techniques is beyond the 
scope of this submission. A few of the vortex patterns in some of these reactors are 
discussed below.

5.5.1 Rotatory flow vortex pattern (e.g., tubular reactor)

This type of flow pattern is commonly found in rotating tubular reactors with 
an enclosed flow induced by a stirrer. Previous studies have shown that this flow 
pattern has a profound influence on the performance of fluid-particle reactors, and 
this type of flow pattern can be found in many technical applications [29, 39, 52]. For 
instance, in terms of the stirrer-vessel configuration, the flocculation performance 
is significantly influenced by the impeller type and its speed. The axial impeller has 
been found to promote floc formation over a range of impeller speeds as it produces 



Vortex Dynamics Theories and Applications

12
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of hydrodynamics on sludge processing. The optimum dosage values, which were 
obtained when flocculation performance was assessed based on surrogate indicators 
such as sludge volume index and supernatant turbidity, confirmed polymer bridg-
ing as the primary flocculation mechanism. Specific apparatus construction and 
reactor geometry were found to help maintain sludge suspension in a metastable 
state that is crucial for the formation of pellet-like compact agglomerates with 
better dewaterability properties [2, 40]. Similarly, sludge disintegration, using 
rotor-stator type hydrodynamic cavitation reactor (HCR), has been experimen-
tally investigated [41]. To determine the effects of cavitation (including thermal 
energy) and shear stress on sludge disintegration, the performance of the HCR 
with and without the dimples and temperature control was analyzed. The results 
indicated that when dimples were present and there was no temperature control, 
the reduction of sludge particles increased by 50–80%. Further, the disintegration 
performance increased with the rotational speed and was minimized at the highest 
inlet pressure. Several other studies leveraging on the hydrodynamics of the process 
reactor for fluid-particle separation are available in literature [42, 43]. Many of 
these lab-scale studies have demonstrated the feasibility of turbulence-induced 
fluid-particle separation.

5.3 Hydrodynamics in food and paper processing

Hydrodynamic cavitation (HC) is a process in which high energy is released in 
a flowing liquid upon bubble implosion due to decrease and subsequent increase 
in local pressure. In food and beverage industries, hydrodynamic cavitators can be 
utilized for the purpose of extraction, emulsification, sterilization, disinfection, and 
homogenization [44]. HC, which can effectively induce sonochemistry by mechanical 
means, creates extraordinarily high of pressures of ~1000 bar, local hotspots with 
~5000 K, and high oxidation (hydroxyl radicals) in room environment, without 
introducing new chemicals. For possible industrial application, the efficiency of HC 
has been studied by comparing the chemical oxygen demand (COD) removal effi-
ciency of a Venturi device to that of an orifice plate. A sucrose solution and an effluent 
from a sucrose-based soft drink industry were treated. Results showed that the 
Venturi device recorded 90% COD removal efficiency after treatment period of three 
minutes. On the other hand, the orifice plate recorded 90% COD removal efficiency 
after 9 minutes [44–46]. Developing high-performance HCRs and revealing the cor-
responding disinfection mechanisms constitute the most crucial issues today [45].

Refining of cellulose pulp is a critical step in obtaining high quality paper char-
acteristics, however, this process is slow and costly especially for refining longer 
conifer fibers which are the preferred source for high quality paper production and 
give the paper its strength. Recently, hydrodynamic cavitation was applied to the 
refinement conifer rich pulp samples [47].
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5.4 Hydrodynamics in self-purification of water bodies

The self-purification ability of water bodies is related to the prevailing hydrody-
namic conditions. Coupled hydrodynamic and water quality models have been used 
to investigate the spatial and temporal water quality variations of the water bodies. 
Using an Acoustic Doppler Velocimeter, the efficiency of aeration plug-flow device 
(APFD) in terms of water flow and dissolved oxygen (DO) have been determined 
experimentally [48–50]. Recent findings have shown that discharges from several 
rivers flowing into the New York/New Jersey (NY/NJ) harbor interact and interfere 
with one another. Such interactions can improve or inhibit water and contaminant 
flushing from the harbor. In Poyang Lake, three-dimensional velocity at various 
locations as well as the velocity distribution and turbulence characteristics were 
assessed, and plug-flow characteristics were analyzed. The two patterns of velocity 
and turbulence in horizontal sections observed are (1) near the aeration plug-flow 
device (APFD), the water flow was intensively pushed downstream and simultane-
ously recirculated; (2) farther away, the reflux area gradually decreased, and the 
velocity and turbulence distribution were more or less uniform. At the interfaces 
between two immiscible fluids – water and alkane of small carbon number, the 
amphiphilic PEO chain diffuses laterally, experiencing hydrodynamic drags from 
both phases. The absolute values of interfacial diffusion coefficients demonstrate a 
bigger contribution from the hydrodynamics from the water phase, which may be 
attributed to a stronger attraction between water and the PEO molecules [51].

5.5 Vortex patterns in fluid-particle reactors

The flow vortex patterns in many fluid-particle reactors are quite diverse and 
their analysis and characterization can provide an insight into the fluid and particle 
dynamics within the reactor. One important feature in many of these flow types 
is the presence of rotation or swirling or a combination of both resulting in aniso-
tropic turbulence. A few of the dominant vortex patterns will be discussed in this 
section. It is also worth mentioning that the flow pattern is a function of the reactor 
geometry, stirrer or agitator, baffles, and the operating conditions. The focus will be 
on the common reactor geometries and flow regimes that are typically encountered 
in many practical applications.

A qualitative and quantitative analysis of the flow pattern in a processing 
reactor may be performed experimentally using an optical diagnostic imaging 
technique such as PIV or PDA or by numerical modeling. The selected approach in 
a given scenario will depend on the required detail of the flow field as well as the 
available resources. While the later provide a flexible option for the investigation 
of fluid flow problems, the former often complements or used in the validation 
of numerical model. A detailed description of specific techniques is beyond the 
scope of this submission. A few of the vortex patterns in some of these reactors are 
discussed below.

5.5.1 Rotatory flow vortex pattern (e.g., tubular reactor)

This type of flow pattern is commonly found in rotating tubular reactors with 
an enclosed flow induced by a stirrer. Previous studies have shown that this flow 
pattern has a profound influence on the performance of fluid-particle reactors, and 
this type of flow pattern can be found in many technical applications [29, 39, 52]. For 
instance, in terms of the stirrer-vessel configuration, the flocculation performance 
is significantly influenced by the impeller type and its speed. The axial impeller has 
been found to promote floc formation over a range of impeller speeds as it produces 
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a more homogeneous distribution of local velocity gradients in comparison to the 
radial impeller. Also, high velocity gradients occur in the region around the impeller, 
which might significantly hamper the high rate activated sludge (HRAS) flocculation 
process [53, 54].

5.5.2 Oscillatory flow vortex pattern (e.g., oscillatory reactor)

An oscillator is a device whose action causes intermittent velocity gradients over 
time, space, and direction, and can be used for colloid removal based on physical 
flow manipulation. An oscillatory flow pattern is commonly found in reactors 
with an enclosed flow induced by an oscillator. Results from previous studies have 
shown that gentle oscillation can promote simultaneous flocculation and particle 
agglomeration over a relatively short periods of time [42]. This technique, whose 
implementation can result in reductions of the reactor sizes and process times, has 
a strong potential to improve conventional separation processes. It has also been 
observed that higher oscillating frequency promotes faster upward vertical veloci-
ties, resulting in different sedimentation patterns and removal efficiencies gener-
ated by the different oscillation frequencies [43].

Figure 6. 
Typical cross-sections of vortex patterns in fluid-particle reactors (a) rotatory-type flow field  
(b) oscillatory-type flow field (c) swirling-type flow field.
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5.5.3 Swirling flow vortex pattern (e.g., stirred tank, hydrocyclone)

A swirling type of flow pattern is commonly found in hydrocyclone [55–57] and 
counter-rotating reactors with an enclosed flow induced by a rotational swirling 
effect [58, 59]. In addition to hydrocyclone, this type of flow field is also common 
in rotating reactors with baffles such as mixing tank, in which case, the flow is a 
combination of rotational and swirl dominated flow as shown in Figure 6c. In the 
case of a counter-rotating vortex reactor, it has also been found that the swirl ratio 
and micromixing time of the flow increases as the vortex reactor (MIVR) is scaled 
up, indicating a flow with stronger swirl yet less mixing efficiency [60]. In order 
to promote mixing and enhance the floc formation process, some baffles should be 
installed to break water flow co-rotation with the impeller [54]. In modifying the 
flow pattern to suit a particular condition, it is advisable to perform the optimiza-
tion of the impeller shape for a particular vessel geometry [61, 62].

6. Conclusions and future perspectives

This brief communication is a summary of the main concepts involved the 
fluid-particle research and technical applications. It is by no means an exhaustive 
contribution and readers interested in the details of the subject-matter are advised 
to consult other scientific information available on the subject-matter. The fluid 
process engineering is a field of active research and the there is an ever-increasing 
scope for the application of hydrodynamics, turbulence, and vortex dynamics. In 
addition to the identified areas of application, there are several emerging areas of 
application. As the turbulence research advance with better computing power and 
algorithms, it is hoped that there will be limitless scope for the application of vortex 
dynamics in fluid process engineering.
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Chapter 2

Vortices in Rotating and
Gravitating Gas Disk and in a
Protoplanetary Disk
Martin G. Abrahamyan

Abstract

Nonlinear equations describing dynamics of 2D vortices are very important in
the physics of the ocean and the atmosphere and in plasma physics and Astrophys-
ics. Here linear and nonlinear 2D vortex perturbations of gravitating and light
gaseous disks are examined in the geostrophic and post-geostrophic approxima-
tions. In the frame of geostrophic approximation, it is shown that the vortex with
positive velocity circulation is characterized by low pressure with negative excess
mass density of substance. Vortex with negative circulation has higher pressure
and is a relatively tight formation with the positive excess mass density. In the post-
geostrophic approximation, structures of the isolated monopole and dipole vortex
(modons) solutions of these equations are studied. Two types of mass distributions
in dipole vortices are found. The first type of modon is characterized by an asym-
metrically positioned single circular densification and one rarefaction. The second
type is characterized by two asymmetrically positioned densifications and two
rarefactions, where the second densification-rarefaction pair is crescent shaped.
The constant density contours of a dipole vortex in a light gas disk coincide with the
streamlines of the vortex; in a self-gravitating disk, the constant density contours in
the vortex do not coincide with streamlines. Possible manifestations of monopole
and dipole vortices in astrophysical objects are discussed. Vortices play decisive role
in the process of planet formation. Gas in a protoplanetary disk practically moves on
sub-Keplerian speeds. Rigid particles, under the action of a head wind drags, lose
the angular momentum and energy. As a result, the ~10 cm to meter-sized particles
drift to the central star for hundreds of years. Long-lived vortical structures in gas
disk are a possible way to concentrate the ~10 cm to meter sized particles and to
grow up them in planetesimal. Here the effect of anticyclonic Burgers vortex on
formation of planetesimals in a protoplanetary dusty disc in local approach is also
considered. It is shown that the Burgers vortex with homogeneously rotating kernel
and a converging radial stream of substance can effectively accumulate in its
nuclear area the meter-sized rigid particles of total mass �1028 g for characteristic
time �106 year.

Keywords: anticyclone, Burgers vortex, dipole, gravitating disk, monopole,
planetesimals, protoplanetary disk, vortex
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1. Introduction

Nonlinear equations describing dynamics of 2D vortices are important in the
physics of the ocean and the atmosphere, in plasma physics, and in astrophysics.
The same type of nonlinear equations describes these vortical structures. In fluid
dynamics, Hasegawa-Mima equation is well-known [1].

∂

∂t
1� Δð Þψ � v0

∂ψ

∂y
� ez � ∇ψð Þ∇Δψ ¼ 0, (1)

which describes the nonlinear Rossby waves in the atmosphere [2] and drift
nonlinear waves in plasma [3]. Here ψ x, y, zð Þ is a stream function: v ¼ ez � ∇ψ . In
plasma physics ψ is the electric potential, and constant v0 is defined by equilibrium
density gradient.

The exact solution of the equation, describing a stationary solitary dipole vortex
(modon) drifting along the y-axis on rotating shallow water, was obtained in [4]. The
same type of solutions later received a large number of similar equations [5–10].

Nonlinear vortex disturbances of uniformly rotating gravitating gaseous disk
were considered in [9]. For short-scale (much smaller than the Jeans wavelength:
λ≪ λJ) and long-scale λ≫ λJ perturbations, nonlinear equation turns into Eq. (1).

IR, submillimeter, and centimeter radiation of protoplanetary disk analyses
shows that vortices serve as incubators for the growth of dust particles and forma-
tion of planetesimals [11–14]. The initial stage of growth probably proceeds through
the nucleation of submicron-sized dust grains from the primordial nebula, which
then forms the monomers of fractal dust aggregates up to �1 mm to �10 cm for
characteristic time of an order of 103 years [15, 16]. The best astrophysical evidence
for grain growth to specified sizes is the detection of 3.5 cm dust emission from the
face-on disk of radius 225 AU round classical T Tauri star TW Hya [17]. When the
planetesimals reached a size of about 1 km, they began to attract other smaller
bodies due to their gravity.

In models of protoplanetary disks, gas practically moves on sub-Keplerian
speeds. Rigid particles, under the action of a head wind drag, lose the angular
momentum and energy. As a result, the �10 cm to meter-sized particles drift to the
central star for hundreds of years, that is, much less than the lifetime of a disk
which makes several millions of years [18, 19].

Long-lived vortical structures in gas disk are a possible way to concentrate the
�10 cm to meter-sized particles and to grow up them in planetesimal. Similar
effect of vortices on the Earth was observed in special laboratories and also in the
ocean [20].

In some areas of the stratified protoplanetary disks, the current has a 2D turbu-
lent character. An attractive feature of such hydrodynamic current consists in the
fact that in it, through a background of small whirlpools, long-living vortices will
spontaneously be formed without requirement of special initial conditions [21–23].
In laboratory experiments [24, 25], formation of Burgers vortex, which will be
considered here, is often observed in 2D turbulent flows. Anticyclonic vortices in a
protoplanetary disk merge with each other and amplify, while cyclonic ones are
destroyed by a shear flow [26].

In cylindrical system of coordinates (r, θ, z), the Burgers vortex is defined as

vr ¼ �Αr, vθ ¼ ωr02 1� exp �r2=r20
� �� �

=r, vz ¼ 2Αz: (2)

This is a vortex with a converging stream of substance to its center with gradient
–Α,ω and r0 as the circulation and the size of a trunk of a vortex. Rotation of a
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vortex trunk is almost uniform, then falls down under hyperbolic law, and at
distance reff ¼ 4:5r0 (effective radius of vortex) makes 1/3 of the maximum value of
vθ (Figure 1). The asymptotic behavior of Burgers vortex in small and big distances
from the vortex center represents the Rankin vortex [27, 28].

2. Magnitude of some parameters of circumstellar disks

A typical circumstellar disk is a few hundred AU (astronomical unit, 1 AU = 1.5
1013 cm) in size. It is mainly composed of hydrogen and helium gas. We consider a
vortex in such axially symmetrical viscous accretion disk with effective temperature
T and gas density ρ, of almost Keplerian rotation.

The sound speed in gas is estimated by

cs ¼ √γkT=mH ≈ γT=100Kð Þ1=2km=s, (3)

where γ ¼ 1:4 is the gas adiabatic index, k is Boltzmann constant, mH is
hydrogen atom mass.

In a vertical direction, the gas is in hydrostatic balance with a characteristic scale
height:

H � cs
Ω

≈ 0:03
T

100K

� �1=2 M⊙

M

� �1=2 R
AU

� �3=2

AU: (4)

The thickness-to-radius ratio (aspect ratio) is usually� 1/10 and increases slowly
with radius, R. The superficial density of the gas in a disk can be estimated as Σ ≈ 2H ρ.

In “α-model” of accretion disk [29], the expense of gas occurs with a speed
dm=dt ¼ 3πνΣ, where ν is the kinematic viscosity of gas, ν ¼ α cs H.

The dynamic time scale of a disk is

τ � 1
Ω

≈
1
5

M⊙

M

� �1=2 R
AU

� �3=2

yr (5)

For Keplerian disk, radial momentum equation solution yields to a difference
between the speeds of rigid particles and surrounding gas [30]. In a thin gas disk
(cs ≪ΩR), rigid particles drift relative to gas with a speed

Figure 1.
Rotational velocity profiles of Burgers and Rankin vortices.
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tion of planetesimals [11–14]. The initial stage of growth probably proceeds through
the nucleation of submicron-sized dust grains from the primordial nebula, which
then forms the monomers of fractal dust aggregates up to �1 mm to �10 cm for
characteristic time of an order of 103 years [15, 16]. The best astrophysical evidence
for grain growth to specified sizes is the detection of 3.5 cm dust emission from the
face-on disk of radius 225 AU round classical T Tauri star TW Hya [17]. When the
planetesimals reached a size of about 1 km, they began to attract other smaller
bodies due to their gravity.

In models of protoplanetary disks, gas practically moves on sub-Keplerian
speeds. Rigid particles, under the action of a head wind drag, lose the angular
momentum and energy. As a result, the �10 cm to meter-sized particles drift to the
central star for hundreds of years, that is, much less than the lifetime of a disk
which makes several millions of years [18, 19].

Long-lived vortical structures in gas disk are a possible way to concentrate the
�10 cm to meter-sized particles and to grow up them in planetesimal. Similar
effect of vortices on the Earth was observed in special laboratories and also in the
ocean [20].

In some areas of the stratified protoplanetary disks, the current has a 2D turbu-
lent character. An attractive feature of such hydrodynamic current consists in the
fact that in it, through a background of small whirlpools, long-living vortices will
spontaneously be formed without requirement of special initial conditions [21–23].
In laboratory experiments [24, 25], formation of Burgers vortex, which will be
considered here, is often observed in 2D turbulent flows. Anticyclonic vortices in a
protoplanetary disk merge with each other and amplify, while cyclonic ones are
destroyed by a shear flow [26].

In cylindrical system of coordinates (r, θ, z), the Burgers vortex is defined as

vr ¼ �Αr, vθ ¼ ωr02 1� exp �r2=r20
� �� �

=r, vz ¼ 2Αz: (2)

This is a vortex with a converging stream of substance to its center with gradient
–Α,ω and r0 as the circulation and the size of a trunk of a vortex. Rotation of a
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vortex trunk is almost uniform, then falls down under hyperbolic law, and at
distance reff ¼ 4:5r0 (effective radius of vortex) makes 1/3 of the maximum value of
vθ (Figure 1). The asymptotic behavior of Burgers vortex in small and big distances
from the vortex center represents the Rankin vortex [27, 28].

2. Magnitude of some parameters of circumstellar disks

A typical circumstellar disk is a few hundred AU (astronomical unit, 1 AU = 1.5
1013 cm) in size. It is mainly composed of hydrogen and helium gas. We consider a
vortex in such axially symmetrical viscous accretion disk with effective temperature
T and gas density ρ, of almost Keplerian rotation.

The sound speed in gas is estimated by

cs ¼ √γkT=mH ≈ γT=100Kð Þ1=2km=s, (3)

where γ ¼ 1:4 is the gas adiabatic index, k is Boltzmann constant, mH is
hydrogen atom mass.

In a vertical direction, the gas is in hydrostatic balance with a characteristic scale
height:

H � cs
Ω

≈ 0:03
T

100K

� �1=2 M⊙

M

� �1=2 R
AU

� �3=2

AU: (4)

The thickness-to-radius ratio (aspect ratio) is usually� 1/10 and increases slowly
with radius, R. The superficial density of the gas in a disk can be estimated as Σ ≈ 2H ρ.

In “α-model” of accretion disk [29], the expense of gas occurs with a speed
dm=dt ¼ 3πνΣ, where ν is the kinematic viscosity of gas, ν ¼ α cs H.

The dynamic time scale of a disk is

τ � 1
Ω

≈
1
5

M⊙

M

� �1=2 R
AU

� �3=2

yr (5)

For Keplerian disk, radial momentum equation solution yields to a difference
between the speeds of rigid particles and surrounding gas [30]. In a thin gas disk
(cs ≪ΩR), rigid particles drift relative to gas with a speed

Figure 1.
Rotational velocity profiles of Burgers and Rankin vortices.
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� �1=2 R
AU

� �1=2

: (6)

At cs � 1km=s, typical drift speed is of order 30 m/s. The characteristic scale of
drift time [18, 19] almost by two orders surpasses the dynamic time: τd � r=Δv �
R=A:E:ð Þ 102yr.

For a characteristic time τs � Σ=αΩρ ∗ [31], where ρ ∗ is the mass density of a
particle, dust settled on a midplane of a disk. The characteristic time between
collisions of rigid particles among themselves is estimated as τcol � Dρ ∗ =Σ ∗Ω,
where D is the diameter of a particle and Σ ∗ is the superficial density of rigid
particles in a disk which is more than by two orders less than a disk Σ.

Viscous dissipation and orbital shear limit the sizes of a vortex. Viscous dissipa-
tion destroys vortices of sizes less than the viscous scale [32]:

Lν ¼ αcsH
vθ

≈ 0:003
α

0:01

� � 0:1cs
vθ

� �
M⊙

M

� �1=2 R
AU

� �3=2

AU, (7)

where vθ is the rotational speed of a vortex.
The Keplerian shear flow forbids the formation of circular structures with the

sizes larger than the shear length scale:

Lshear ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
vθ

dΩ
dR

����
����
�1

s
≈ 0:05

vθ
0:1cs

� �1=2 M⊙

M

� �1=4 R
AU

� �5=4

AU: (8)

The vortices, whose sizes surpass Lshear, are extended in an azimuthal direction
that allows them to survive longer. In [33] we have shown the possibility of forma-
tion in a disk extended in an azimuthal direction three-axis ellipsoidal vortex, with a
linear field of circulation, similar to Riemann S ellipsoids [34]. However, in a disk
round the central star of solar mass, at distance 30 AU, the vortex of characteristic
speed of rotation, 0.01cs, can be circular and have the size of an order of �1 AU.

In a gas disk, drag force on rigid particles from gas is exposed, which, depending
on size of a particle, is expressed either by Stokes or Epstein’s formula (see, e.g., [25]).

Here our main results obtained by investigations of the linear and nonlinear
perturbation equations of differentially rotating gravitating gaseous disk in geo-
strophic and post-geostrophic approximations are presented [35], as well as the
results on formation of planetesimals by Burgers vortex in a protoplanetary disk [26].

3. Model and basic equations for linear perturbations

Consider at first a gravitating pure gas disk of mass density ρ rð Þ, which rotates
with angular velocity Ω rð Þ around the z-axis. Explore 2D perturbations in plane of
the disk, ignoring its vertical structure. Present any characteristic functions of the
disk as f0 rð Þ þ f r,φ, tð Þ, where f0 rð Þ describes the equilibrium state and f r,φ, tð Þ is
a small but finite perturbation.

We will consider isentropic perturbations (S = constant) and therefore enthalpy
H(S, P) = H(P),

where P is the pressure and

dH ¼ dP=ρ ¼ cs2dρ=ρ, (9)
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where cs is the sound speed. Evidently, Eq. (9) is the equation of state of disk
substance.

Perturbations of the disk in a rotating with angular velocity Ω0 � Ω r0ð Þ cylin-
drical coordinate system (Figure 2) are described by 2D hydrodynamic equations1:

dv=dtþ 2Ω0ez � vþ eφvrrΩ0 þ ∇Φ ¼ 0, (10)

dρ=dtþ ρ∇ vð Þ ¼ 0, (11)

where the velocity was presented in the form of

V0 � eφ Ω�Ω0ð Þr,

Φ is the sum of perturbations of gravitational potential U and enthalpy

Φ � UþH, (12)

d=dt ¼ ∂=∂tþ V0∂=r∂φþ v∇; (13)

and the Poisson equation is

ΔU ¼ 4πGρ, (14)

In Eq. (10) we have used the radial equilibrium condition for the disk:

Ω2r ¼ dΦ0=dr: (15)

Taking into account Eq. (9), the continuity Eq. (11) can be written as

dH=dtþ cs2∇v ¼ 0: (16)

Taking operator curl on Eq. (10) and then by combining the equation of conti-
nuity, after simple transformation, we obtain

d=dt curlzvþ 2Ωþ rΩ0½ �=ρf g ¼ 0: (17)

1 Here and below the bar indicates the differentiation of equilibrium parameters of the disk on the radial

coordinate r.

Figure 2.
The local frame of reference 1.
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At cs � 1km=s, typical drift speed is of order 30 m/s. The characteristic scale of
drift time [18, 19] almost by two orders surpasses the dynamic time: τd � r=Δv �
R=A:E:ð Þ 102yr.

For a characteristic time τs � Σ=αΩρ ∗ [31], where ρ ∗ is the mass density of a
particle, dust settled on a midplane of a disk. The characteristic time between
collisions of rigid particles among themselves is estimated as τcol � Dρ ∗ =Σ ∗Ω,
where D is the diameter of a particle and Σ ∗ is the superficial density of rigid
particles in a disk which is more than by two orders less than a disk Σ.

Viscous dissipation and orbital shear limit the sizes of a vortex. Viscous dissipa-
tion destroys vortices of sizes less than the viscous scale [32]:

Lν ¼ αcsH
vθ

≈ 0:003
α

0:01

� � 0:1cs
vθ

� �
M⊙

M

� �1=2 R
AU

� �3=2

AU, (7)

where vθ is the rotational speed of a vortex.
The Keplerian shear flow forbids the formation of circular structures with the

sizes larger than the shear length scale:

Lshear ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
vθ

dΩ
dR

����
����
�1

s
≈ 0:05

vθ
0:1cs

� �1=2 M⊙

M

� �1=4 R
AU

� �5=4

AU: (8)

The vortices, whose sizes surpass Lshear, are extended in an azimuthal direction
that allows them to survive longer. In [33] we have shown the possibility of forma-
tion in a disk extended in an azimuthal direction three-axis ellipsoidal vortex, with a
linear field of circulation, similar to Riemann S ellipsoids [34]. However, in a disk
round the central star of solar mass, at distance 30 AU, the vortex of characteristic
speed of rotation, 0.01cs, can be circular and have the size of an order of �1 AU.

In a gas disk, drag force on rigid particles from gas is exposed, which, depending
on size of a particle, is expressed either by Stokes or Epstein’s formula (see, e.g., [25]).

Here our main results obtained by investigations of the linear and nonlinear
perturbation equations of differentially rotating gravitating gaseous disk in geo-
strophic and post-geostrophic approximations are presented [35], as well as the
results on formation of planetesimals by Burgers vortex in a protoplanetary disk [26].

3. Model and basic equations for linear perturbations

Consider at first a gravitating pure gas disk of mass density ρ rð Þ, which rotates
with angular velocity Ω rð Þ around the z-axis. Explore 2D perturbations in plane of
the disk, ignoring its vertical structure. Present any characteristic functions of the
disk as f0 rð Þ þ f r,φ, tð Þ, where f0 rð Þ describes the equilibrium state and f r,φ, tð Þ is
a small but finite perturbation.

We will consider isentropic perturbations (S = constant) and therefore enthalpy
H(S, P) = H(P),

where P is the pressure and

dH ¼ dP=ρ ¼ cs2dρ=ρ, (9)
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where cs is the sound speed. Evidently, Eq. (9) is the equation of state of disk
substance.

Perturbations of the disk in a rotating with angular velocity Ω0 � Ω r0ð Þ cylin-
drical coordinate system (Figure 2) are described by 2D hydrodynamic equations1:

dv=dtþ 2Ω0ez � vþ eφvrrΩ0 þ ∇Φ ¼ 0, (10)

dρ=dtþ ρ∇ vð Þ ¼ 0, (11)

where the velocity was presented in the form of

V0 � eφ Ω�Ω0ð Þr,

Φ is the sum of perturbations of gravitational potential U and enthalpy

Φ � UþH, (12)

d=dt ¼ ∂=∂tþ V0∂=r∂φþ v∇; (13)

and the Poisson equation is

ΔU ¼ 4πGρ, (14)

In Eq. (10) we have used the radial equilibrium condition for the disk:

Ω2r ¼ dΦ0=dr: (15)

Taking into account Eq. (9), the continuity Eq. (11) can be written as

dH=dtþ cs2∇v ¼ 0: (16)

Taking operator curl on Eq. (10) and then by combining the equation of conti-
nuity, after simple transformation, we obtain

d=dt curlzvþ 2Ωþ rΩ0½ �=ρf g ¼ 0: (17)

1 Here and below the bar indicates the differentiation of equilibrium parameters of the disk on the radial

coordinate r.
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The local frame of reference 1.
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The expression in the curly brackets in this equation is a generalized vortencity.
The equation shows that for 2D isentropic perturbations, generalized vortencity is
conserved along the current lines. So for stationary perturbations, generalized
vortencity is an arbitrary function of ψ:

curlzvþ 2Ωþ rΩ0ð Þ=ρ ¼ B ψð Þ: (18)

In a uniformly rotating (Ω ¼ const:) gravitating disk, no drifting stationary
vortex solution can be obtained without specifying the function B ψð Þ, because
Eq. (18) can be represented as a Jacobean J ψ, curlzvþ 2Ωð Þ=ρf g ¼ 0, which satisfies
the arbitrary circularly symmetric vortex disturbance around point O.

4. Vortices in the geostrophic approximation

This approach assumes that Coriolis forces and gravity balance the pressure
gradient in the disk.

Then from the equation of motion (17), we get the perturbed geostrophic
velocity:

vG ¼ 1=2Ω0ð Þez � ∇Φ: (19)

Using the last, Eq. (18) takes the form

1=2Ω0ρð Þ ΔΦþ 2Ωþ rΩ0
0ð Þ=ρ ¼ B ψð Þ: (20)

In further analysis of this topic, we will introduce the local Cartesian coordinate
system (X,Y) such that (Figure 2)

∂=∂x ¼ ∂=∂r, ∂=∂y ¼ ∂=r∂φ, (21)

and will explore the vortical perturbations around a point O in a linear
approximation.

The stream function ψ x, y
� �

of perturbed velocity (19) is expressed through
perturbations Φ by the following formula:

ψ ¼ Φ=2Ω0: (22)

Imagine around a point O function ρ xð Þ and Ω xð Þ in the form of

ρ xð Þ ¼ ρ0 r0ð Þ þ xρ00 þ ρ x, y
� �

;Ω xð Þ ¼ Ω0 þ xΩ0
0: (23)

In this case V0 ≈ r0Ω0
0x.

Perturbations of density and enthalpy (9) in linear approach are connected by
the following formula:

ρ x, y
� � ¼ ρ0H x, y

� �
=cs2, (24)

Then Eq. (13) with an accuracy to a constant term will be in the form of

B ψð Þ ¼ ρ0
‐1 Δψ‐κ02kR2H=2Ω0Ω2Þ þ xβ
� �

, (25)
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where kR ¼ Ω0=cs is the Rossby wave number, κ02 ¼ 2Ω0 2Ω0 þ r0Ω0
0

� �
is the

square of the epicyclical frequency, and

β � 3Ω0
0 � κ02ρ00=2Ω0ρ0: (26)

If to take the relationship of density perturbations with perturbations of gravi-
tational potential using Poisson equation

ρ x, y
� � ¼ ΔU x, y

� �
=4π Gð Þ,

instead of Eq. (25), we obtain the equation

B ψð Þ ¼ ρ0
�1 Δψ� κ02ΔU=2Ω0 ωJ

2 þ xβ
� �

, (27)

where ωJ
2 � 4πGρ0 is the square of the Jeans frequency.

The order of magnitude of |H/U| can be estimated using the definition
cs2 ¼ dP0=dρ0ð Þ and ΔΦj j ¼ k2Φ.

where k is wavenumber of perturbations

H=Uj j ≈ k2cs2=ωJ
2 ¼ k2=kJ

2, (28)

where kJ ¼ ωJ=cs is the Jeans wavenumber. Eq. (28) shows that the case Hj j≫ Uj j
describes the small-scale disturbances: matching k2=kJ

2 ≫ 1, orλ≪ λJ. In this case
ψ ¼ H=2Ω0 � h, and Eq. (25) takes the form

B hð Þ ¼ ρ�1
0 Δh� κ20k

2
R=Ω

2
0

� �
hþ xb

� �
: (29)

Limit Hj j≪ Uj jcorresponds to the large-scale perturbations �λ≫ λJ. Then
ψ ¼ U=2Ω0 � ϕ, and Eq. (27) turns into

B ϕð Þ ¼ ρ�1
0 1� κ20=ω

2
J

� �
Δφþ xb

n o
: (30)

By selection of function B, we can explore the stationary vortex solutions of
Eqs. (29) and (30).

Let’s take a look at the simplest case of uniformly rotating disk of homogeneous
density, β ¼ 0, κ20 ¼ 4Ω2

0, when the vortencity is constant and is equal to Γ=ρ0πa2
where Γ is the velocity circulation. We assume that the velocity circulation Γ differs
from zero only in a circle of radius a ≪ r0ð Þ around point O. Using now the polar
coordinates R, θð Þ : x ¼ Rcosθ, y ¼ Rsinθ (Figure 2), the equation for disturbances
(29) can be written as

Δh� 4k2R ¼ Γ=πα2, R≤ a
0, R≥ a

�
(31)

which gives a circularly symmetric solution for relative perturbed density of mass

ρ

ρ0
¼ � Γ

πascs

1� K1 sð ÞI0 sR=að Þ
K1 sð ÞI0 sð Þ þ I1 sð ÞK0 sð Þ , R≤ a

I1 sð ÞK0 sR=að Þ
K1 sð ÞI0 sð Þ þ I1 sð ÞK0 sð Þ , R≥ a

8>>>><
>>>>:

(32)
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The expression in the curly brackets in this equation is a generalized vortencity.
The equation shows that for 2D isentropic perturbations, generalized vortencity is
conserved along the current lines. So for stationary perturbations, generalized
vortencity is an arbitrary function of ψ:

curlzvþ 2Ωþ rΩ0ð Þ=ρ ¼ B ψð Þ: (18)

In a uniformly rotating (Ω ¼ const:) gravitating disk, no drifting stationary
vortex solution can be obtained without specifying the function B ψð Þ, because
Eq. (18) can be represented as a Jacobean J ψ, curlzvþ 2Ωð Þ=ρf g ¼ 0, which satisfies
the arbitrary circularly symmetric vortex disturbance around point O.

4. Vortices in the geostrophic approximation

This approach assumes that Coriolis forces and gravity balance the pressure
gradient in the disk.

Then from the equation of motion (17), we get the perturbed geostrophic
velocity:

vG ¼ 1=2Ω0ð Þez � ∇Φ: (19)

Using the last, Eq. (18) takes the form

1=2Ω0ρð Þ ΔΦþ 2Ωþ rΩ0
0ð Þ=ρ ¼ B ψð Þ: (20)

In further analysis of this topic, we will introduce the local Cartesian coordinate
system (X,Y) such that (Figure 2)

∂=∂x ¼ ∂=∂r, ∂=∂y ¼ ∂=r∂φ, (21)

and will explore the vortical perturbations around a point O in a linear
approximation.

The stream function ψ x, y
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of perturbed velocity (19) is expressed through
perturbations Φ by the following formula:

ψ ¼ Φ=2Ω0: (22)

Imagine around a point O function ρ xð Þ and Ω xð Þ in the form of

ρ xð Þ ¼ ρ0 r0ð Þ þ xρ00 þ ρ x, y
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;Ω xð Þ ¼ Ω0 þ xΩ0
0: (23)

In this case V0 ≈ r0Ω0
0x.

Perturbations of density and enthalpy (9) in linear approach are connected by
the following formula:

ρ x, y
� � ¼ ρ0H x, y

� �
=cs2, (24)

Then Eq. (13) with an accuracy to a constant term will be in the form of

B ψð Þ ¼ ρ0
‐1 Δψ‐κ02kR2H=2Ω0Ω2Þ þ xβ
� �

, (25)
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where kR ¼ Ω0=cs is the Rossby wave number, κ02 ¼ 2Ω0 2Ω0 þ r0Ω0
0

� �
is the

square of the epicyclical frequency, and

β � 3Ω0
0 � κ02ρ00=2Ω0ρ0: (26)

If to take the relationship of density perturbations with perturbations of gravi-
tational potential using Poisson equation

ρ x, y
� � ¼ ΔU x, y

� �
=4π Gð Þ,

instead of Eq. (25), we obtain the equation

B ψð Þ ¼ ρ0
�1 Δψ� κ02ΔU=2Ω0 ωJ

2 þ xβ
� �

, (27)

where ωJ
2 � 4πGρ0 is the square of the Jeans frequency.

The order of magnitude of |H/U| can be estimated using the definition
cs2 ¼ dP0=dρ0ð Þ and ΔΦj j ¼ k2Φ.

where k is wavenumber of perturbations

H=Uj j ≈ k2cs2=ωJ
2 ¼ k2=kJ

2, (28)

where kJ ¼ ωJ=cs is the Jeans wavenumber. Eq. (28) shows that the case Hj j≫ Uj j
describes the small-scale disturbances: matching k2=kJ

2 ≫ 1, orλ≪ λJ. In this case
ψ ¼ H=2Ω0 � h, and Eq. (25) takes the form

B hð Þ ¼ ρ�1
0 Δh� κ20k

2
R=Ω

2
0

� �
hþ xb

� �
: (29)

Limit Hj j≪ Uj jcorresponds to the large-scale perturbations �λ≫ λJ. Then
ψ ¼ U=2Ω0 � ϕ, and Eq. (27) turns into

B ϕð Þ ¼ ρ�1
0 1� κ20=ω

2
J

� �
Δφþ xb

n o
: (30)

By selection of function B, we can explore the stationary vortex solutions of
Eqs. (29) and (30).

Let’s take a look at the simplest case of uniformly rotating disk of homogeneous
density, β ¼ 0, κ20 ¼ 4Ω2

0, when the vortencity is constant and is equal to Γ=ρ0πa2
where Γ is the velocity circulation. We assume that the velocity circulation Γ differs
from zero only in a circle of radius a ≪ r0ð Þ around point O. Using now the polar
coordinates R, θð Þ : x ¼ Rcosθ, y ¼ Rsinθ (Figure 2), the equation for disturbances
(29) can be written as

Δh� 4k2R ¼ Γ=πα2, R≤ a
0, R≥ a

�
(31)

which gives a circularly symmetric solution for relative perturbed density of mass

ρ

ρ0
¼ � Γ

πascs

1� K1 sð ÞI0 sR=að Þ
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8>>>><
>>>>:

(32)
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where s � 2akR. This is a monopole vortex with the following perturbed velocity
field:

vθ ¼ Γ
πas

K1 sð ÞI1 sR=að Þ
K1 sð ÞI0 sð Þ þ I1 sð ÞK0 sð Þ , R≤ a

I1 sð ÞK1 sR=að Þ
K1 sð ÞI0 sð Þ þ I1 sð ÞK0 sð Þ , R≥ a:

8>>>><
>>>>:

(33)

Note that the vortices with positive and negative velocity circulation Γ have
different properties. Whirlwind with positive circulation is characterized by low
pressure, with negative excess mass density of substance. Vortex with negative
circulation has a higher pressure and relatively tight formation with the positive
excess mass density.

To illustrate these results, we will take into account the fact that the Rossby
wavenumber usually is of the order of the inverse thickness of the disk. Considering
that the size of the vortex a as the disk thickness order, we will get for the Bessel
function argument 2akR ≈ 12. Figure 2 shows 3D image relative density perturba-
tions in monopole whirlwind occupying the region 0≤R=a≤ 1:35, for the value of
the argument s ¼ 12. This vortex is a retrograde-circulating rarefaction around the
center O condensation in the case of Γ<0 and prograde-circulating rarefaction in
the case of Γ>0 (Figure 3). The decrease of density in the area R> a of larger
vortex is steeper. If the size of the vortex tends to zero, we get a simple classic case
of point vortex.

For long-scale perturbations (33), the Rankin vortex velocity profile is given
[27, 28]:

v ¼ Γ

2πγα
R=a, R≤ a
a=R, R≥ a:

�
(34)

where γ ¼ 1� Ω2=πGρ0.

5. Vortices in the post-geostrophic approximation

In this section, we will get nonlinear perturbation equation, taking into account
the inertia term in the equation of motion (10) for homogeneously rotating disk.
The cross product of Eq. (10) with ez: ez � Eq. (10), gives

v ¼ vG þ vI, (35)

where the first term is geostrophic speed (19) and the second is

Figure 3.
3D image of relative density perturbations of whirlwind in the range 0≤R=a< 1:4 for 2аkR ¼ 20.
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vI � 1=2Ω0ð Þez � dv=dt: (36)

Substituting Eq. (35) to Eq. (36) and taking approximation d=dt≪Ω (slowly
varying perturbations), dropping the term vI∇ in the expression (13) for d=dt, we get.

vI ¼ 1=4Ω0
2� �
ez � d ez � ∇Φ½ �dt: (37)

With the use of Eqs. (19) and (34), we find

∇vG ¼ 0, (38)

∇vI ¼ � 1=4Ω0
2� �
LΔΦ: (39)

where

L � ∂=∂tþ 1=2Ω0ð Þ ∇Φ� ∇ð Þz: (40)

The continuity equation now takes the form

d ρþρ0
� �

=dtþ ρþρ0
� �

∇vI ¼ 0, (41)

or, using Eqs. (14), (20), and (21)

Lρ� ρ0=4Ω0
2� �
LΔΦ: (42)

Here we have served the terms that are of second order in perturbed amplitude
and neglected terms of highest order.

Using the Poisson equation, we get from Eq. (42) the basic nonlinear equation

LΔU�½α LΔΦþ β∂Φ=r∂φ ¼ 0, (43)

where

α � ωJ
2=2Ω0

2; α0 � dα=dr; β ¼ α0Ω0;ωJ
2 � 4πGρ0 (44)

In view of the assessment (28), for short-scale perturbations (λ≪ λJ), Eq. (42)
takes the form

∂

∂t
þ 2
2Ω0

∇H � ∇ð Þz
� �

ΔH þ 2β
α

1
r
∂H
∂φ

¼ 0: (45)

On the limit ∣H∣≪ ∣U∣ that corresponds to large-scale disturbances: λ≫ λJ,
Eq. (42) turns into [9].

∂

∂t
þ 2
2Ω0

∇U � ∇ð Þz
� �

ΔU þ 2β
α� 2

1
r
∂H
∂φ

¼ 0: (46)

Eqs. (45) and (46) have the same structure differing only by their coefficients,
and are Hasegawa-Mima type (see Eq. (1)).

6. A solitary dipole vortex

In a Cartesian coordinate system (X,Y) (Figure 2), we will look for stationary
solutions of Eq. (45) (and (46)) in a small neighborhood of the guiding center O

29

Vortices in Rotating and Gravitating Gas Disk and in a Protoplanetary Disk
DOI: http://dx.doi.org/10.5772/intechopen.92028



where s � 2akR. This is a monopole vortex with the following perturbed velocity
field:

vθ ¼ Γ
πas

K1 sð ÞI1 sR=að Þ
K1 sð ÞI0 sð Þ þ I1 sð ÞK0 sð Þ , R≤ a

I1 sð ÞK1 sR=að Þ
K1 sð ÞI0 sð Þ þ I1 sð ÞK0 sð Þ , R≥ a:

8>>>><
>>>>:

(33)

Note that the vortices with positive and negative velocity circulation Γ have
different properties. Whirlwind with positive circulation is characterized by low
pressure, with negative excess mass density of substance. Vortex with negative
circulation has a higher pressure and relatively tight formation with the positive
excess mass density.

To illustrate these results, we will take into account the fact that the Rossby
wavenumber usually is of the order of the inverse thickness of the disk. Considering
that the size of the vortex a as the disk thickness order, we will get for the Bessel
function argument 2akR ≈ 12. Figure 2 shows 3D image relative density perturba-
tions in monopole whirlwind occupying the region 0≤R=a≤ 1:35, for the value of
the argument s ¼ 12. This vortex is a retrograde-circulating rarefaction around the
center O condensation in the case of Γ<0 and prograde-circulating rarefaction in
the case of Γ>0 (Figure 3). The decrease of density in the area R> a of larger
vortex is steeper. If the size of the vortex tends to zero, we get a simple classic case
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For long-scale perturbations (33), the Rankin vortex velocity profile is given
[27, 28]:

v ¼ Γ

2πγα
R=a, R≤ a
a=R, R≥ a:

�
(34)

where γ ¼ 1� Ω2=πGρ0.

5. Vortices in the post-geostrophic approximation

In this section, we will get nonlinear perturbation equation, taking into account
the inertia term in the equation of motion (10) for homogeneously rotating disk.
The cross product of Eq. (10) with ez: ez � Eq. (10), gives

v ¼ vG þ vI, (35)

where the first term is geostrophic speed (19) and the second is

Figure 3.
3D image of relative density perturbations of whirlwind in the range 0≤R=a< 1:4 for 2аkR ¼ 20.
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varying perturbations), dropping the term vI∇ in the expression (13) for d=dt, we get.
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where
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Here we have served the terms that are of second order in perturbed amplitude
and neglected terms of highest order.

Using the Poisson equation, we get from Eq. (42) the basic nonlinear equation

LΔU�½α LΔΦþ β∂Φ=r∂φ ¼ 0, (43)

where

α � ωJ
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Eqs. (45) and (46) have the same structure differing only by their coefficients,
and are Hasegawa-Mima type (see Eq. (1)).

6. A solitary dipole vortex

In a Cartesian coordinate system (X,Y) (Figure 2), we will look for stationary
solutions of Eq. (45) (and (46)) in a small neighborhood of the guiding center O
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with a radius of a≪ r0 in the form of a vortex drifting in y-direction at a constant
speed u. Introducing the wave variable

η ¼ y‐ut (47)

Eq. (46) can be rewritten in the form

∂=∂η� A ∇U� ∇ð Þz
� �

δU ¼ Λ∂U=∂η, (48)

or in the form of the Jacobean

J U‐x=A,ΔUþ Λx=Að Þ ¼ 0, (49)

where

Að Þ�1 ¼ 2uΩ,Λ ¼ �4Ω0
2A ln jα� 2jð Þ0: (50)

On basis of Eq. (49)

ΔUþ Λx=A ¼ F U� x=Að Þ, (51)

where F is an arbitrary function. As we are interested in the restricted solutions,
then in the limit of large values η, solution U should vanish for arbitrary values x;
therefore

F �x=Að Þ ¼ �Λx= Að Þ: (52)

We will assume that the function F (51) in the equation is linear not only for
large η but across the whole plane (x, η). In general, F can be represented as
∝ U� x=Að Þ. Introducing polar coordinates R, θ : x ¼ Rcosθ, η ¼ R sin θ, we can
write Eq. (49) in the form

Δþ k2
� �

U ¼ A�1 k2 � Λ
� �

Rcos θ, R ≤ a, (53)

Δ� p2
� �

U ¼ 0, R ≥ a, (54)

where k and p are real constants. Soon the sense of splitting the (R, θ) plane into
two parts will be obvious. Eq. (54) turns out to be uniform, because for a restricted
solution, we have U ! 0 for large R. This condition implies

p2 ¼ �Λ: (55)

Eqs. (53) and (54) have the following stationary solution [9]:

U R, θð Þ ¼ Ωua
1� s2

g2

� �
R
a
þ s2

g2
J1 gR=að Þ
J1 gð Þ

� �
cos θ, R≤ a

�K1 sR=að Þ
K1 sð Þ cos θ R≥ a

8>>><
>>>:

(56)

where J1 and K1 are Bessel and Macdonald functions, respectively, and g ¼ ka
and s ¼ pa are connected by “dispersion equation” which is transcendental

Jð Þ1 gð Þ Kð Þ3 sð Þ þ Jð Þ3 gð Þ Kð Þ1 sð Þ ¼ 0: (57)
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For long-scale perturbations

s2 ¼ 2Ω að Þ2=u
� �

ln jα� 2jð Þ0, (58)

while for small-scale disturbances

U ! H ¼ cs2ρ∣ρ0, and s2 ¼ 2Ω2a=u
� �

lnαð Þ0: (59)

From Eqs. (56) and (19), we get the velocity field of a vortex in the form

vR ¼ � 1
2Ω

∂Φ
R∂θ

¼ u

1� s2

g2
1� aJ1 gR=að Þ

RJ1 gð Þ
� �� �

sin θ, R≤ a

aK0
1 sR=að Þ
RK1 sð Þ sin θ, R≥ a

8>>>><
>>>>:

(60)

vθ ¼ 1
2Ω

∂Φ
∂R

¼ u

1� s2

g2
1� g

J01 gR=að Þ
J1 gð Þ

� �� �
cos θ, R≤ a

sK1
0 sR=að Þ
K1 sð Þ cos θ, R≥ a

8>>>><
>>>>:

(61)

Moreover, the condition (57) is derived from the requirements of continuity
(61) on the circle R ¼ a.

The current lines are determined by dR=vr ¼ Rdθ=vθ that gives

const: ¼
1� s2

g2

� �
R
a
þ s2

g2
J1 gR=að Þ
J1 gð Þ

� �
sin 2θ, R≤ a

K1 sR=að Þ
K1 sð Þ sin 2θ, R≥ a:

8>>><
>>>:

(62)

Figure 4 shows the current lines of drifting solitary dipole vortex, the appropri-
ate formula (62).

Figure 4.
The stream lines of solitary dipole vortex [9].
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two parts will be obvious. Eq. (54) turns out to be uniform, because for a restricted
solution, we have U ! 0 for large R. This condition implies
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Eqs. (53) and (54) have the following stationary solution [9]:

U R, θð Þ ¼ Ωua
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g2
J1 gR=að Þ
J1 gð Þ
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cos θ, R≤ a

�K1 sR=að Þ
K1 sð Þ cos θ R≥ a

8>>><
>>>:

(56)

where J1 and K1 are Bessel and Macdonald functions, respectively, and g ¼ ka
and s ¼ pa are connected by “dispersion equation” which is transcendental

Jð Þ1 gð Þ Kð Þ3 sð Þ þ Jð Þ3 gð Þ Kð Þ1 sð Þ ¼ 0: (57)
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For long-scale perturbations

s2 ¼ 2Ω að Þ2=u
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ln jα� 2jð Þ0, (58)

while for small-scale disturbances

U ! H ¼ cs2ρ∣ρ0, and s2 ¼ 2Ω2a=u
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lnαð Þ0: (59)

From Eqs. (56) and (19), we get the velocity field of a vortex in the form

vR ¼ � 1
2Ω

∂Φ
R∂θ

¼ u

1� s2

g2
1� aJ1 gR=að Þ

RJ1 gð Þ
� �� �

sin θ, R≤ a

aK0
1 sR=að Þ
RK1 sð Þ sin θ, R≥ a

8>>>><
>>>>:

(60)

vθ ¼ 1
2Ω

∂Φ
∂R

¼ u

1� s2

g2
1� g

J01 gR=að Þ
J1 gð Þ

� �� �
cos θ, R≤ a

sK1
0 sR=að Þ
K1 sð Þ cos θ, R≥ a

8>>>><
>>>>:

(61)

Moreover, the condition (57) is derived from the requirements of continuity
(61) on the circle R ¼ a.

The current lines are determined by dR=vr ¼ Rdθ=vθ that gives
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Figure 4 shows the current lines of drifting solitary dipole vortex, the appropri-
ate formula (62).

Figure 4.
The stream lines of solitary dipole vortex [9].
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7. The contours of constant density

As shown in Section 3, Φ=2Ω is the current function of perturbed speed, ψ in the
case of short-scale disturbances Φ ¼ H. Then we have the ψ ¼ H ρð Þ=2Ω; the constant
values of the contours of constant density ρ match the lines of the current ψ ¼
constant: in short-scale modon, substance flows along the lines of constant density.

In the long-scale limit, Φ ¼ U and ψ ¼ U=2Ω. Therefore, in this case the current
lines coincide with equipotentials of the gravitational field, not with the contours of
constant density. The last can be found using the Poisson equation:

Δψ ¼ 2πGρ=Ω: (63)

Since equipotentials U = constant, generally speaking, do not coincide with the
contours of constant density, it follows that the stream lines ψ = constant do not
coincide with the contours of constant density.

Define the contours of constant density of modon. Relative density perturba-
tions in the short-scale range are expressed by the following formula:

σ ¼ ρ=ρ0 ¼ βswH=auΩ, whereβsw � auΩ=cs2: (64)

The relative perturbed density in long-scale range turns out to be in the form

σ ¼ 1
ω2
J
Δψ ¼ βlw

J1 gR=að Þ
J1 gð Þ cos θ, R≤ a

K1 sR=að Þ
K1 sð Þ cos θ, R≥ a

8>>><
>>>:

(65)

where

βlw � �uΩs2=aωJ
2 ¼ � ln α� 2j jð Þ}=α: (66)

To illustrate, consider a logarithmic model of the disk, describing in equilibrium
by the following functions of potential, mass density, and angular velocity:

U0 rð Þ ¼ ½v02 ln Rc
2 þ r2

� �
, ρ0 rð Þ ¼ v02R2=2πG Rc

2 þ r2
� �

,

Ω2 ¼ v02= Rc
2 þ r2

� �
,

(67)

where Rc and v0 are constants, rotation of a disk in the small area (a≪Rc) can
be considered as uniform, and βlw for this model turns out to be equal to

βlw ≈ 8ar=3R cð Þ2 ≈ 8a Rc þ Rcosθð Þ=3Rc
2, (68)

where we used the relation r2 ≈ Rc
2 þ 2RRccosθ, by placing the center O in R ¼ Rc.

For illustrations of a perturbed density distribution in dipole vortex (65), we
used the following solutions of “dispersion equation” (57): (g,s) = (4.0, 1.52);
(4.2, 2.90); (4.5, 6.0); (4.7, 10.0).

The curves in Figure 5 show perturbed density as a function of dimensionless
distance R/a from the guiding center O in the short-scale (curves increasing towards
the center) and in the long-scale (curves descending towards the center) limit.

The density distribution is antisymmetrical to the guiding center. Depending on
the choice of the dispersion curve (57) range, there are two types of mass distribu-
tion in dipole vortex. One is antisymmetrically located almost round condensation,
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and one rarefaction (Figure 6) characterizes the first type. The second type is
characterized by the two antisymmetrically located condensations and two rarefac-
tions, and second condensation-rarefaction pair has sickle-form (Figure 7). For
small values g and s, the short-scale modon is of the second type, with distinctive
two condensations (see Figure 8). In the middle part of the dispersion curve, the
short-scale and long-scale modons have roughly the same structure. They have one
antisymmetrical located prominent pair of condensation-rarefaction and another
weak pair of sickle forms. For large values of g and s, the short-scale modon is the
first type and has the character of a cyclone-anticyclone couple; the long-scale one is
the second type and is characterized by a nearly round and sickle-shaped conden-
sations. In laboratory experiments, the solitary dipole vortices on shallow water,

Figure 5.
Dependence of relative perturbed density from the dimensionless distance R/a in short-scale and long-scale
modons.

Figure 6.
3D image of density distribution in the first type modon.

Figure 7.
3D image of density distribution in the second type modon.
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be considered as uniform, and βlw for this model turns out to be equal to
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2, (68)

where we used the relation r2 ≈ Rc
2 þ 2RRccosθ, by placing the center O in R ¼ Rc.

For illustrations of a perturbed density distribution in dipole vortex (65), we
used the following solutions of “dispersion equation” (57): (g,s) = (4.0, 1.52);
(4.2, 2.90); (4.5, 6.0); (4.7, 10.0).

The curves in Figure 5 show perturbed density as a function of dimensionless
distance R/a from the guiding center O in the short-scale (curves increasing towards
the center) and in the long-scale (curves descending towards the center) limit.

The density distribution is antisymmetrical to the guiding center. Depending on
the choice of the dispersion curve (57) range, there are two types of mass distribu-
tion in dipole vortex. One is antisymmetrically located almost round condensation,
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and one rarefaction (Figure 6) characterizes the first type. The second type is
characterized by the two antisymmetrically located condensations and two rarefac-
tions, and second condensation-rarefaction pair has sickle-form (Figure 7). For
small values g and s, the short-scale modon is of the second type, with distinctive
two condensations (see Figure 8). In the middle part of the dispersion curve, the
short-scale and long-scale modons have roughly the same structure. They have one
antisymmetrical located prominent pair of condensation-rarefaction and another
weak pair of sickle forms. For large values of g and s, the short-scale modon is the
first type and has the character of a cyclone-anticyclone couple; the long-scale one is
the second type and is characterized by a nearly round and sickle-shaped conden-
sations. In laboratory experiments, the solitary dipole vortices on shallow water,

Figure 5.
Dependence of relative perturbed density from the dimensionless distance R/a in short-scale and long-scale
modons.

Figure 6.
3D image of density distribution in the first type modon.
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3D image of density distribution in the second type modon.
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obviously, are the short-scale modons of the first type with the asymmetry between
high- and low-pressure centers.

Let’s estimate the masses of condensations in long-scale modon:

m1 ¼ 2πhp0
J1 gð Þ βlw

ð3π=2
π=2

cos θdθ
ðx1
0
J1 gxð Þxdx ¼ 4πa2hp0

J1 gð Þ βlwJ0 gx1
� �

H1 gx1
� �

, (69)

where x ¼ R= að Þ, h is the thickness of the gas disk, H1 gxð Þ is the Struve function
of the first order, and x1 is the root of equation J1 gx1

� � ¼ 0. Similarly

m2 ¼ 2πa2hρ0
J1 gð Þ βlw

ðπ=2
�π=2

cos θdθ
ð1
x1
J1 gxð Þxdxþ 2πa2hρ0

K1 sð Þ βlw

ðπ=2
�π=2

cos θdθ
ð∞
1
K1 sxð Þxdx:

(70)

Numerical estimations show that the ratio of the masses of condensations in the
long-scale modon, depending on values of parameters g and s, varies in the range
m1=m2 � 2� 30.

Now we will focus our attention on a role of vortices for the formation of
planetesimals in a protoplanetary light dusty disk.

8. The Burgers vortex in local frame of reference

Let’s use the local approach, choosing frame of reference, rotating with a disk
with angular speed Ω0 at distance R0 round the central star of mass M. In this
approach, assuming the effective radius of a vortex is much smaller than R0, we will
choose the Cartesian system of coordinates with center O (Figure 9), directing the
y-axis to a star and the x-axis in direction of Keplerian flow of gas. We will present
the disk rotation as

Ω Rð Þ∝R�q: (71)

In case when only the gravitation of the central star operates, rotation will be
Keplerian with q = 3/2, and for homogeneously rotating disk, q ¼ 2, i:e:2≥ q≥ 3=2.

The substance stream in chosen frame of reference, has X component of speed -
iqΩ0y, centrifugal force is compensated by gravitation of the central star at distance

Figure 8.
“Dispersive curve”—the solution of Eq. (57). In the three ranges of the curve, 3D images described the relative
perturbed density of modon in short-scale (lower row) and long-scale (upper row) limits. The blue color
indicates condensations, and red color indicates rarefactions.
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R0, in other points their sum gives the tidal force j3Ω0
2y. The vertical component of

gravitation ‐Ω0
2z is returning force along the z-axis.

In the local approach, the equation stationary isentropic shear flow of dusk
viscous substance is described by Navier–Stokes and continuity equations:

v∇ð Þv ¼ j3Ω0
2y� kΩ0

2z� 2Ω0 � v� ∇hþ νΔv (72)

∇ ρvð Þ ¼ 0, (73)

where h is specific enthalpy h ¼ Ð ρ�1dp
� �

and i, j, and k are Cartesian unit
vectors. The first term in the right-hand side of Eq. (72) is tidal acceleration, the
second term is vertical gravitation, the third is acceleration of Coriolis, and the last
is a viscous stress.

In the Cartesian coordinate system, the Burgers vortex (2) will be presented in
the form

vx ¼ �Αx� ωr02y 1� exp �r2=r02
� �� �

=r2,

vy ¼ �Αyþ ωr02x 1� exp �r2=r2
� �� �

=r2,

vz ¼ 2Αz,

(74)

where r2 � x2 þ y2.

9. Motion of rigid particles in Burgers vortex

Let us study the two-dimensional dynamics of dust rigid particles in a Burgers
vortex. We will neglect the influence of rigid particles on dynamics of gas and the
interaction of rigid particles among themselves.

As we consider centimeter- to meter-sized particles, then D considerably surpass
the mean free path of gas molecules; therefore, the friction of rigid particles with
gas will be described by Stokes drag force:

f ¼ β v� uð Þ, where β � 18 ρν=ρ ∗D2, (75)

u = (dX/dt, dY/dt) is velocity of a particle, and X and Y are particle coordinates.
In a dimensionless form, the equation of motion of particles in the accepted

approach looks like

dux=dt ¼ 2uy þ γ vxjr¼ X,Yð Þ � ux
� �� ∂h=∂x

��
r¼ X,Yð Þ, (76)

Figure 9.
The local frame of reference 2.
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obviously, are the short-scale modons of the first type with the asymmetry between
high- and low-pressure centers.
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J1 gð Þ βlw

ð3π=2
π=2

cos θdθ
ðx1
0
J1 gxð Þxdx ¼ 4πa2hp0

J1 gð Þ βlwJ0 gx1
� �

H1 gx1
� �

, (69)

where x ¼ R= að Þ, h is the thickness of the gas disk, H1 gxð Þ is the Struve function
of the first order, and x1 is the root of equation J1 gx1

� � ¼ 0. Similarly

m2 ¼ 2πa2hρ0
J1 gð Þ βlw

ðπ=2
�π=2

cos θdθ
ð1
x1
J1 gxð Þxdxþ 2πa2hρ0

K1 sð Þ βlw

ðπ=2
�π=2

cos θdθ
ð∞
1
K1 sxð Þxdx:

(70)

Numerical estimations show that the ratio of the masses of condensations in the
long-scale modon, depending on values of parameters g and s, varies in the range
m1=m2 � 2� 30.
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Ω Rð Þ∝R�q: (71)
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Keplerian with q = 3/2, and for homogeneously rotating disk, q ¼ 2, i:e:2≥ q≥ 3=2.

The substance stream in chosen frame of reference, has X component of speed -
iqΩ0y, centrifugal force is compensated by gravitation of the central star at distance

Figure 8.
“Dispersive curve”—the solution of Eq. (57). In the three ranges of the curve, 3D images described the relative
perturbed density of modon in short-scale (lower row) and long-scale (upper row) limits. The blue color
indicates condensations, and red color indicates rarefactions.
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duy=dt ¼ 3y� 2ux þ γ vyjr¼ X,Yð Þ � uy
� �� ∂h=∂y

��
r¼ X,Yð Þ, (77)

where γ is a dimensionless parameter

γ ¼ β=Ω0 ¼ 18ρν=ρ ∗D2Ω0: (78)

In Eqs. (76) and (77) a characteristic length is accepted: the size of a trunk of a
vortex r0, for characteristic time and speed �1=Ω0 and Ω0r0, respectively.

In the vortex trunk area (r2=r02 < 1), the profile of rotation has uniform character:

vx ¼ �Αx� ωyþ O r2=r02
� �

, vy ¼ �Αyþ ωxþ O r2=r02
� �

: (79)

where Α and ω are measured in unit Ω0. Therefore

∂h=∂x ¼ � Α2 � ω2 � 2ω
� �

x� 2 Α ωþ 1ð Þy, (80)

∂h=∂y ¼ 2Α ωþ 1ð Þx� 3þ Α2 � ω2 � 2ω
� �

y: (81)

With the use of Eqs. (76)–(81), we receive the equations of motion of rigid
particles in the field of a vortex trunk:

_X
_Y
_ux
_uy

8>>><
>>>:

9>>>=
>>>;

¼

0 0 1 0

0 0 0 1

a b �γ 2

�b a �2 �γ

8>>><
>>>:

9>>>=
>>>;

X
Y
ux
uy

8>>><
>>>:

9>>>=
>>>;
, (82)

where

a ¼ A A� γð Þ � ωþ 1ð Þ2þ 1; b ¼ 2Α ωþ 1ð Þ � γω: (83)

From Eq. (82) it follows that the equilibrium position of rigid particles in a
vortex trunk is its center X ¼ Y ¼ 0, where ux ¼ uy ¼ 0 and _ux ¼ _uy ¼ 0. Particles
gradually come nearer to the center of the vortex by helicoidal trajectories.

For establishing the stability of this position of balance, it is necessary to require
real parts of eigenvalues of a matrix in Eq. (82) to be zero or negative.

Eigenvalues are complex:

Λ1,2,3,4 ¼ �γ=2∓ ⅈ �√ a� 1þ γ2=4� ⅈ b� γð Þ� �
, :

which gives stability condition

b� γð Þ2 þ γ2 a� 1ð Þ≤0, (84)

Taking into account Eq. (83), Eq. (84) leads to stability criterion γ>Α, which for
viscosity, ν, in a dimensional form, gives

ν> ρ ∗АD2=18ρ (85)

Hence, the unique position of balance for rigid particles in a Burgers vortex is its
center where all particles captured by a vortex will gather during the characteristic time:

τ � ωreff=A√βν: (86)
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The mass of the rigid particles captured by a vortex during this time is in the
order

Mp ≈ π reff 2Σ ∗ , (87)

which forms a planetesimal.

10. The thickness of disk in nuclear area of Burgers vortex

So far we have considered the behavior of a whirlwind in a disk plane. However
the whirlwind of Burgers is in 3D formation. We will discuss now a question on a
thickness of a disk in the area where the Burgers vortex is located. For this purpose
we will address a z-projection of the Navier–Stokes Eq. (72). Integrating this equa-
tion taking into account the formula for speed vz, we will receive dependence
enthalpy from the z coordinate:

h zð Þ ¼ cs02 � 4A2 þΩ0
2� �
z2=2,

where cs0 is a sound speed at the vortex center (enthalpy, h0 ¼ cs02, at the center
of vortex is estimated by Clapeyron equation) and Ω0 is an angular speed of rotation
of local frame of reference. Whence we obtain half thickness of a disk at the kernel
area of a whirlwind:

z0 ¼ cs0 2A2 þΩ0
2=2

� ��1=2
: (88)

The question arises whether the disk thickness in area of vortex localization
changed. On radius of R0 the half-thickness of Keplerian disk from (4) is of order
zK ffi cs0=2Ω0. Therefore the relative thickening

Δz
ZK

� Z0

ZK
� 1 ¼ 2

ffiffiffi
2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4A2=Ω2

0

� �q � 1, (89)

is positive if A< 1:3Ω0. This condition is carried out in all areas of a typical
protoplanetary disk. Therefore, the disk in the area of localization of a whirlwind of
Burgers is thicker.

11. Discussion and conclusion

First let’s pay attention to the nontrivial structure of monopoly and dipole
vortices in a rotating and gravitating pure gas disk. Monopole vortices (33) with
mass distribution (32) are localized formations and can have positive and negative
velocity circulation, and Г:Г>0vortex, characterized by low pressure, has negative
excess mass density of substance, in contrast of Г<0 vortex of higher pressure,
with the positive excess mass density (see Figure 3).

More interesting are properties of solitary dipole vortex - modon (60), (61) with
mass distribution (65) in short-scale and long-scale limits. There exist two types of
mass distribution in dipole vortex. Anti-symmetrically located one almost round
condensation and one rarefaction (Figure 6) characterizes the first type. The sec-
ond type is characterized by the anti-symmetrical located two condensations and
two rarefactions, and second condensation-rarefaction pair has sickle-form
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where
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From Eq. (82) it follows that the equilibrium position of rigid particles in a
vortex trunk is its center X ¼ Y ¼ 0, where ux ¼ uy ¼ 0 and _ux ¼ _uy ¼ 0. Particles
gradually come nearer to the center of the vortex by helicoidal trajectories.

For establishing the stability of this position of balance, it is necessary to require
real parts of eigenvalues of a matrix in Eq. (82) to be zero or negative.
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Λ1,2,3,4 ¼ �γ=2∓ ⅈ �√ a� 1þ γ2=4� ⅈ b� γð Þ� �
, :
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Taking into account Eq. (83), Eq. (84) leads to stability criterion γ>Α, which for
viscosity, ν, in a dimensional form, gives
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Hence, the unique position of balance for rigid particles in a Burgers vortex is its
center where all particles captured by a vortex will gather during the characteristic time:
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The mass of the rigid particles captured by a vortex during this time is in the
order

Mp ≈ π reff 2Σ ∗ , (87)

which forms a planetesimal.

10. The thickness of disk in nuclear area of Burgers vortex
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thickness of a disk in the area where the Burgers vortex is located. For this purpose
we will address a z-projection of the Navier–Stokes Eq. (72). Integrating this equa-
tion taking into account the formula for speed vz, we will receive dependence
enthalpy from the z coordinate:
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where cs0 is a sound speed at the vortex center (enthalpy, h0 ¼ cs02, at the center
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of local frame of reference. Whence we obtain half thickness of a disk at the kernel
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The question arises whether the disk thickness in area of vortex localization
changed. On radius of R0 the half-thickness of Keplerian disk from (4) is of order
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is positive if A< 1:3Ω0. This condition is carried out in all areas of a typical
protoplanetary disk. Therefore, the disk in the area of localization of a whirlwind of
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11. Discussion and conclusion

First let’s pay attention to the nontrivial structure of monopoly and dipole
vortices in a rotating and gravitating pure gas disk. Monopole vortices (33) with
mass distribution (32) are localized formations and can have positive and negative
velocity circulation, and Г:Г>0vortex, characterized by low pressure, has negative
excess mass density of substance, in contrast of Г<0 vortex of higher pressure,
with the positive excess mass density (see Figure 3).

More interesting are properties of solitary dipole vortex - modon (60), (61) with
mass distribution (65) in short-scale and long-scale limits. There exist two types of
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condensation and one rarefaction (Figure 6) characterizes the first type. The sec-
ond type is characterized by the anti-symmetrical located two condensations and
two rarefactions, and second condensation-rarefaction pair has sickle-form
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(Figure 7). Circulation of substance in different parts of modon occurs in opposite
direction (Figure 4)!

Now it is difficult to judge about a way of evolution of these structures, for
example, whether monopole vortices lead to the formation of planets in circum-
stellar disks, or the formation of stars or clouds in the galactic gas disk? Or, if it
could transformed the dipole vortices to well-known double objects, such as double
stars, double nuclei in galaxies (as Mrk 266 [36], Figure 10), as well as in giant
molecular clouds, or a planet with a companion in circumstellar disk, or not?

As for dusty protoplanetary disks, long-lived anticyclonic vortical structures can
capture the�10 cm tometer-sized particles and grow up them into planetesimals. Let’s
estimate an order of magnitudes of time (86), and mass (87) for planetesimal forma-
tion by Burgers vortex for a model of a disk of radius 30 AU andmass 0:5 M⊙ round a
star of solar mass: M ≈ M⊙. Taking R0 ¼ 20 AUwewill obtain estimationsΩ0 ≈ 8 �
10�9s�1 and Σ � 1600g=cm2. For a typical protoplanetary disk at considering distance
the vertical scale height is of orderH ≈ 108kmand sound speed cs ≈ HΩ0 ≈ 0:8 km=s.

Let the maximum rotation speed of a vortex be �10 m/s at distance r0 ≈ 1010m
from its center, and converging speed of a stream be vr ¼ A � r0 ≈ 5 m=s. Then we
will have

ω ≈ 10�9s�1, A ≈ 5 � 10�10s�1:

The condition (85) is carried out with a large supply for protoplanetary disks.
The molecular viscosity of gas, estimated by the formula ν � λcs, in which λ is the
mean free path of molecules, cs is the speed of a sound, does not play an appre-
ciable role in processes of a protoplanetary disk. For this reason, the “α-disk”
model [29] is used, in which turbulent viscosity is represented by the expression
ν � αcsH ≈ αH2Ω0. The dimensionless parameter α is constant value of an order α �
10�2. The scale of viscous length thus makes Lν ≈ 106km, so Burgers vortex of big
sizes cannot be destroyed by viscosity. Keplerian shear length makes Lshear ≈ 6 �
109km. Hence, vortices with the sizes reff <Lshear can have circular form.

Taking ρ ∗ =ρ ≈ 1010 in a midplane of a disk, using in (87) and (86) also the
average value for viscosity from stability condition (85), we will receive the
estimations:

Mp ≈ 1028g; τ � 3 � 106 m=Dð Þyrs:

Figure 10.
The isodense picture of the galaxy Markaryan 266 with two nuclei, rotating in the opposite direction [36].
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Therefore, during an order of �106 year, for meter-sized rigid particles, in the
vortex trunk the mass amount comparable with mass of Venus accumulates.

Finally, note that the disk in the Burgers vortex localization area is thicker.
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Chapter 3

Vortices on Sound Generation and
Dissipation in Musical Flue
Instruments
Shigeru Yoshikawa

Abstract

Musical flue instruments such as the pipe organ and flute mainly consist of the
acoustic pipe resonance and the jet impinging against the pipe edge. The edge tone
is used to be considered as the energy source coupling to the pipe resonance.
However, jet-drive models describing the complex jet/pipe interaction were pro-
posed in the late 1960s. Such models were more developed and then improved to
the discrete-vortex model and vortex-layer model by introducing fluid-dynamical
viewpoint, particularly vortex sound theory on acoustic energy generation and
dissipation. Generally, the discrete-vortex model is well applied to thick jets, while
the jet-drive model and the vortex-layer model are valid to thin jets used in most
flue instruments. The acoustically induced vortex (acoustic vortex) is observed near
the amplitude saturation with the aid of flow visualization and is regarded as the
final sound dissipation agent. On the other hand, vortex layers consisting of very
small vortices along both sides of the jet are visualized by the phase-locked PIV and
considered to generate the acceleration unbalance between both vortex layers that
induces the jet wavy motion coupled with the pipe resonance. Vortices from the jet
visualized by direct numerical simulations are briefly discussed.

Keywords: edge tone, pipe tone, jet wave, jet-drive model, discrete-vortex model,
vortex-layer model, vortex sound theory, flow visualization, acoustically induced
vortex, PIV, direct numerical simulation

1. Introduction

Musical wind instruments have a mechanism converting the direct energy of the
fluid flow into the alternative energy of the sound. Such a system is called the self-
sustained oscillation system. The fluid flow that drives the instruments may be
regarded as the aerodynamical sound source or aeroacoustical source. Wind instru-
ments are a very extensive subject of research over the vibration theory, acoustics,
and fluid dynamics. The interaction between the resonance of the instrument
[called generically flue instruments such as an organ pipe, flute, and recorder in this
chapter (see Figure 1)] and the jet as the aeroacoustical source will be adequately
described in this chapter.

Fluid flow brings about vortices and then generates the sound as well. However,
one of the essential characteristics of wind instruments is the resonance, which is an
acoustic mechanism amplifying very small perturbations to periodic disturbances
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with large amplitudes. Any synchronization is then required, and it is realized by
the suitable phase relation between the flow (or the jet) driving wind (or flue)
instruments and the acoustic wave propagating in the instruments. For example, in
the case of flue instruments, if the air flow enters into the pipe at the instant when
the acoustic pressure near the edge takes a relatively large positive value, acoustic
power (given by the product of the alternating volume flow and the acoustic
pressure) becomes positive, and the sound is sustained.

However, a big dissatisfaction to the above viewpoint is the assumption of the
existence of the sound at the starting point. Therefore, exactly saying, acoustical
theory above is not sound generation theory but sound regeneration theory. The
viewpoint of positive feedback between the jet and the pipe and the time-domain
formulation based on the pipe reflection function [1] are both sound regeneration
theory [2]. Musical instrument acoustics has treated such regeneration theories and
phenomena as chief objects of research. This is because the resonance is acoustically
essential, and we may consider that the resonance controls fluid movement as the
energy source. It will be open to the charge of being imperfect combustion that
sound existence is presupposed at the starting point when we try to answer how flue
instruments produce their sounds.

Then, if we introduce a thesis, “the vortex itself is the true sound source,” of the
vortex sound theory [3] to flue instruments, is the problem solved? Flue instru-
ments do not seem to be such an obedient subject. Certainly, the vortex sound
theory is satisfactorily valid to the edge tone, where the jet-edge system has no pipe
that gives the resonance or the acoustic feedback; instead the fluid-dynamical
feedback between the edge and the flue (flow issuing slit) is a main mechanism of
sound generation.

Moreover, there are a few non-negligible differences other than the acoustic
resonance between the edge tone and the pipe tone (or flue tone). First is the
amplitude magnitude when the jet oscillates against the edge. The oscillation
amplitude of the edge-tone jet is as small as two to three times the jet thickness.
On the other hand, the pipe-tone jet in an organ pipe often exceeds 10 times the jet
thickness. The edge in an organ pipe (or flue instruments) is just a partition wall
which separates the inside from the outside of the pipe. It may be said that the
direct jet-edge interaction time is quite short compared with a tonal period in flue
instruments. Large vortices visible behind the pipe edge are, so to speak, odds and
ends of the jet driving the pipe. We should pay more attention toward invisible (for
our naked eyes) vortices carried along the jet to the edge.

Second is the difference in the jet-edge configuration. The configuration is
usually symmetrical in the edge tone. In other words, the jet center surface corre-
sponds to the edge tip. Alternate small vortices continuously appear above and
beneath the edge. On the other hand, the edge is usually displaced upward in organ

Figure 1.
An organ flue pipe as a typical example of the musical flue instruments and its important parameters. d, the
flue-to-edge distance (or cutup, jet length); h, the jet thickness (or height of the flue exit); R, the pipe inner
radius. The origin of the coordinate system is located at the center of the flue exit surface.
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pipes (see Figure 1). The flute may have such asymmetry depending on the player.
This jet-edge divergence is called the offset, which is one of important parameters to
adjust the tone color of flue instruments.

Also, we should relevantly notice largely different flow-acoustic interactions
involved in various vortex-related sound generations. A thin jet and a sharp edge
are used for the edge tone [4–6]. A thick (or semi-infinite) jet usually drives a wall-
mounted cavity to produce its resonance called the cavity tone [7–9]. A thin jet
drives a sharp edge (called the labium) of the resonant pipe to produce an organ
pipe tone [1, 2, 10, 11]. A thin jet drives a thick edge with an angle of about 60° in
the flute [1]. A thin jet issuing from a flue with the chamfer drives a sharp edge in
the recorder [12, 13]. In addition, jet velocity widely extends from a few meters per
second to about 50 m/s for these tone productions. Flow condition is laminar or
turbulent. The Strouhal number St = fd/U0 (f the sounding frequency; d the flue-to-
edge distance; and U0 the jet velocity at the flue exit) extends from about 0.05 to 5.
Generally, a thin edge tends to enhance higher harmonics. As St has higher values,
the jet flow, which drives the resonant pipe, tends to break down into discrete
vortices [10, 14].

Although the vortex is essential in flow-excited sound generation, it may operate
as an important source of acoustic energy dissipation in various flow-acoustic
interactions [3, 15–17]. In the context of musical instruments, the acoustically
induced vortex shedding at the edge is a key damping mechanism to determine the
final amplitude of the steady-state flue instrument tones [16, 17]. Hence, sound
dissipation and generation in flow-acoustic interactions are widely dominated by
the vortex shedding at the edge [3].

Howe [18] assumes that a compact vortex core with relatively large size
appearing alternately just above and below the pipe edge is created by the interac-
tion between the jet velocity vector U and the cross-flow velocity (acoustic recip-
rocating velocity) vector u at the mouth opening formed between the flue and the
edge. This vortex core with the vorticity ω ¼ ∇�Uð Þ is then considered to drive the
air column in the pipe. The sound excitation by this periodic vortex shedding at
the edge is controlled by the product of the aeroacoustic source term div ω� Uð Þ
and the potential function representing the irrotational cross-flow u at the mouth.

This discrete-vortex model of Howe is successfully applied to analyze and
evaluate both cavity-tone generation [9] and tone generation in flue instruments
[10, 14] when the jet is thick and the condition d/h < 2 (d the width of the mouth
opening or the flue-to-edge distance and h the jet thickness) is satisfied. On the
other hand, when the condition d/h > 2 is satisfied for thin jets, a jet-drive model on
the basis of the intrinsic jet instability [19, 20] is applied instead of the discrete-
vortex model [21]. This jet-drive model has been developed in the field of acoustics
[1, 2, 11, 20, 22–27].

Although the jet-drive model has been proven to be effective for an explanation
of sound generation by the thin jet, there remain rooms for improvement in apply-
ing the vortex sound theory for another explanation of sound generation by the thin
jet in flue instruments because small vortices may be produced along the boundaries
by the mixing process between the jet flow and the surrounding still air. The
boundary layer consisting of small vortices is called the vortex layer, which can act as
the source of an accelerating force to oscillate the jet. Based on such a viewpoint, the
vortex-layer model was proposed recently [28].

In Section 2, the jet-drive, discrete-vortex, and vortex-layer models are
described. Acoustically induced vortices (simply, acoustic vortices) on sound dissi-
pation are discussed with the aid of flow visualization in Section 3. The jet vortex
layer on sound generation in an organ pipe is visualized by the particle image
velocimetry (PIV), and the microstructure of the vortex layer is demonstrated in
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Section 4, and some examples of jet vortices are also introduced from experiments
and simulations. Conclusions are given in Section 5.

2. Models on sound generation in flue instruments

2.1 Jet-drive model

2.1.1 Volume-flow drive vs. pressure (momentum) drive

Jet motion in an organ pipe model when the jet drive is operating at the steady
state is depicted in Figure 2. The air jet smoked with incense sticks is observed by a
stroboscope and recorded on a VTR (8-mm video cassette) as analog data [2]. The
pipe length L is 500 mm, the flue-to-edge distance (cutup length) d 10.2 mm, and
the jet thickness h at the flue exit 2.2 mm [2, 17]. The blowing pressure is 200 Pa
(the jet velocity at the flue exit is estimated from Bernoulli’s law to be 18.3 m/s). The
sounding frequency is 285 Hz. One period T of the jet motion is divided by 9 in
Figure 2.

As shown in Figure 2, the jet oscillates up and down. It does not break into
vortices but keeps a diaphragm-like shape in the jet-drive operation. Large vortex-
like air observed above the edge will not take a part in the sound generation. It is a
kind of odds and ends of the jet driving the pipe. Also, it should be noticed that the
jet behaves like an amplifying wave as inferred from the first six frames [29].

When the jet enters the pipe passing through the mouth area between the flue
exit and the edge, the jet provides the pipe with the acoustic volume flow q(t) that is
roughly approximated by the product of jet velocity Ue, jet breadth b, and jet lateral
displacement ξe tð Þ (these quantities are given at the edge):

q tð Þ≈ �Uebξe tð Þ, (1)

where t is the time. The minus sign is needed from the definition that ξe tð Þ is
positive outward and q tð Þ is positive inward. Eq. (1) defines the volume-flow model
that was first proposed by Helmholtz [30] and utilized by many researchers after-
wards for small amplitudes of jet oscillation [1, 2, 10–13, 20, 21, 24–27]. At the same
time, the jet provides the pipe with the acoustic pressure produced by the momen-
tum exchange with still air in the pipe:

p tð Þ ¼ ρU2
e Sj=Sp
� �

, Sj ≈ bξe tð Þ, (2)

where ρ is the air density, Sj the temporally varying cross section of the jet
entering the pipe from the edge, and Sp the pipe cross section. Eq. (2) defines the jet
pressure of the jet momentum model, which was first proposed by Rayleigh [19]
and utilized by many researchers afterwards [1, 2, 10–13, 21–27]. Opposing
Helmholtz, Rayleigh insisted that the momentum drive should be effective. This
is based on that the pipe is open and the acoustic power is produced by the
product of the acoustic particle velocity near the pipe edge and the driving pressure
given by the jet. However, the acoustic pressure considerably remains near the
pipe edge due to the end correction. As a result, the volume-flow drive of Helmholtz
is usually predominant except for the jet drive with very high blowing pressures
[1, 2, 10, 21, 24, 25, 27].

The jet-drive model based on the volume-flow drive and the pressure drive was
first formulated by Elder [24] by deriving the so-called jet momentum equation and
then simplified by Fletcher [25]. They assumed a small control volume with length
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Δx below the pipe edge. The turbulent mixing takes place over this control volume.
The loss of jet momentum there will result in the simple pressure rise at the inner
plane of the control volume. The net force on the control volume due to this
pressure rise can then be equated to the rate at which jet momentum changes in the
control volume [24]. In other words, just as “the momentum difference equals to
the force impulse,” the momentum-flow-rate difference gives the force that
accelerates the mass of the control volume.

Figure 2.
Stroboscopically visualized jet oscillation at the steady state caused by the jet drive of an organ pipe model made
with the acrylic resin.
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Section 4, and some examples of jet vortices are also introduced from experiments
and simulations. Conclusions are given in Section 5.
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2.1.1 Volume-flow drive vs. pressure (momentum) drive
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state is depicted in Figure 2. The air jet smoked with incense sticks is observed by a
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time, the jet provides the pipe with the acoustic pressure produced by the momen-
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p tð Þ ¼ ρU2
e Sj=Sp
� �

, Sj ≈ bξe tð Þ, (2)

where ρ is the air density, Sj the temporally varying cross section of the jet
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first formulated by Elder [24] by deriving the so-called jet momentum equation and
then simplified by Fletcher [25]. They assumed a small control volume with length
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Δx below the pipe edge. The turbulent mixing takes place over this control volume.
The loss of jet momentum there will result in the simple pressure rise at the inner
plane of the control volume. The net force on the control volume due to this
pressure rise can then be equated to the rate at which jet momentum changes in the
control volume [24]. In other words, just as “the momentum difference equals to
the force impulse,” the momentum-flow-rate difference gives the force that
accelerates the mass of the control volume.

Figure 2.
Stroboscopically visualized jet oscillation at the steady state caused by the jet drive of an organ pipe model made
with the acrylic resin.
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It should be noticed that there is an appreciable phase difference between the
volume-flow drive and the pressure drive. This phase difference is not well under-
stood from Eqs. (1) and (2). The acoustic impedance or admittance should be
introduced to connect these equations. According to Fletcher [1], this phase
difference ϕ, which gives the phase lag of the pressure drive, is given by:

ϕ ¼ � tan �1 Ue=ωΔLð Þ, (3)

where ω is the angular frequency and ΔL the effective mouth length including
the open end correction. Since ωΔL>Ue in usual cases, ϕ is quite small. However,
as mentioned above, ϕ becomes appreciably large when the high blowing pressure is
applied. See [1, 2, 10, 24–27] for more discussion on the complex jet/pipe interac-
tion in flue instruments and on the conditions of the phase and amplitude for sound
regeneration.

2.1.2 Jet wave and its amplification

Each frame in Figure 2 does not show the path of air particle, but corresponds to
the snapshot of the position of air particle at a given instant. Therefore, each frame
indicates the streak line in the fluid-dynamical sense. On the other hand, the jet
particle pass (pass line) may be determined as soon as the jet issues from the flue to
the acoustic field in the mouth [26]. If the jet pass line can be determined, the jet
deflection shape as the streak line may be estimated by considering the transit time
of the particle issued from the flue exit [2, 26]. However, in the field of musical
acoustics, the image visualizing the jet oscillation at the steady state in Figure 2
has been called the jet wave, which seems to give the transverse displacement
(in z direction) of the jet (cf. Figure 1).

It is assumed that the jet displacement may be expressed as a superposition of
a progressive wave due to the jet instability [19, 20] and a spatially uniform
oscillation induced by acoustic velocity u through the mouth as follows [1, 31]:

ξ x, tð Þ ¼ u=ωð Þ � cosh μxð Þ sin ω t� x=Uph
� �� �þ sin ωtð Þ� �

, (4)

where ξ x, tð Þ denotes the transverse displacement of the jet at distance x from
the flue exit. Also, μ and Uph denote the amplification factor and phase speed of the
instability wave, respectively, while u is the transverse acoustic velocity of the
mouth field. The jet displacement ξe tð Þ in Eqs. (1) and (2) is given by ξ x ¼ d, tð Þ.
It should be noted that ξ xð Þ and u are positive in the external (positive z) direction.
Both μ and Uph are functions of x in a rigorous sense. Also, it is important that ω
in Eq. (4) corresponds to the fundamental of a sound generated. When very high
blowing pressures are applied, the effect of the second harmonic is significant and
the jet strikes the edge downward twice a period. Such an effect is excluded in
Eq. (4). Also, an important parameter, jet thickness h is not included in Eq. (4),
and a thin jet (d/h > 2) is assumed. Although Eq. (4) lacks its physical basis and
experimental confirmation, it is a simple and practical representation of the jet
deflection that describes our current knowledge. So, we postulate in this chapter
that Eq. (4) is valid in the acoustical sense.

The envelope of positive and negative peak displacements is yielded from
Eq. (4) as follows:

ξenv xð Þ ¼ � u=ωð Þ cosh 2 μxð Þ � 2 cosh μxð Þ cos ωx=Uph
� �þ 1

� �1=2
: (5)
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Since the cos ωx=Uph
� �

dependence diminishes as μx becomes larger than one, it
may be reasonable to approximate the second term in square bracket of Eq. (5) as
2 cosh μxð Þ. We then obtain the following simple expression [29]:

ξenv xð Þ≈ � u=ωð Þ cosh μxð Þ � 1½ �: (6)

Figure 3 shows the transverse displacements of the jet oscillation and their
approximated envelopes (indicated by the broken line) at the steady state which are
calculated by Eqs. (4) and (6), respectively. The following parameter values are
supposed: the mouth-field strength u=ω ¼ 1 (mm), μ ¼ 0:20 (mm�1), ω=2π ∙ 133
(rad/s), k ¼ ω=Uph ¼ 0:073þ 0:01x (mm�1), Uph x ¼ 0ð Þ ¼ U0 ¼ 11:5 (m/s). The
slowdown of Uph is assumed so that k may be proportional to x in order to make
calculation easier. For more detailed information, refer to [29].

The jet displacements from t = (3/10)T to t = (8/10)T in Figure 3 almost
correspond to those from t = (2/9)T to t = (7/9)T in Figure 2, though the flue-to-
edge distance d is not the same (d = 10.2 mm in Figure 2 and d = 15.8 mm in
Figure 3). This good correspondence proves the effectiveness of the displacement
model based on Eq. (4).

It is possible to directly estimate μ from Eq. (4) by applying it to the experi-
mental data. However, such an approach needs exact information about Uph and a
time reference. Another much simpler method to estimate μ is to apply Eq. (6) to
the experimental data. The result is shown in Figure 4 for the first mode of an organ
pipe model with L = 50.0 cm and d = 10.2 mm (cf. Figure 2) [29]. If a high-speed
digital video camera is used instead of a stroboscope, the frames showing the jet
waves such as given in Figure 2 are digitally memorized, and then the digital
superposition of these data yields a direct superposition of jet waves.

Figure 3.
The jet displacements calculated at the instants from 3 T/10 to 8 T/10 and their approximated envelope
(the negative envelope is also indicated).
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deflection shape as the streak line may be estimated by considering the transit time
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has been called the jet wave, which seems to give the transverse displacement
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It is assumed that the jet displacement may be expressed as a superposition of
a progressive wave due to the jet instability [19, 20] and a spatially uniform
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where ξ x, tð Þ denotes the transverse displacement of the jet at distance x from
the flue exit. Also, μ and Uph denote the amplification factor and phase speed of the
instability wave, respectively, while u is the transverse acoustic velocity of the
mouth field. The jet displacement ξe tð Þ in Eqs. (1) and (2) is given by ξ x ¼ d, tð Þ.
It should be noted that ξ xð Þ and u are positive in the external (positive z) direction.
Both μ and Uph are functions of x in a rigorous sense. Also, it is important that ω
in Eq. (4) corresponds to the fundamental of a sound generated. When very high
blowing pressures are applied, the effect of the second harmonic is significant and
the jet strikes the edge downward twice a period. Such an effect is excluded in
Eq. (4). Also, an important parameter, jet thickness h is not included in Eq. (4),
and a thin jet (d/h > 2) is assumed. Although Eq. (4) lacks its physical basis and
experimental confirmation, it is a simple and practical representation of the jet
deflection that describes our current knowledge. So, we postulate in this chapter
that Eq. (4) is valid in the acoustical sense.

The envelope of positive and negative peak displacements is yielded from
Eq. (4) as follows:
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dependence diminishes as μx becomes larger than one, it
may be reasonable to approximate the second term in square bracket of Eq. (5) as
2 cosh μxð Þ. We then obtain the following simple expression [29]:
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Figure 3 shows the transverse displacements of the jet oscillation and their
approximated envelopes (indicated by the broken line) at the steady state which are
calculated by Eqs. (4) and (6), respectively. The following parameter values are
supposed: the mouth-field strength u=ω ¼ 1 (mm), μ ¼ 0:20 (mm�1), ω=2π ∙ 133
(rad/s), k ¼ ω=Uph ¼ 0:073þ 0:01x (mm�1), Uph x ¼ 0ð Þ ¼ U0 ¼ 11:5 (m/s). The
slowdown of Uph is assumed so that k may be proportional to x in order to make
calculation easier. For more detailed information, refer to [29].

The jet displacements from t = (3/10)T to t = (8/10)T in Figure 3 almost
correspond to those from t = (2/9)T to t = (7/9)T in Figure 2, though the flue-to-
edge distance d is not the same (d = 10.2 mm in Figure 2 and d = 15.8 mm in
Figure 3). This good correspondence proves the effectiveness of the displacement
model based on Eq. (4).

It is possible to directly estimate μ from Eq. (4) by applying it to the experi-
mental data. However, such an approach needs exact information about Uph and a
time reference. Another much simpler method to estimate μ is to apply Eq. (6) to
the experimental data. The result is shown in Figure 4 for the first mode of an organ
pipe model with L = 50.0 cm and d = 10.2 mm (cf. Figure 2) [29]. If a high-speed
digital video camera is used instead of a stroboscope, the frames showing the jet
waves such as given in Figure 2 are digitally memorized, and then the digital
superposition of these data yields a direct superposition of jet waves.
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Digitally superposed jet waves are shown in frames (a), (b), and (c) for different
blowing pressures in Figure 4, where the x axis is drawn straightforwardly from the
flue center labeled as “0,” and label “e” indicates the edge position. Frame (d) on
the right of Figure 4 illustrates how the jet envelope function is derived. The
envelope of jet center-planes (indicated by dotted lines in Figure 4) is almost
parallel to the outer fringe of the superposed jet waves as long as significant
spreading of the jet can be neglected by using thin smokes for visualization. More
details on the estimation of μ from flow visualization are given in [29].

In Figure 4(d) the estimated envelope is shown by dots on a template, that
is, curves of jet envelope function cosh μxð Þ � 1 for various μ values assuming that
u=ω = 1. Figure 4(d) suggests a close fit of the dotted line to an envelope curve with
μ = 0.24 mm�1 when the magnitude ratio of the dotted line to that curve is about
1.3. This ratio determines u=ω = 1.3 mm from Eq. (6).

Flow visualization suggests the following general trends from the result summa-
rized in Figure 5 on a particular experimental model of the organ pipe:

1.The amplification factor μ tends to decrease and saturate to a given value as the
oscillation of each mode shifts toward higher blowing velocities, although the
data on the second mode are not sufficient.

2.The averaged amplification factor is roughly estimated as 0.24 mm�1.

3.The mouth-field strength u=ω, which means the displacement amplitude of
the acoustic field at the mouth, tends to increase and saturate to a given value
as the oscillation of each mode shifts toward higher blowing velocities.

It should be noted here that the estimate of μ based on Eq. (6) tends to be a little
larger (about 10%) than that based on Eq. (4). However, this estimation error is
roughly equivalent to the resolution of the experimental data [29].

In order to confirm the validity of our digital superposition explained above,
u=ω was determined from measurements of the acoustic particle velocity u with a
hot-wire anemometer (its sensing part is 1-mm long and 5 μm in diameter) and of
the sounding frequency ω=2π (about 280 Hz in the first mode) with a microphone
located inside the pipe. It is important to avoid exposing the hot-wire probe to the

Figure 4.
Digitally superposed jet waves for different blowing pressures (a)–(c) and an illustration of how to derive the
amplification factor μ and the mouth-field strength u=ω (d). The envelope of jet center-planes is estimated by
the red dotted line that best fits to the green template curve with μ = 0.24 mm�1 and u=ω = 1. The amplitude
ratio of the dotted line to the green line determines u=ω = 1.3 mm.
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jet flow for the measurement of u because u ≪U0. Therefore, after carrying out a
preliminary experiment to select proper positions of the probe, the rms acoustic
particle velocity urms was measured as the rms output voltage Vrms of the hot-wire
anemometer (u ¼ ffiffiffi

2
p

urms) [29]. The result of u=ω is indicated by the closed square
in Figure 5.

Comparing the values of u=ω measured using the hot-wire anemometer with
those estimated from flow visualization, we may see a good agreement between
them. This agreement implies that the method of deriving the envelope function of
the jet wave is valid and sufficiently accurate. However, we had particular difficulty
in obtaining a smooth jet-wave envelope near saturation, and the estimated data of
μ and u=ω were lacking in Figure 5. This was due to other jet waves which were
generated by the second harmonic and superposed upon the jet waves generated by
the fundamental.

The origin of the jet-wave amplification is the jet instability. The applicability of
the spatial and temporal theories on the jet instability [1, 32–34] to organ pipe jets
can be discussed. If we assume a Poiseuille flow at the flue exit and a subsequent
Bickley jet, the spatial theory [32, 33] seems to be relevant to organ pipe jets [29].

2.1.3 Jet-drive model for large jet displacements

The jet-drive model described above has supposed small displacements of the
jet at the pipe edge. However, as demonstrated in Figures 2–4, the jet displacement
is too large to apply Eqs. (1) and (2) to the sound generation in flue instruments in
rigorous sense. According to Dequand et al. [21] and Verge et al. [27], a jet-drive
model reasonable for large jet displacements is explained and roughly formulated
below.

As understood from Figures 2 and 3, the passage time of the jet from one side to
the other side of the edge seems to be very short compared to the oscillation period.
In other words, the jet seems to be instantaneously switching from the inside to the
outside of the pipe and vice versa. Then, the jet volume flow may be assumed to be
split into two complementary antiphase monopole sources qin [¼ qj j exp iωtð Þ)] and
qout (¼ �qin) whose temporal waveforms are rectangular pulses with the same

Figure 5.
The amplification factor μ and the mouth-field strength u=ω of the organ pipe jet as functions of the jet velocity
U0 at the flue exit [29]. The symbols ○ and □ indicate μ and u=ω estimated from the digital superposition
based on the jet visualization, respectively. The symbol ■ indicates u=ω measured by a hot-wire anemometer
and a microphone.
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Digitally superposed jet waves are shown in frames (a), (b), and (c) for different
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is, curves of jet envelope function cosh μxð Þ � 1 for various μ values assuming that
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μ = 0.24 mm�1 when the magnitude ratio of the dotted line to that curve is about
1.3. This ratio determines u=ω = 1.3 mm from Eq. (6).
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data on the second mode are not sufficient.
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In order to confirm the validity of our digital superposition explained above,
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the sounding frequency ω=2π (about 280 Hz in the first mode) with a microphone
located inside the pipe. It is important to avoid exposing the hot-wire probe to the

Figure 4.
Digitally superposed jet waves for different blowing pressures (a)–(c) and an illustration of how to derive the
amplification factor μ and the mouth-field strength u=ω (d). The envelope of jet center-planes is estimated by
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jet flow for the measurement of u because u ≪U0. Therefore, after carrying out a
preliminary experiment to select proper positions of the probe, the rms acoustic
particle velocity urms was measured as the rms output voltage Vrms of the hot-wire
anemometer (u ¼ ffiffiffi

2
p

urms) [29]. The result of u=ω is indicated by the closed square
in Figure 5.

Comparing the values of u=ω measured using the hot-wire anemometer with
those estimated from flow visualization, we may see a good agreement between
them. This agreement implies that the method of deriving the envelope function of
the jet wave is valid and sufficiently accurate. However, we had particular difficulty
in obtaining a smooth jet-wave envelope near saturation, and the estimated data of
μ and u=ω were lacking in Figure 5. This was due to other jet waves which were
generated by the second harmonic and superposed upon the jet waves generated by
the fundamental.

The origin of the jet-wave amplification is the jet instability. The applicability of
the spatial and temporal theories on the jet instability [1, 32–34] to organ pipe jets
can be discussed. If we assume a Poiseuille flow at the flue exit and a subsequent
Bickley jet, the spatial theory [32, 33] seems to be relevant to organ pipe jets [29].

2.1.3 Jet-drive model for large jet displacements

The jet-drive model described above has supposed small displacements of the
jet at the pipe edge. However, as demonstrated in Figures 2–4, the jet displacement
is too large to apply Eqs. (1) and (2) to the sound generation in flue instruments in
rigorous sense. According to Dequand et al. [21] and Verge et al. [27], a jet-drive
model reasonable for large jet displacements is explained and roughly formulated
below.

As understood from Figures 2 and 3, the passage time of the jet from one side to
the other side of the edge seems to be very short compared to the oscillation period.
In other words, the jet seems to be instantaneously switching from the inside to the
outside of the pipe and vice versa. Then, the jet volume flow may be assumed to be
split into two complementary antiphase monopole sources qin [¼ qj j exp iωtð Þ)] and
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amplitude qj j [27]. These sources are supposed to be placed at a distance ϵ from the
edge tip at the lower and upper sides of the edge.

The acoustic pressure pj tð Þ is derived from the potential difference across the
mouth induced by two monopole sources [21, 27]:

pj tð Þ ¼ �ρ δj=bd
� �

dq=dtð Þ, (7)

where ρ is the air density, b the jet (or mouth) breadth, d the flue-to-edge
distance (or the mouth length), and δj the effective distance between the two
monopole sources. If ϵ≪ d, we have from [27].

δj=d≈ 4=πð Þ
ffiffiffiffiffiffiffiffiffiffi
2ϵ=d

p
: (8)

In the limit of thin jets d=h≫ 1ð Þ, where h denotes the jet thickness at the flue
exit, ϵ ¼ he (the jet thickness at the edge) is assumed [27].

The power generated by the source is calculated by assuming that the source is in
phase with the acoustic volume flow qm tð Þ ¼ dξm=dtð Þdb ¼ udb through the mouth
opening, where ξm denotes the particle displacement over the mouth opening [21].
This qm is supposed to be a local two-dimensional incompressible flow. The above
in-phase relation between the pressure source pj and the acoustic volume flow qm
gives the condition for which the oscillation amplitude has a maximum as a function
of the blowing pressure.

The time average over an oscillation period T of the power generated by the jet
drive above is given as follows [21]:

Πjet
� � ¼ pjqm

D E
≈ 8=πTð Þρ

ffiffiffiffiffiffiffiffiffiffiffiffi
2he=d

p
U0hebd dξm=dtj j: (9)

In addition to the thin jet assumption d=h≫ 1ð Þ, we have to suppose that the jet
does not break down into discrete vortices. This is only reasonable for the first
hydrodynamic mode (St ¼ fd=U0 <0:3). The validity of Eq. (9) will be discussed in
Section 3 after deriving the acoustic energy loss due to vortex shedding at the edge.

2.2 Discrete-vortex model

2.2.1 Discrete-vortex model based on the vortex shedding at the edge

On the basis of the two-dimensional theory, Howe [18] proposed a discrete-
vortex model on sound generation in flute-like instruments. He assumed that a
compact vortex core appearing alternately just above and beneath the edge was
created by the interaction with the acoustic cross-flow velocity u [dξm=dt in Eq. (9)
corresponds to one-dimensional (z direction) component] at the mouth opening
(see Figure 6). That is, instead of the jet oscillation over the mouth explained in the
previous section, a point vortex is produced at the edge. Then, this vortex core is
assumed to drive the air column in the pipe. A discrete-vortex model for thick jets
assumes that a discrete vortex is generated from the flow separation at the flue exit
corner [9, 10, 21], while Howe [18] attached greater importance to the flow sepa-
ration (vortex shedding) at an opposing sharp edge due to the acoustic cross-flow.

The sound excitation by the periodic vortex shedding at the edge is controlled by
the product of the aeroacoustic source term div ω� vð Þ and the potential function
ϕ y
� �

representing the irrotational cross-flow into and out of the mouth as expressed
by the following integral [18]:
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I tð Þ ¼
ð
div ω� vð Þϕ y

� �
d3y ¼ �

ð
ω� vð Þ ∙ ∇ϕ y

� �
d3y, (10)

where the vorticity ω is defined as rot v and the velocity v is the superposition of
the jet mean flow velocity U directing against the edge and the time-dependent
cross-flow velocity u that is specified by reciprocating potential flow through the
mouth opening (see Figure 6). That is, v is given by:

v ¼ U þ u: (11)

Also, y denotes the source region (vortical field) of the pipe mouth over which
the integral of Eq. (10) is performed. The specific form of ϕ y

� �
is given as ϕ ∗

2 y
� �

of
Eq. (10.42) in [18].

According to [3], the power density supplied from the acoustic field to the
vortical field around the edge is given by:

1=2ð Þ ∂=∂tð Þ ρv2
� � ¼ ρ ω� vð Þ ∙u: (12)

Therefore, if ω� vð Þ ∙u>0, it may be said that the energy of the acoustic field is
absorbed by the vortical field. As a result, an acoustically induced vortex or acoustic
vortex is generated [16, 17]. The generation of it satisfies the phase relation in which
a clockwise-rotating vortex appears above the edge when u directs into the pipe [see
Figure 12(b) in Section 3.2.1]. This phase relation is contrary to that illustrated in
Figure 6. A discrete vortex of Howe’s type has not been observed in sound genera-
tion of flue instruments where jets are used in normal conditions [16, 17, 20–27, 29].

Howe [3, 35] then proposed the acoustic dissipation formula:

ΠD tð Þ≈
ððð

ρ ω� vð Þ ∙udV, v≈U: (13)

This equation determines the rate of dissipation of acoustic energy, where ∇ϕ
in Eq. (10) is now simply denoted by u. Also, V denotes a volume enclosing the
vorticity formed in the flow field. This ΠD of Eq. (13) can be negative in oscillation
systems: If the phase of vorticity production enables a steady transfer of energy to
the oscillation from a mean flow, the self-sustained oscillation can be maintained.

Hence, the acoustic generation formula may be proposed:

ΠG tð Þ≈ �
ððð

ρ ω� Uð Þ ∙udV,ω ¼ rotU, (14)

Figure 6.
Conceptual sketch of a discrete-vortex model (the vortex shedding at the edge) for sound generation in flue
instruments proposed by Howe [18].
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amplitude qj j [27]. These sources are supposed to be placed at a distance ϵ from the
edge tip at the lower and upper sides of the edge.

The acoustic pressure pj tð Þ is derived from the potential difference across the
mouth induced by two monopole sources [21, 27]:

pj tð Þ ¼ �ρ δj=bd
� �

dq=dtð Þ, (7)

where ρ is the air density, b the jet (or mouth) breadth, d the flue-to-edge
distance (or the mouth length), and δj the effective distance between the two
monopole sources. If ϵ≪ d, we have from [27].

δj=d≈ 4=πð Þ
ffiffiffiffiffiffiffiffiffiffi
2ϵ=d

p
: (8)

In the limit of thin jets d=h≫ 1ð Þ, where h denotes the jet thickness at the flue
exit, ϵ ¼ he (the jet thickness at the edge) is assumed [27].
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drive above is given as follows [21]:

Πjet
� � ¼ pjqm

D E
≈ 8=πTð Þρ

ffiffiffiffiffiffiffiffiffiffiffiffi
2he=d

p
U0hebd dξm=dtj j: (9)

In addition to the thin jet assumption d=h≫ 1ð Þ, we have to suppose that the jet
does not break down into discrete vortices. This is only reasonable for the first
hydrodynamic mode (St ¼ fd=U0 <0:3). The validity of Eq. (9) will be discussed in
Section 3 after deriving the acoustic energy loss due to vortex shedding at the edge.

2.2 Discrete-vortex model

2.2.1 Discrete-vortex model based on the vortex shedding at the edge

On the basis of the two-dimensional theory, Howe [18] proposed a discrete-
vortex model on sound generation in flute-like instruments. He assumed that a
compact vortex core appearing alternately just above and beneath the edge was
created by the interaction with the acoustic cross-flow velocity u [dξm=dt in Eq. (9)
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The sound excitation by the periodic vortex shedding at the edge is controlled by
the product of the aeroacoustic source term div ω� vð Þ and the potential function
ϕ y
� �

representing the irrotational cross-flow into and out of the mouth as expressed
by the following integral [18]:
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the jet mean flow velocity U directing against the edge and the time-dependent
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1=2ð Þ ∂=∂tð Þ ρv2
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vortex is generated [16, 17]. The generation of it satisfies the phase relation in which
a clockwise-rotating vortex appears above the edge when u directs into the pipe [see
Figure 12(b) in Section 3.2.1]. This phase relation is contrary to that illustrated in
Figure 6. A discrete vortex of Howe’s type has not been observed in sound genera-
tion of flue instruments where jets are used in normal conditions [16, 17, 20–27, 29].

Howe [3, 35] then proposed the acoustic dissipation formula:
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This equation determines the rate of dissipation of acoustic energy, where ∇ϕ
in Eq. (10) is now simply denoted by u. Also, V denotes a volume enclosing the
vorticity formed in the flow field. This ΠD of Eq. (13) can be negative in oscillation
systems: If the phase of vorticity production enables a steady transfer of energy to
the oscillation from a mean flow, the self-sustained oscillation can be maintained.

Hence, the acoustic generation formula may be proposed:
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where the vorticity ω is simply given as rotU. If the time average ΠG tð Þh i is
positive, the vorticity production from the jet flow supplies the acoustic power to
the resonant pipe.

2.2.2 Discrete-vortex model based on the vortex shedding at the flue exit

When the jet is thick, the jet flow is not fully deflected into the resonant pipe. It
is then difficult to apply the jet-drive model to thick jets. As the jet becomes thicker
and thicker, the two shear layers at both sides of the jet tend to behave indepen-
dently of each other. Meissner [9] described both shear layers in terms of discrete
vortices (see Figure 7). He used the jet with h ¼ 2:7 mm (not so very thick). This jet
excited a cavity resonator (its cross section: 40 mm � 28 mm; its depth: 12, 14, 16,
18, and 20 cm). The distance from the nozzle exit to the opposing orifice edge
corresponding to the flue-to-edge distance d was set to be 8 mm (d=h ¼ 2:96). The
orifice width was 28 mm, and the edge thickness 2 mm.

Meissner [9] found experimental results as follows: In stage I
(5:9 m=s<U0 < 8:3 m=sÞ, the frequency increased fast with the jet speed, and a
frequency increment was proportional to the jet speed just as in the edge-tone
generation [36, 37]. Similar phenomenon often appears at the very first stage in
sound generation of flue instruments [1, 23]. In stage II (8.3m=s<U0 < 16:1 m=s),
an increase in the frequency was still observed, but a frequency growth was much
smaller. The experimental results obtained for different cavity depths correlated
reasonably well because data points corresponding to this stage approximately lay
in one curve [9].

The cavity-tone generator shown in Figure 7 can be considered as a simplified
model of the ocarina. It is assumed that vorticity generation begins immediately
after the jet issues from the nozzle exit due to flow separation. The vorticity of both
shear layers is concentrated into line vortices traveling along straight lines with the
convection velocity Uc. In the case of asymmetric vortex formation as shown in
Figure 7, a configuration of vortices will be similar to that in the conventional
Kármán vortex street. Thus, Uc may be approximated as that of an infinite
street [9].

Figure 7.
Vortex shedding in a cavity-tone generator [9], which can be considered as a simplified mechanical model of the
ocarina. h ¼ 2:7 mm and d ¼ 8 mm.
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Uc ¼ U0=2ð Þ tanh πh=λvð Þ, (15)

where λv is the distance between successive vortices in the lower and the upper
line vortices and h is the distance between both lines which is equal to the jet
thickness. It is also noted that the circulation Γ of the vortex increases linearly with
the time according to Γ tð Þ ¼ 1=2ð ÞU2

0t.
In the case of flue instruments with thick jets (d=h< 2) [21], a new vortex is

formed at the inner shear layer (on the resonant pipe side) each time the acoustic
velocity dξm=dt changes sign from directed toward the outside to directed toward
the inside of the resonator (acoustic pressure in the resonator takes the minimum).
A new vortex is formed at the outer shear layer half an oscillation period T=2ð Þ later
(acoustic pressure in the resonator takes the maximum). In the steady state of
oscillation, the circulation of the jth vortex (j = 1, 2, 3, … .) at the inner shear layer

Γ
jð Þ

in and at the outer shear layer Γ jð Þ
out can be written as [21].

Γ
jð Þ

in tð Þ ¼ 1=2ð ÞU2
0 t� j� 1ð ÞT½ � for j� 1ð ÞT ≤ t≤ jT, (16)

Γ
jð Þ

in tð Þ ¼ 1=2ð ÞU2
0T for t> jT, (17)

Γ
jð Þ

out tð Þ ¼ � 1=2ð ÞU2
0 t� 2j� 1ð Þ T=2ð Þ½ �,

for 2j� 1ð Þ T=2ð Þ≤ t≤ 2jþ 1ð Þ T=2ð Þ
(18)

Γ
jð Þ

out tð Þ ¼ � 1=2ð ÞU2
0T for t> 2jþ 1ð Þ T=2ð Þ: (19)

The acoustic power generated by the vortices is calculated by Eq. (14). The
average of it over the oscillation period T is as follows:

Πvortexh i ¼ � 1=Tð Þ
ðT

0

ð

VS

ρ ω� Uð Þ ∙udVdt, (20)

where the volume integration is taken over the source region of volume VS. The
vorticity field ω ¼ rotU takes into account the contribution of each vortex at the
shear layers [21]:

ω x, y, tð Þ ¼
X
j

Γ
jð Þ

in tð Þδ x� x jð Þ
in tð Þ

� �
þ Γ

jð Þ
out tð Þδ x� x jð Þ

out tð Þ
� �h i

, (21)

where x defines a two-dimensional (2-D) point (x, y), x jð Þ
in tð Þ the position of the

jth vortex at the inner shear layer, and x jð Þ
out tð Þ the position of the jth vortex at the

outer shear layer.
It is first necessary to know the position and the circulation of vortices in order

to calculate Πvortexh i from Eqs. (20) and (21). It was done by time-domain simula-
tions in [38]. For the sake of paper space, see the details described in [38].

2.3 Flow visualization and some discussion

2.3.1 Jet-wave drive vs. discrete-vortex drive

Dequand et al. [21] visualized the steady-state periodic flow in the mouth of the
resonator by applying a standard Schlieren technique. They used three types of
flute-like mouth configuration with a common edge of 60°, a common sharp edged
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where the vorticity ω is simply given as rotU. If the time average ΠG tð Þh i is
positive, the vorticity production from the jet flow supplies the acoustic power to
the resonant pipe.

2.2.2 Discrete-vortex model based on the vortex shedding at the flue exit

When the jet is thick, the jet flow is not fully deflected into the resonant pipe. It
is then difficult to apply the jet-drive model to thick jets. As the jet becomes thicker
and thicker, the two shear layers at both sides of the jet tend to behave indepen-
dently of each other. Meissner [9] described both shear layers in terms of discrete
vortices (see Figure 7). He used the jet with h ¼ 2:7 mm (not so very thick). This jet
excited a cavity resonator (its cross section: 40 mm � 28 mm; its depth: 12, 14, 16,
18, and 20 cm). The distance from the nozzle exit to the opposing orifice edge
corresponding to the flue-to-edge distance d was set to be 8 mm (d=h ¼ 2:96). The
orifice width was 28 mm, and the edge thickness 2 mm.

Meissner [9] found experimental results as follows: In stage I
(5:9 m=s<U0 < 8:3 m=sÞ, the frequency increased fast with the jet speed, and a
frequency increment was proportional to the jet speed just as in the edge-tone
generation [36, 37]. Similar phenomenon often appears at the very first stage in
sound generation of flue instruments [1, 23]. In stage II (8.3m=s<U0 < 16:1 m=s),
an increase in the frequency was still observed, but a frequency growth was much
smaller. The experimental results obtained for different cavity depths correlated
reasonably well because data points corresponding to this stage approximately lay
in one curve [9].

The cavity-tone generator shown in Figure 7 can be considered as a simplified
model of the ocarina. It is assumed that vorticity generation begins immediately
after the jet issues from the nozzle exit due to flow separation. The vorticity of both
shear layers is concentrated into line vortices traveling along straight lines with the
convection velocity Uc. In the case of asymmetric vortex formation as shown in
Figure 7, a configuration of vortices will be similar to that in the conventional
Kármán vortex street. Thus, Uc may be approximated as that of an infinite
street [9].

Figure 7.
Vortex shedding in a cavity-tone generator [9], which can be considered as a simplified mechanical model of the
ocarina. h ¼ 2:7 mm and d ¼ 8 mm.
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Uc ¼ U0=2ð Þ tanh πh=λvð Þ, (15)

where λv is the distance between successive vortices in the lower and the upper
line vortices and h is the distance between both lines which is equal to the jet
thickness. It is also noted that the circulation Γ of the vortex increases linearly with
the time according to Γ tð Þ ¼ 1=2ð ÞU2

0t.
In the case of flue instruments with thick jets (d=h< 2) [21], a new vortex is

formed at the inner shear layer (on the resonant pipe side) each time the acoustic
velocity dξm=dt changes sign from directed toward the outside to directed toward
the inside of the resonator (acoustic pressure in the resonator takes the minimum).
A new vortex is formed at the outer shear layer half an oscillation period T=2ð Þ later
(acoustic pressure in the resonator takes the maximum). In the steady state of
oscillation, the circulation of the jth vortex (j = 1, 2, 3, … .) at the inner shear layer

Γ
jð Þ

in and at the outer shear layer Γ jð Þ
out can be written as [21].

Γ
jð Þ

in tð Þ ¼ 1=2ð ÞU2
0 t� j� 1ð ÞT½ � for j� 1ð ÞT ≤ t≤ jT, (16)
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jð Þ

in tð Þ ¼ 1=2ð ÞU2
0T for t> jT, (17)
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(18)
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jð Þ

out tð Þ ¼ � 1=2ð ÞU2
0T for t> 2jþ 1ð Þ T=2ð Þ: (19)

The acoustic power generated by the vortices is calculated by Eq. (14). The
average of it over the oscillation period T is as follows:

Πvortexh i ¼ � 1=Tð Þ
ðT

0

ð

VS

ρ ω� Uð Þ ∙udVdt, (20)

where the volume integration is taken over the source region of volume VS. The
vorticity field ω ¼ rotU takes into account the contribution of each vortex at the
shear layers [21]:

ω x, y, tð Þ ¼
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, (21)

where x defines a two-dimensional (2-D) point (x, y), x jð Þ
in tð Þ the position of the

jth vortex at the inner shear layer, and x jð Þ
out tð Þ the position of the jth vortex at the

outer shear layer.
It is first necessary to know the position and the circulation of vortices in order

to calculate Πvortexh i from Eqs. (20) and (21). It was done by time-domain simula-
tions in [38]. For the sake of paper space, see the details described in [38].

2.3 Flow visualization and some discussion

2.3.1 Jet-wave drive vs. discrete-vortex drive

Dequand et al. [21] visualized the steady-state periodic flow in the mouth of the
resonator by applying a standard Schlieren technique. They used three types of
flute-like mouth configuration with a common edge of 60°, a common sharp edged
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flue exit, a common flue-to-edge distance d = 24 mm, and different flue channel
height (i.e., jet thickness) h = 4, 14, and 30 mm (d/h = 6, 1.7, and 0.8). The pipe
length L was 552 mm. The initial jet velocity U0 had, respectively, 16.3, 14, and
14.5 m/s (St = 0.19, 0.22, and 0.22). Figure 8 summarizes their result by rough
illustration, though the flow inside the pipe is not so clear in [21].

Frames in the left column [(a), (c), and (e)] show flow conditions at the phase
of u ¼ 0 (the instant from the positive to the negative), while frames in the right
column [(b), (d), and (f)] show flow conditions at the next phase of u ¼ 0 (the
instant from the negative to the positive). Note that the positive u indicates the
upward (outward) acoustic velocity here, but it indicates the downward (inward)
acoustic velocity in [21]. Also, the flow visualization of each case is shown by eight
frames consisting of one oscillation period [21].

The jet-wave drive illustrated in Figure 8(a) reveals that the jet enters into the
pipe at the instant when the acoustic pressure p (t) is maximum because the phase

Figure 8.
Illustrations of flow visualization by Dequand et al. [21]. Top two (a) and (b) have h = 4 mm, middle two
(c), and (d) h = 14 mm, and bottom two (e) and (f) h = 30 mm. The sinusoidal wave inserted in each frame
depicts the acoustic velocity u in the mouth, and the dot gives its instantaneous phase. Note that u is positive
upward (outward) here, but u is positive downward (inward) in [21].
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of p (t) is delayed from u (t) by 90° at the resonance. Therefore, the positive
acoustic power p tð Þ ∙ q tð Þh i is generated, where q tð Þ denotes the acoustic volume
flow into the pipe [see Eq. (1)]. The positive acoustic power is also generated at the
instant given in Figure 8(b). As the result, the volume-flow drive in the jet-drive
model is satisfied very well.

The discrete-vortex drive illustrated in Figure 8(e) indicates that the upper
vortex is just created at the upper flue exit corner and the lower vortex reaches to
the pipe edge in a fully developed shape. Also, Figure 8(f) indicates that the lower
vortex is just created at the lower flue exit corner and the upper vortex is reached to
the pipe edge in a fully developed shape. As a result, the positive acoustic power
given by Eq. (20) or Eq. (14) is generated [see Figure 9(b) below].

Two illustrations of Figure 8(c) and (d) correspond to a boundary condition
between the jet-wave drive and the discrete-vortex drive. Then, the lower and
upper large vortices are located halfway between the flue exit and the edge. This is
probably due to an opposing effect between both drives.

Figure 9 summarizes the phase relation between the physical quantities
involved in the jet-wave drive (a) and the discrete-vortex drive (b). The red dot on
the sinusoidal curve of u corresponds to the phase of u in Figure 8. The time scale is
converted to the integer by 12(t/T). The magnitude of physical quantities is arbi-
trary. The jet-wave drive indicates the antiphase relation between the jet displace-
ment ξe tð Þ at the edge and the acoustic pressure p tð Þ in the resonant pipe. This result
endorses the acoustic power generation in good manner (note that u and ξe are
defined positive upward).

In the discrete-vortex drive, the horizontal arrow connects the vortex creation at
the flue exit and the vortex arrival at the edge as shown in Figure 9(b). Since the
upper vortex rotates anticlockwise, the vector direction of ω�U in Eq. (20) is
upward (positive z direction). During the passage of the upper vortex from the flue
exit to the pipe edge, the acoustic cross-flow u in z direction has negative values.
Hence, Πvortexh i of Eq. (20) takes a positive value during the latter half of an
oscillation period. Similarly, the lower vortex produces positive Πvortexh i during the
former half of an oscillation period. As a result, discrete vortices will create positive
Πvortexh i in an oscillation period. In other words, the vortex configurations illus-
trated in Figure 8(e) and (f)may create the acoustic power for sound generation in
flue pipes.

Figure 9.
Phase relation between the physical quantities involved in the jet-wave drive (a) and the discrete-vortex drive
(b). Their amplitudes are arbitrary. The red dot on the curve of u corresponds to the phase of u in Figure 8.
The horizontal arrow in (b) connects the vortex creation at the flue exit and the vortex arrival at the pipe edge.
Note that the positive direction of u and ξe is upward (outward) and the phase of p is delayed from u by 90° at
the resonance.
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flue exit, a common flue-to-edge distance d = 24 mm, and different flue channel
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illustration, though the flow inside the pipe is not so clear in [21].
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instant from the negative to the positive). Note that the positive u indicates the
upward (outward) acoustic velocity here, but it indicates the downward (inward)
acoustic velocity in [21]. Also, the flow visualization of each case is shown by eight
frames consisting of one oscillation period [21].
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of p (t) is delayed from u (t) by 90° at the resonance. Therefore, the positive
acoustic power p tð Þ ∙ q tð Þh i is generated, where q tð Þ denotes the acoustic volume
flow into the pipe [see Eq. (1)]. The positive acoustic power is also generated at the
instant given in Figure 8(b). As the result, the volume-flow drive in the jet-drive
model is satisfied very well.

The discrete-vortex drive illustrated in Figure 8(e) indicates that the upper
vortex is just created at the upper flue exit corner and the lower vortex reaches to
the pipe edge in a fully developed shape. Also, Figure 8(f) indicates that the lower
vortex is just created at the lower flue exit corner and the upper vortex is reached to
the pipe edge in a fully developed shape. As a result, the positive acoustic power
given by Eq. (20) or Eq. (14) is generated [see Figure 9(b) below].

Two illustrations of Figure 8(c) and (d) correspond to a boundary condition
between the jet-wave drive and the discrete-vortex drive. Then, the lower and
upper large vortices are located halfway between the flue exit and the edge. This is
probably due to an opposing effect between both drives.

Figure 9 summarizes the phase relation between the physical quantities
involved in the jet-wave drive (a) and the discrete-vortex drive (b). The red dot on
the sinusoidal curve of u corresponds to the phase of u in Figure 8. The time scale is
converted to the integer by 12(t/T). The magnitude of physical quantities is arbi-
trary. The jet-wave drive indicates the antiphase relation between the jet displace-
ment ξe tð Þ at the edge and the acoustic pressure p tð Þ in the resonant pipe. This result
endorses the acoustic power generation in good manner (note that u and ξe are
defined positive upward).

In the discrete-vortex drive, the horizontal arrow connects the vortex creation at
the flue exit and the vortex arrival at the edge as shown in Figure 9(b). Since the
upper vortex rotates anticlockwise, the vector direction of ω�U in Eq. (20) is
upward (positive z direction). During the passage of the upper vortex from the flue
exit to the pipe edge, the acoustic cross-flow u in z direction has negative values.
Hence, Πvortexh i of Eq. (20) takes a positive value during the latter half of an
oscillation period. Similarly, the lower vortex produces positive Πvortexh i during the
former half of an oscillation period. As a result, discrete vortices will create positive
Πvortexh i in an oscillation period. In other words, the vortex configurations illus-
trated in Figure 8(e) and (f)may create the acoustic power for sound generation in
flue pipes.
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Phase relation between the physical quantities involved in the jet-wave drive (a) and the discrete-vortex drive
(b). Their amplitudes are arbitrary. The red dot on the curve of u corresponds to the phase of u in Figure 8.
The horizontal arrow in (b) connects the vortex creation at the flue exit and the vortex arrival at the pipe edge.
Note that the positive direction of u and ξe is upward (outward) and the phase of p is delayed from u by 90° at
the resonance.
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2.3.2 Edge tone vs. pipe tone

The edge tone is a dipole source, whose acoustic pressure directly correlates with
the vortex generation. That is, when the jet impinges the edge by moving from the
downward to the upward, a vortex rotating clockwise is produced just below the
edge, and another vortex rotating anticlockwise exists downstream above the edge.
This configuration of the vortex pair generates the maximum acoustic pressure
above the edge and the minimum acoustic pressure below the edge. When the jet
impinges the edge by moving from the upward to the downward, a vortex rotating
anticlockwise is produced just above the edge, and another vortex rotating clock-
wise exists downstream below the edge. This configuration of the vortex pair
generates the maximum acoustic pressure below the edge and the minimum acous-
tic pressure above the edge [2, 39]. Although Eq. (14) cannot be applied to the edge
tone since there is no acoustic feedback (i.e., u = 0), the acceleration ω�U given by
vortex rotation and jet velocity should be involved in the edge-tone generation. As a
result, the edge tone satisfies:

phase pe tð Þ� �� phase ξe tð Þ½ �≈ � π=2, (22)

where pe tð Þ denotes the acoustic pressure below or above the edge. This phase
relation is clearly different from that of the pipe tone shown in Figure 9(a):

phase p tð Þ½ � � phase ξe tð Þ½ �≈ π: (23)

The difference between the edge tone and the pipe tone is reflected in Eqs. (22)
and (23) in good manner.

2.3.3 Feedback loop gain and time delay of the jet wave in the jet-drive model

Let us consider the feedback loop to find out the time delay of the jet wave
which fulfills the phase condition for sound generation. As mentioned in Section
2.1.2, the jet particle pass may be determined as soon as the jet issues from the flue
to the acoustic field in the mouth [26]. At that instant, the initial transverse dis-
placement ξf tð Þ of the jet at the flue exit is supposed to be non-zero and related with
the acoustic velocity uf tð Þ at the flue exit as follows [38, 40]:

ξf tð Þ=h ¼ uf tð Þ=U0, (24)

where h and U0 are the jet thickness and jet velocity at the flue exit, respectively.
The starting point of the feedback loop is uf tð Þ, which creates ξf tð Þ. The jet
displacement travels to the pipe edge as the jet wave, and we have at the edge [21].

ξe tð Þ ¼ eμdξf t� τjw
� � ¼ h=U0ð Þeμduf t� τjw

� �
, (25)

which yields the acoustic pressure pj tð Þ at the pipe entrance according to Eq. (7)
in which q tð Þ≈ � Uebξe tð Þ from Eq. (1). Note that Eq. (25) largely simplifies Eq. (4)
by considering the essential elements (spatial amplification and phase velocity) of
the jet wave. The quantity τjw denotes the time delay of the jet wave when it travels
from the flue exit to the edge (τjw ¼ d=UphÞ.

The acoustic pressure pj tð Þ drives the pipe and yields its resonance. As a result,
uf tð Þ at the starting point is fed back through the input admittance Y ωð Þ of the pipe.
The Fourier transform of pj tð Þ is thus given by:
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Pj ωð Þ ¼ ρhδj=d
� �

iωð Þeμde�iωτjwUf ωð Þ, (26)

where Uf ωð Þ is the Fourier transform of uf tð Þ and Ue ¼ U0 is assumed by
neglecting the jet spreading for simplicity [41]. The feedback loop gain G ωð Þ is thus
defined as

G ωð Þ ¼ Y ωð Þ Pj ωð Þ=Uf ωð Þ� �
: (27)

Hence, the phase condition for the self-sustained (feedback) oscillation is:

phase G ωð Þ½ � ¼ phase Y ωð Þ½ � þ π=2� ωτjw ¼ �2mπ (28)

That is, the time delay τjw of the jet wave must satisfy:

ωτjw ¼ phase Y ωð Þ½ � þ π=2þ 2mπ

¼ phase Y ωð Þ½ � þ mþ 1
4

� �
2π,

(29)

where �2mπ is abandoned because ωτjw is always positive and m (= 0, 1, 2, … .)
denotes the hydrodynamic mode number. Usually, sound generation in flue pipes
occurs for m ¼ 0. Since phase Y ωð Þ½ � ¼ π=2 at the pipe resonance (see Figure 9), we
finally have:

τjw ¼ π=ω ¼ T=2 (30)

for the first modem ¼ 0. Therefore, it may be said that flue instruments are well
excited when the time delay of the jet wave is around half an oscillation period.
More detailed discussion is given in [38, 41]. Although the amplitude condition for
sound generation can be calculated from Eq. (27), we do not have the space enough
to do that.

2.3.4 Time delay of vortex convection in the discrete-vortex model

According to Figure 9(b), the upper and lower vortices created at the flue exit
arrive at the pipe edge with a time delay of T=2, respectively. As explained in
Section 2.3.1 the convection of these two vortices may create the acoustic power
Πvortexh i defined by Eq. (20) for sound generation in flue pipes. Thus, the time delay
of vortex convection τdv in the discrete-vortex model is:

τdv ¼ d=Uc ¼ T=2: (31)

This Eq. (31) just corresponds to Eq. (30) in the jet-drive model. Therefore,
both models provide the same dependence of the oscillation frequency on the jet
velocity.

Although τdv is easily derived from Figure 9(b), it will be desirable to consider
τdv based on the phase balance such as in Eq. (29). The sound generation by the
periodic pulse-like force (produced by each vortex arrival) at the edge will be
maximum when the pulse is in phase with the maximum of acoustic velocity u at
the edge. Since the vortex arrival occurs at the zero-crossing of u [see Figure 9(b)],
the instant of the maximum u is given by τdv � T=4, which should be balanced with
the delay due to the input admittance Y ωð Þ of the resonant pipe. Then, we have the
following phase balance by allowing a time delay of m periods:
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the instant of the maximum u is given by τdv � T=4, which should be balanced with
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τdv � mþ 1
4

� �
T ¼ phase Y ωð Þ½ �=ω: (32)

This equation is the same as Eq. (29) when it is divided by ω. A similar deriva-
tion of Eq. (32) is given in [38]. When m = 0, Eq. (31) is given from Eq. (32).

2.3.5 Aspect ratio d/h of the jet

The aspect ratio d/h (jet length/jet thickness) is an essential parameter that
discriminates the jet-drive model from the discrete-vortex model as indicated in
Figure 8 based on [21]. The value of d/h = 1.7 set up in Figure 8(c) and (d) seems
to be more favored by the discrete-vortex model. The critical aspect ratio that
discriminates both models is d/h = 2.3 in more rigorous sense [21, 38].

Dequand et al. [21] calculated dξm=dtj jmax=U0 as a function of d/h for both
models, and experimental data on the flue exit with chamfered edges and the pipe
edge with 15° were plotted on the calculated diagram (see Figure 12 in [21]). In very
rough sense, the solution curve of the jet-drive model is proportional to d=hð Þ�1, and
that of the discrete-vortex model is proportional to d=hð Þ1=2. The crossing of the two
curves occurs near d/h = 2.3, and the experimental data approximately fit the
discrete-vortex solution below this crossing and better fit the jet-drive solution
above the crossing. Also, the experimental curve of data points indicates the
maximum value at the crossing or the critical aspect ratio. It was experimentally
confirmed on four kinds of the flue-edge geometry (see Figure 10 in [21]). Fur-
thermore, Auvray et al. [38] extended similar calculation for different oscillation
regimes (m = 0, 1; f = f1, f2) (see Figure 8 in [38]). According to [38], the critical
aspect ratio depends on the hydrodynamic jet mode m. For an eolian regime (m = 1,
f = f2), the critical aspect ratio is much larger (d=h ffi 13).

2.4 Vortex-layer model

Howe [18] and Dequand et al. [21] proposed the discrete-vortex model driven
by thick jets (d/h < 2) as explained in Section 2.2. However, there seems to be a
room for the vortex even in the sound generation of flue instruments driven by
thin jets that satisfy d/h > 2. Since an actual jet has a velocity profile as indicated
by the broken line in Figure 10(a), the vorticity can be formed along the boundary
between the jet and the surrounding fluid. As the result, a layer (or sheet) of
vorticity is organized along an immediate vicinity of the jet. The upper layer con-
sists of the positive vorticity (the counterclockwise-rotating tiny vortices), and the
lower layer consists of the negative vorticity (the clockwise-rotating tiny vortices).
This physical picture depicted in Figure 10(a)may be called the vortex-layer model
on the sound generation in musical flue instruments [2, 28].

It should be carefully noted that actual sound generation is three-dimensional
(3-D) as inferred from the volume integral of Eq. (14), but our vortex-layer model
illustrated in Figure 10(a) assumes the two-dimensionality (2-D). This 2-D
assumption corresponds to the 2-D assumption of U and u that has been conven-
tionally made in acoustical models. See Figures 10 and 11 in [28] on the 3-D nature
of U and u. The PIV observation on a plane sheet by the laser (see Section 4.1 and
Figure 14) is based on the 2-D assumption above.

Since u is periodic, the time average ΠG tð Þh i should be null if ω� U is stationary
in time as shown in Figure 10(b). However, since the actual jet has any fluctuation,
if ω�U has a component that changes temporarily in accordance with temporal
change of u, non-zero value of ΠG tð Þh imay be expected from the unbalance between
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the upper and lower vortex layers. Hence, the sound generation in flue pipes may be
yielded by the interaction between the jet vortex layer and the acoustic mouth flow.
In this sense, ω�U and (ω� UÞ ∙umay be called the aeroacoustical source term (with
the same dimension as the acceleration) and the acoustic generation term, respectively.

Helmholtz [30] already suggested the importance of the jet vortex layer. His
vortical surface (or stratum) that has a very unstable equilibrium acts as “an accel-
erating force with a periodically alternating direction” to reinforce the inward and
outward velocity at the pipe entrance. Interestingly enough, this physical picture of
Helmholtz is very similar to the jet vortex-layer model shown in Figure 10 [2, 28]. It
should be recognized that the volume-flow drive first proposed by Helmholtz [30]
is based on his physical concept of the vortex layers formed along the jet flow.

3. Vortices on sound dissipation

3.1 Sound dissipations in linear acoustics

Let us briefly discuss the mechanisms of sound dissipation (or absorption) in
flue instruments because the self-sustained musical instruments must overcome the
acoustic dissipations involved in them. At first let us consider within the field of
linear acoustics and start from sound dissipation in free space.

3.1.1 Classical absorption and molecular absorption in free space

In free space, the classical sources of dissipation are internal friction and heat
conduction. Both phenomena tend to equalize the local variations of the particle

Figure 10.
Conceptual sketch of the vortex-layer model on sound generation in flue instruments [2, 28]: (a) the vortex
layers (consisting of tiny vortices) along both sides of the jet flow and (b) the generation and cancelation of the
aeroacoustical source term ω�U. The dashed line depicts a lateral profile of the jet velocity U.
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τdv � mþ 1
4

� �
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velocity and temperature accompanying the acoustic wave [42]. As a result, the
acoustic energy is removed from the acoustic wave.

The equations on dissipation due to internal friction were derived by
G. Stokes in 1845 and those on dissipation due to heat conduction by G. Kirchhoff
in 1868. A plane sound wave is exponentially damped in the direction of propaga-
tion (x direction): e�αx. The coefficient αF of the dissipation due to internal
friction is [42]

αF ¼ 2ω2=3c3
� �

η=ρð Þ, (33)

where c is the propagating sound velocity, η the dynamic viscosity, and ρ the air
(or generally, gas) density. The coefficient αH due to heat conduction in gases is of
the same order of magnitude as αF and is proportional to ω2 [42]. The distance
within which the sound level falls by 1 dB (an amplitude decrease of about 11%) due
to classical absorption is very large in air (1-kHz wave gives 5 km; 10-kHz wave
50 m) [42]. Therefore, classical dissipation is almost negligibly weak.

The major source of strong dissipation in free space is molecular sound absorp-
tion. The translational and rotational energies of gas molecule are very quickly
increased by a sudden impact, while the oscillatory energy builds up gradually at
the expense of the translational and rotational energies [42]. The delay in reaching
thermal equilibrium is called relaxation, and its time constant is called the relaxa-
tion time τR . The source of molecular absorption in air is oscillatory relaxation of
oxygen. The relaxation frequency (defined as 1=2πτR) of pure oxygen is very low
(about 10 Hz). However, the water vapor content of air greatly shortens the relax-
ation time and shifts the absorbing range into the audio frequencies (see Figure 3.7
in [42]). The acoustic dissipation in moist air is significantly greater than the
classical absorption given by αF þ αH.

3.1.2 Sound dissipation at the internal wall of a long pipe

Next let us consider the dissipation in the confined air instead of in free air. If a
sound wave propagates in a long pipe where sound reflection can be neglected, it
suffers additional losses because of internal friction and heat conduction in the
boundary layer next to the wall. The acoustic particle velocity parallel to the pipe
axis is zero at the internal wall surface because of friction (called no-slip condition).
Its maximum value is not reached until the distance from the wall amounts to a
quarter of viscosity wavelength λvw (see Figure 3.10 in [42]). This λvw characterizes
the thickness of the wall boundary layer and is given by

λvw ¼ 2πδ ¼ 2π
ffiffiffiffiffiffiffiffiffiffiffiffiffi
2η=ωρ

p
≈ 1:4 cms�1=2
� �

=
ffiffiffi
f

q
, (34)

where δ is the skin depth and the equation of the right-hand side is for the air
with the kinematic viscosity η=ρ = 1.5 � 10�5 m2 sec�1 [42].

The losses occurring in the wall boundary layer due to viscous friction and heat
conduction (the wall is considered as a surface with a constant temperature and the
thermal change followed by the acoustic wave should be null at the wall surface)
attenuate sound waves in pipes. A parameter to appropriately express the sound
attenuation in a pipe is the ratio of the pipe radius R to the boundary layer thickness
(or the skin depth) δ. This ratio defines the quality factor Q or the inverse of the loss
factor ζ (generally, Q ¼ ζ�1 ¼ R=δ). The values of Q for viscous friction and heat
conduction are, respectively, given as [1, 43].
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Qv ¼ ωρ=2ηð Þ1=2R,Q t ¼ ωρCp=2κ
� �1=2

γ � 1ð Þ�1R, (35)

where η denotes the viscosity of the air, Cp the specific heat at constant pressure,
κ the thermal conductivity, and γ the ratio of specific heats. The ratio of thermal loss
to viscous loss is given by Q t

�1=Qv
�1 ¼ 0:46 for the air.

The attenuation constant αw of a round pipe is a function of the frequency f (in
hertz) and the pipe radius R (in meters) [1, 42, 43]:

The attenuation constant α in total is given by adding Qrad
�1 in Eq. (36):

αw ¼ ω=2cð Þ Qv
�1 þ Q t

�1� �
≈ 3:1� 10�5 f 1=2=R

� �
in m�1

¼ 2:7 � 10�4 f 1=2=R
� �

in dBm�1,
(36)

where αw is approximately evaluated in m�1 and dBm�1. The conversion is done
by the relation αw in dBm�1ð Þ ¼ 20 log e� αw m�1ð Þ ¼ 8:68 αw m�1ð Þ based on the
exponential decay. For example, the modern flute with R≈ 10 mm indicates
αw ≈0:85 dBm�1 for f ¼ 1000 Hz. This attenuation is much larger than that occurs
in free air, but still small enough. For example, tubes many meters long formerly
were used on ships to transmit commands from the bridge to the engine room [42].
This large but still small enough magnitude of αw is the right reason why musical
flue instruments and other wind instruments work out well. In order to suppress
sound propagation in tubes (or in air conditioning systems) from the viewpoint of
noise control, the tube walls should be covered with sound-absorbing material.

3.1.3 Finite cylindrical pipe: acoustic resonance and sound radiation

Since most musical flue instruments are of finite length, the sound wave that
propagates in the instrument bore is reflected at both open ends. As a result, the
acoustic resonance occurs if the energy enough to overcome all dissipations is
supplied to the bore. The acoustical condition of the bore is characterized by the
input impedance or admittance in which wall boundary losses defined by αw is
involved. However, the reflection is not complete, and a little of the acoustic energy
confined in the bore escapes to free space. This is sound radiation, which is another
source of sound dissipations in the bore.

If the resonance condition is given by kL ¼ nπ (k ¼ ω=c denotes the wave
number and n ¼ 1, 2, 3, … :) and the source strength of radiation at each open end is
the same, we have the value of Q for sound radiation as follows [43]:

Q rad ¼ n=ωn
2� �

πc0c=R2� �
, (37)

where ωn is the angular frequency at the nth mode resonance, c0 the sound speed
in free space, and c the sound speed in the bore (c is a little smaller than c0 due to
wall boundary losses [1, 43]).

Generally, the loss factor or the inverse of Q is defined as [43, 44].

Q�1 ¼ 1
2π

time average of the power lost from the bore
time average of the power stored in the bore

: (38)

Therefore,

Πradh i= ΠBh i ¼ 2πQrad
�1, (39)
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velocity and temperature accompanying the acoustic wave [42]. As a result, the
acoustic energy is removed from the acoustic wave.

The equations on dissipation due to internal friction were derived by
G. Stokes in 1845 and those on dissipation due to heat conduction by G. Kirchhoff
in 1868. A plane sound wave is exponentially damped in the direction of propaga-
tion (x direction): e�αx. The coefficient αF of the dissipation due to internal
friction is [42]

αF ¼ 2ω2=3c3
� �

η=ρð Þ, (33)

where c is the propagating sound velocity, η the dynamic viscosity, and ρ the air
(or generally, gas) density. The coefficient αH due to heat conduction in gases is of
the same order of magnitude as αF and is proportional to ω2 [42]. The distance
within which the sound level falls by 1 dB (an amplitude decrease of about 11%) due
to classical absorption is very large in air (1-kHz wave gives 5 km; 10-kHz wave
50 m) [42]. Therefore, classical dissipation is almost negligibly weak.

The major source of strong dissipation in free space is molecular sound absorp-
tion. The translational and rotational energies of gas molecule are very quickly
increased by a sudden impact, while the oscillatory energy builds up gradually at
the expense of the translational and rotational energies [42]. The delay in reaching
thermal equilibrium is called relaxation, and its time constant is called the relaxa-
tion time τR . The source of molecular absorption in air is oscillatory relaxation of
oxygen. The relaxation frequency (defined as 1=2πτR) of pure oxygen is very low
(about 10 Hz). However, the water vapor content of air greatly shortens the relax-
ation time and shifts the absorbing range into the audio frequencies (see Figure 3.7
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classical absorption given by αF þ αH.

3.1.2 Sound dissipation at the internal wall of a long pipe
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sound wave propagates in a long pipe where sound reflection can be neglected, it
suffers additional losses because of internal friction and heat conduction in the
boundary layer next to the wall. The acoustic particle velocity parallel to the pipe
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Its maximum value is not reached until the distance from the wall amounts to a
quarter of viscosity wavelength λvw (see Figure 3.10 in [42]). This λvw characterizes
the thickness of the wall boundary layer and is given by

λvw ¼ 2πδ ¼ 2π
ffiffiffiffiffiffiffiffiffiffiffiffiffi
2η=ωρ

p
≈ 1:4 cms�1=2
� �

=
ffiffiffi
f

q
, (34)

where δ is the skin depth and the equation of the right-hand side is for the air
with the kinematic viscosity η=ρ = 1.5 � 10�5 m2 sec�1 [42].

The losses occurring in the wall boundary layer due to viscous friction and heat
conduction (the wall is considered as a surface with a constant temperature and the
thermal change followed by the acoustic wave should be null at the wall surface)
attenuate sound waves in pipes. A parameter to appropriately express the sound
attenuation in a pipe is the ratio of the pipe radius R to the boundary layer thickness
(or the skin depth) δ. This ratio defines the quality factor Q or the inverse of the loss
factor ζ (generally, Q ¼ ζ�1 ¼ R=δ). The values of Q for viscous friction and heat
conduction are, respectively, given as [1, 43].
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Qv ¼ ωρ=2ηð Þ1=2R,Q t ¼ ωρCp=2κ
� �1=2

γ � 1ð Þ�1R, (35)

where η denotes the viscosity of the air, Cp the specific heat at constant pressure,
κ the thermal conductivity, and γ the ratio of specific heats. The ratio of thermal loss
to viscous loss is given by Q t

�1=Qv
�1 ¼ 0:46 for the air.

The attenuation constant αw of a round pipe is a function of the frequency f (in
hertz) and the pipe radius R (in meters) [1, 42, 43]:

The attenuation constant α in total is given by adding Qrad
�1 in Eq. (36):

αw ¼ ω=2cð Þ Qv
�1 þ Q t

�1� �
≈ 3:1� 10�5 f 1=2=R

� �
in m�1

¼ 2:7 � 10�4 f 1=2=R
� �

in dBm�1,
(36)

where αw is approximately evaluated in m�1 and dBm�1. The conversion is done
by the relation αw in dBm�1ð Þ ¼ 20 log e� αw m�1ð Þ ¼ 8:68 αw m�1ð Þ based on the
exponential decay. For example, the modern flute with R≈ 10 mm indicates
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were used on ships to transmit commands from the bridge to the engine room [42].
This large but still small enough magnitude of αw is the right reason why musical
flue instruments and other wind instruments work out well. In order to suppress
sound propagation in tubes (or in air conditioning systems) from the viewpoint of
noise control, the tube walls should be covered with sound-absorbing material.

3.1.3 Finite cylindrical pipe: acoustic resonance and sound radiation

Since most musical flue instruments are of finite length, the sound wave that
propagates in the instrument bore is reflected at both open ends. As a result, the
acoustic resonance occurs if the energy enough to overcome all dissipations is
supplied to the bore. The acoustical condition of the bore is characterized by the
input impedance or admittance in which wall boundary losses defined by αw is
involved. However, the reflection is not complete, and a little of the acoustic energy
confined in the bore escapes to free space. This is sound radiation, which is another
source of sound dissipations in the bore.

If the resonance condition is given by kL ¼ nπ (k ¼ ω=c denotes the wave
number and n ¼ 1, 2, 3, … :) and the source strength of radiation at each open end is
the same, we have the value of Q for sound radiation as follows [43]:

Q rad ¼ n=ωn
2� �

πc0c=R2� �
, (37)

where ωn is the angular frequency at the nth mode resonance, c0 the sound speed
in free space, and c the sound speed in the bore (c is a little smaller than c0 due to
wall boundary losses [1, 43]).

Generally, the loss factor or the inverse of Q is defined as [43, 44].

Q�1 ¼ 1
2π

time average of the power lost from the bore
time average of the power stored in the bore

: (38)

Therefore,

Πradh i= ΠBh i ¼ 2πQrad
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where Πradh i denotes the time average of the power lost from the bore by sound
radiation and ΠBh i the time average of the power stored in the bore. For f = 300 Hz
and R = 25 and 15 mm, we have Q rad ¼ 164 and 454, respectively. We can thus
understand that the radiated power is very little from the evaluated values
Πradh i= ΠBh i ¼ 0:038 and 0:014. This implies that the first priority is clearly offered
to the resonance in wind instruments. Sound radiation is only the faint leakage of
the power stored in the bore. In spite of it, we can easily hear instrument tones.

α ¼ αw þ αrad ¼ ω=2cð Þ Qv
�1 þ Q t

�1 þQ rad
�1� �

, (40)

where αrad indicates the attenuation constant due to sound radiation. Also, the
total Q�1 defined by Eq. (38) is equal to Qv

�1 þ Q t
�1 þQ rad

�1� �
. Since Q (called the

quality factor) indicates the sharpness or height of the resonance, it is adequate to
show Q instead of Q�1 for wind instruments. Figure 11 depicts Q as a function of f
for the bores of the clarinet, flute, and bass flute. We may well understand that
wind instruments with cylindrical bores have appreciably high Q values over their
playing ranges.

3.2 Acoustically induced vortices as the final dissipation agent

The above description in 3.1 on sound dissipations is correct within the scope of
linear acoustics. Then, as the input energy from the player continues to increase, the
output energy (viz., the sound level) from the instrument keeps increasing. How-
ever, in actual wind instruments, the saturation of the output energy necessarily
occurs. In other words, sound generation is nonlinear.

An important source of the saturation in flue instruments is acoustically induced
vortices (simply, acoustic vortices) at the pipe edge. These acoustic vortices work as
the final dissipation agent that determines the final amplitude of the saturated sound.

3.2.1 Visualization of acoustic vortices and their modeling

Jet and vortex behaviors during attack transients in organ pipe models were
studied intensively using a high-speed video camera and a smoked jet in [17].
Experimental procedures are described in [17, 29]. Figure 12(a) and (b) is the
visualization result which shows the exterior vortex (a) is rotating clockwise and
the interior vortex (b) is rotating anticlockwise (the blowing pressure is about

Figure 11.
The quality factor Q as a function of f for cylindrical bore instruments. The bore radius R = 7.3, 9.5, and
17 mm for the clarinet, flute, and bass flute, respectively.
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150 Pa just before the steady state and the sounding frequency 283 Hz). These
vortices are making up an acoustic dipole. We can see the same rotation of the
interior vortex in Figure 12(c). That vortex was recognized as acoustic vortex in
[16] (the steady-state blowing pressure was 270 Pa and the sounding frequency
477 Hz). Therefore, the vortices in Figure 12(a) and (b) may be regarded as
acoustic vortices, too. An interior vortex is produced in Figure 12(a) when the jet
just crosses the edge from the outside to the inside, while that in Figure 12(c) is
produced when the jet is deflected to the inside. This difference may be due to
various causes. A long flue-to-edge distance d (=10.2 mm), almost null offset of the
edge, a very slow buildup of the blowing pressure, and a low final blowing pressure
were used in [17], while a much shorter d, a large offset, a quick buildup of the
blowing pressure, and a much higher final pressure were used in [16].

These acoustic vortices shedding from the edge are considered to serve as a
significant source of the sound energy dissipation in large-amplitude nonlinear
oscillation [16]. According to Figure 5 [the same organ pipe model was used in
Figures 5, 12(a) and (b)], the acoustic particle velocity at the mouth is estimated as
2.3 m/s for the jet blowing velocity of 15.8 m/s (corresponding to the jet blowing
pressure of 150 Pa). The acoustic velocity is thus about 15% of the flow velocity and
seems to be large enough to cause nonlinear oscillations.

A physical modeling of the acoustic vortex generation in organ flue pipes is
shown in Figure 13 in comparison with the hydrodynamic vortex generation. A
typical hydrodynamic vortex formed above the edge at the starting transient rotates
anticlockwise as shown in Figure 13(a). At this time the vorticity vector ω is in the
negative y direction and ω�U is in the positive z direction (upwards) when the jet
velocity U is in the positive x direction. On the other hand, an acoustic vortex
formed above the edge [see Figure 12(a)] rotates clockwise as shown in
Figure 13(b). Then, ω� U is in the negative z direction. Since the jet oscillates from
the upward to the downward in Figure 12(a), the acoustic particle velocity u takes
negative maximum amplitude as known from Figure 9(a). This condition is indi-
cated by the dashed line around the mouth area in Figure 13(b). As a result, the
inner product ω�Uð Þ ∙u becomes positive and the absorption of sound energy by
the vortex is caused according to Eq. (13). Half a period later, an acoustic vortex
rotating anticlockwise is formed below the edge as shown in Figures 12(b) and 13(c),
and ω�U as well as u is in the positive z direction. Hence, ω� Uð Þ ∙u is positive
again as shown in Figure 13(c), and sound energy absorption takes place at the
pre-steady state or the steady state.

Although the jet deflection shown in Figure 12(c) is negative, the jet might be
moving upward [the phase of ξe may be around 12 t=Tð Þ ¼ 1 in Figure 9(a)] and
then u as well as ω� U is possibly upward as shown in Figure 13(c). Also, the
effects of the pressure drive [cf. Eqs. (2) and (3)] should be considered because of

Figure 12.
Visualized examples of acoustic vortices. (a) and (b): Visualized using a high-speed video camera and a smoked
jet when the jet blowing pressure is 150 Pa and the sounding frequency 283 Hz [17]; (c): Visualized by means
of a standard Schlieren technique when jet blowing pressure is 270 Pa and the sounding frequency 477 Hz [16].
Note that the jet-edge configuration and the buildup of the blowing pressure in frames (a) and (b) are quite
different from those in frame (c). Also, frames (a) and (b) appear just before the steady state (at the
“pre-steady state” in [17]), while frame (c) appears at the steady state.
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where Πradh i denotes the time average of the power lost from the bore by sound
radiation and ΠBh i the time average of the power stored in the bore. For f = 300 Hz
and R = 25 and 15 mm, we have Q rad ¼ 164 and 454, respectively. We can thus
understand that the radiated power is very little from the evaluated values
Πradh i= ΠBh i ¼ 0:038 and 0:014. This implies that the first priority is clearly offered
to the resonance in wind instruments. Sound radiation is only the faint leakage of
the power stored in the bore. In spite of it, we can easily hear instrument tones.
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show Q instead of Q�1 for wind instruments. Figure 11 depicts Q as a function of f
for the bores of the clarinet, flute, and bass flute. We may well understand that
wind instruments with cylindrical bores have appreciably high Q values over their
playing ranges.

3.2 Acoustically induced vortices as the final dissipation agent

The above description in 3.1 on sound dissipations is correct within the scope of
linear acoustics. Then, as the input energy from the player continues to increase, the
output energy (viz., the sound level) from the instrument keeps increasing. How-
ever, in actual wind instruments, the saturation of the output energy necessarily
occurs. In other words, sound generation is nonlinear.

An important source of the saturation in flue instruments is acoustically induced
vortices (simply, acoustic vortices) at the pipe edge. These acoustic vortices work as
the final dissipation agent that determines the final amplitude of the saturated sound.

3.2.1 Visualization of acoustic vortices and their modeling

Jet and vortex behaviors during attack transients in organ pipe models were
studied intensively using a high-speed video camera and a smoked jet in [17].
Experimental procedures are described in [17, 29]. Figure 12(a) and (b) is the
visualization result which shows the exterior vortex (a) is rotating clockwise and
the interior vortex (b) is rotating anticlockwise (the blowing pressure is about
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17 mm for the clarinet, flute, and bass flute, respectively.

64

Vortex Dynamics Theories and Applications

150 Pa just before the steady state and the sounding frequency 283 Hz). These
vortices are making up an acoustic dipole. We can see the same rotation of the
interior vortex in Figure 12(c). That vortex was recognized as acoustic vortex in
[16] (the steady-state blowing pressure was 270 Pa and the sounding frequency
477 Hz). Therefore, the vortices in Figure 12(a) and (b) may be regarded as
acoustic vortices, too. An interior vortex is produced in Figure 12(a) when the jet
just crosses the edge from the outside to the inside, while that in Figure 12(c) is
produced when the jet is deflected to the inside. This difference may be due to
various causes. A long flue-to-edge distance d (=10.2 mm), almost null offset of the
edge, a very slow buildup of the blowing pressure, and a low final blowing pressure
were used in [17], while a much shorter d, a large offset, a quick buildup of the
blowing pressure, and a much higher final pressure were used in [16].

These acoustic vortices shedding from the edge are considered to serve as a
significant source of the sound energy dissipation in large-amplitude nonlinear
oscillation [16]. According to Figure 5 [the same organ pipe model was used in
Figures 5, 12(a) and (b)], the acoustic particle velocity at the mouth is estimated as
2.3 m/s for the jet blowing velocity of 15.8 m/s (corresponding to the jet blowing
pressure of 150 Pa). The acoustic velocity is thus about 15% of the flow velocity and
seems to be large enough to cause nonlinear oscillations.

A physical modeling of the acoustic vortex generation in organ flue pipes is
shown in Figure 13 in comparison with the hydrodynamic vortex generation. A
typical hydrodynamic vortex formed above the edge at the starting transient rotates
anticlockwise as shown in Figure 13(a). At this time the vorticity vector ω is in the
negative y direction and ω�U is in the positive z direction (upwards) when the jet
velocity U is in the positive x direction. On the other hand, an acoustic vortex
formed above the edge [see Figure 12(a)] rotates clockwise as shown in
Figure 13(b). Then, ω� U is in the negative z direction. Since the jet oscillates from
the upward to the downward in Figure 12(a), the acoustic particle velocity u takes
negative maximum amplitude as known from Figure 9(a). This condition is indi-
cated by the dashed line around the mouth area in Figure 13(b). As a result, the
inner product ω�Uð Þ ∙u becomes positive and the absorption of sound energy by
the vortex is caused according to Eq. (13). Half a period later, an acoustic vortex
rotating anticlockwise is formed below the edge as shown in Figures 12(b) and 13(c),
and ω�U as well as u is in the positive z direction. Hence, ω� Uð Þ ∙u is positive
again as shown in Figure 13(c), and sound energy absorption takes place at the
pre-steady state or the steady state.

Although the jet deflection shown in Figure 12(c) is negative, the jet might be
moving upward [the phase of ξe may be around 12 t=Tð Þ ¼ 1 in Figure 9(a)] and
then u as well as ω� U is possibly upward as shown in Figure 13(c). Also, the
effects of the pressure drive [cf. Eqs. (2) and (3)] should be considered because of

Figure 12.
Visualized examples of acoustic vortices. (a) and (b): Visualized using a high-speed video camera and a smoked
jet when the jet blowing pressure is 150 Pa and the sounding frequency 283 Hz [17]; (c): Visualized by means
of a standard Schlieren technique when jet blowing pressure is 270 Pa and the sounding frequency 477 Hz [16].
Note that the jet-edge configuration and the buildup of the blowing pressure in frames (a) and (b) are quite
different from those in frame (c). Also, frames (a) and (b) appear just before the steady state (at the
“pre-steady state” in [17]), while frame (c) appears at the steady state.
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quite high blowing pressure. The phase lag due to the pressure drive canmake the
acoustic velocity in the case ofFigure 12(c)morepositive as inferred fromFigure 8(a).
Then, ω� Uð Þ ∙u>0will be realized in better fashion.

Interestingly enough, the acoustic vortices shown in Figure 12(a) and (b) were
not observed at the steady state in [17]. Instead of that, we observed a steadily
deflecting jet, particularly its penetration into the pipe as captured in Figure 13 in [17].
According to this result, we may consider that the acoustic vortex is formed to lead
the finally saturated amplification of the jet stability wave by absorbing the final
excess in the acoustic energy generation occurring at the pre-steady state. The acous-
tic vortex may be then conveyed by the jet flow into the region where the vorticity
can no longer continue to interact with the acoustic field [35]. Since the completely
steady state has already reached the energy balance, any more acoustic vortices seem
to be not needed. Instead, the acoustic vortices will be strongly needed just before the

Figure 13.
Schematic of vortex formation in organ flue pipes. (a): A hydrodynamic vortex formed at the initial phase of the
starting transient; (b) and (c): An acoustic vortex formed at the pre-steady state [17].
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completely steady state or at the pre-steady state. Also, the acoustic vortex should be
discussed from the common viewpoint of acoustic power dissipation and radiation of
high-amplitude jet noise at duct termination [3, 15, 35, 44].

3.2.2 Acoustic power balance between vortex layers and acoustic vortices

Acoustic power generation by the unbalance between the upper and lower
vortex layers (cf. Section 2.4) will be balanced with acoustic power dissipations by
the wall boundary effects (cf. Section 3.1.2), sound radiation (cf. Section 3.1.3), and
acoustic vortices in the sense of time average:

ΠG tð Þh i ¼ Πα tð Þh i þ ΠD tð Þh i, (41)

where ΠG tð Þ is given by Eq. (14) with ω ¼ ωvl concerning the vortex layer, Πα tð Þ
is the power lost from the bore that is given by the total attenuation constant of
Eq. (40), and ΠD tð Þ is given by Eq. (13) with ω ¼ ωav concerning the acoustic
vortex. A more exact description of ΠG tð Þ derived from the unbalance between the
upper and lower vortex layers will be given in Section 4.1.

3.2.3 Acoustic losses due to vortex shedding at the edge

In the framework of the jet-drive model, Dequand et al. [21] assumed that the
separation of the acoustic flow qm tð Þ ¼ dξm=dtð Þdb occurs at the edge by following
Verge et al. [12]. This acoustic flow separation causes a free jet [45].

Although they neglect the effects of the separation of the jet flow and their
viewpoint is different from the modeling illustrated in Figure 13, it seems to be
worth taking into consideration. The effects of vortices can be represented by a
fluctuating pressure pv across the mouth [12, 21]:

pv ¼ � 1=2ð Þρ qm=cvdb
� �2sign qm

� �
, (42)

where cv (= 0.6) is the vena contracta factor of the free jet. The time-averaged
power losses due to the acoustic vortex shedding at the edge is then given as [21].

Πlosth i ¼ pvqm
� � ¼ � 1=2Tð Þ ρdb=cv2

� �ðT
0
dξm=dtð Þ2 dξm=dtj jdt, (43)

where it is assumed that the dissipation occurs during the entire period T.
Therefore, the power dissipation given by Eq. (43) may be considered as an

upper limit approximation, and by neglecting Πα in Eq. (41), it can be roughly
balanced with the power generation by the jet drive given by Eq. (9) [12, 21]:

Π jet
� �þ Πlosth i≈0: (44)

If the integral in the right-hand side of Eq. (43) can be replaced with a product
of dξm=dtð Þmax

2 dξm=dtj j and an appropriate division of T by supposing a
rectangular-like waveform of ξm tð Þ, we have the following relation between
the maximum acoustic velocity dξm=dtð Þmax over the mouth, the Strouhal number
St ¼ fd=U0, and the aspect ratio d=h of the jet [12, 21]:

dξm=dtð Þmax=U0
� �2 � St h=dð Þ3=2: (45)
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completely steady state or at the pre-steady state. Also, the acoustic vortex should be
discussed from the common viewpoint of acoustic power dissipation and radiation of
high-amplitude jet noise at duct termination [3, 15, 35, 44].

3.2.2 Acoustic power balance between vortex layers and acoustic vortices

Acoustic power generation by the unbalance between the upper and lower
vortex layers (cf. Section 2.4) will be balanced with acoustic power dissipations by
the wall boundary effects (cf. Section 3.1.2), sound radiation (cf. Section 3.1.3), and
acoustic vortices in the sense of time average:

ΠG tð Þh i ¼ Πα tð Þh i þ ΠD tð Þh i, (41)

where ΠG tð Þ is given by Eq. (14) with ω ¼ ωvl concerning the vortex layer, Πα tð Þ
is the power lost from the bore that is given by the total attenuation constant of
Eq. (40), and ΠD tð Þ is given by Eq. (13) with ω ¼ ωav concerning the acoustic
vortex. A more exact description of ΠG tð Þ derived from the unbalance between the
upper and lower vortex layers will be given in Section 4.1.

3.2.3 Acoustic losses due to vortex shedding at the edge

In the framework of the jet-drive model, Dequand et al. [21] assumed that the
separation of the acoustic flow qm tð Þ ¼ dξm=dtð Þdb occurs at the edge by following
Verge et al. [12]. This acoustic flow separation causes a free jet [45].

Although they neglect the effects of the separation of the jet flow and their
viewpoint is different from the modeling illustrated in Figure 13, it seems to be
worth taking into consideration. The effects of vortices can be represented by a
fluctuating pressure pv across the mouth [12, 21]:

pv ¼ � 1=2ð Þρ qm=cvdb
� �2sign qm

� �
, (42)

where cv (= 0.6) is the vena contracta factor of the free jet. The time-averaged
power losses due to the acoustic vortex shedding at the edge is then given as [21].

Πlosth i ¼ pvqm
� � ¼ � 1=2Tð Þ ρdb=cv2

� �ðT
0
dξm=dtð Þ2 dξm=dtj jdt, (43)

where it is assumed that the dissipation occurs during the entire period T.
Therefore, the power dissipation given by Eq. (43) may be considered as an

upper limit approximation, and by neglecting Πα in Eq. (41), it can be roughly
balanced with the power generation by the jet drive given by Eq. (9) [12, 21]:

Π jet
� �þ Πlosth i≈0: (44)

If the integral in the right-hand side of Eq. (43) can be replaced with a product
of dξm=dtð Þmax

2 dξm=dtj j and an appropriate division of T by supposing a
rectangular-like waveform of ξm tð Þ, we have the following relation between
the maximum acoustic velocity dξm=dtð Þmax over the mouth, the Strouhal number
St ¼ fd=U0, and the aspect ratio d=h of the jet [12, 21]:
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This interesting non-dimensional relation was almost confirmed by the experi-
ment on thin jets (d=h> 2) for the four different flue-edge geometries (see Figure 11
in [21]). The maximum of non-dimensional amplitude dξm=dtð Þmax=U0 reached for
the edge with an angle of 60° is 20% higher than that obtained for the edge with an
angle of 15°. This difference in amplitude can reflect the difference between the
flute and the recorder. The recorder with a sharper edge probably brings about
stronger losses due to vortex shedding at the edge.

4. Vortices on sound generation

In this section let us consider what the cause of the jet oscillation is for thin jets
(d=h> 2). Fletcher’s displacement model of Eq. (4) [1, 31] has no definite physical
basis, and Coltman’s velocity model [22, 23] lacks in quantitative analysis. The
present author proposed an acceleration model based on the pressure difference
between the upper and lower surfaces of the jet [26]. Although this model could not
involve the effects of the jet instability [20], it could successfully predict the possi-
bility of underwater organ pipes [46]. Therefore, another acceleration model based
on the vorticity generation is greatly expected [28].

4.1 Vortex layer along the jet visualized by PIV

A great advantage of PIV is to yield global and quantitative information on the
flow-acoustic interaction. The PIV was already successfully applied to the experi-
mental research of the edge-tone generation [6], where the complicated jet-edge
interaction was investigated to accurately localize the vortex cores (dipole sources)
just before the edge. Also, it was applied to measure the flow velocity and acoustic
particle velocity [47]. Measurements of both quantities are required to consider
sound generation based on the vortex sound theory.

4.1.1 Measurement requirements

Since the vortex sound theory hypothesizes an irrotational potential flow for u
[18], the measurement should meet the requirement for this potential flow. How-
ever, actual acoustic cross-flow u in flue instruments tends to yield a non-potential
flow through any nonlinear process at large-amplitude conditions. Hence, the mea-
surement should be carried out at low amplitudes to assure the potential flow.
Moreover, the PIV cannot evaluate the contribution from the harmonics but only
estimates the instantaneous flow magnitude on a plane sheet illuminated by the
laser. Hence, the acoustic cross-flow should be measured based on the acoustical
field with a waveform as sinusoidal as possible.

Both requirements of (1) a potential flow and (2) a sinusoidal flow for u are not
easily fulfilled at the same time in rigorous manner. A practical way seems to be a
measurement at appropriate low amplitudes (the drive at piano level was better
than that at pianissimo level [28]). Bamberger [48–50], who first introduced the PIV
into the field of musical acoustics, carried out his measurement at mezzo-forte level
by driving a flute at a very high pitch of about 1150 Hz. This sounding condition
seems to satisfy the sinusoidal flow condition because a very high tone of the flute
almost consists of only the fundamental. This is due to the cutoff frequency around
2 kHz of the column resonance of the modern flute [51]. However, it is uncertain
whether the requirement of the irrotational potential flow on u is satisfied or not.
On the other hand, an organ pipe with a low-frequency resonance (at about 195 Hz)
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is driven at low amplitudes to satisfy the requirement of the potential and sinusoidal
flow on u simultaneously [28].

Since uj j≪ Uj j, it is very difficult to measure the distribution of u over the
mouth area using the PIV when the pipe is driven by the air jet. Therefore, both
measurements of u and U should be separately carried out. Of course, U cannot be
measured without using the jet. On the other hand, u can be measured by resonat-
ing the pipe externally, for example, by using an inverse exponential horn [28, 49].
A larger cross section of this horn is firmly fitted to the loudspeaker diaphragm, and
a smaller cross section is coupled to the pipe end with a distance larger than the end
correction to maintain the resonance pattern of the pressure distribution along the
air column. The loudspeaker is driven by an oscillator to generate a sinusoidal wave
in the pipe with the same frequency and amplitude as those when the jet drives the
pipe. The organ pipe is thus driven by this loudspeaker horn system when u is
measured.

Also, in order to experimentally examine the generation of the vortex sound
based on Eq. (14), both measurements of u and U must be carried out at the same
condition as exactly as possible. That is, these vectors must be measured at the same
phase of the generating sound and at the same measurement area by using the same
organ pipe. However, since u and U cannot be measured simultaneously, the jet
drive and the loudspeaker horn drive must be switched as quickly as possible while
maintaining the same sounding condition and the same measurement condition.
The phase-locked PIV measurement on u and U (see Figure 14) is thus essentially
important to evaluate Eq. (14). Since uj j≪ Uj j, u should be first measured using the
horn drive at a given phase of the sound, and the U is measured at the same phase
by quickly switching the horn drive to the jet drive.

4.1.2 Measurement procedures

PIV measurement of u and U was carried out twice (Trials 1 and 2) in [28]. The
fundamental frequencies of the pipe tone were 192.0 Hz and 192.1 Hz, respectively
(the cutoff frequency of the horn was designed to be about 150 Hz). The averaged
sound levels were 59.0 dB and 59.3 dB, respectively. When the averaged sound level
was 57.8 dB (the pianissimo level), the third and fifth harmonics were not negligible
as compared with these trials. On the other hand, when the averaged sound level
was 60.2 dB, the second harmonic was only 10 dB lower than the fundamental.

Figure 14.
Experimental setup based on the phase-locked PIV system (the PIV itself is manufactured by Dantec dynamics).
The blower and the loudspeaker horn system are alternately used for the jet drive to measure the jet velocity and
for the horn drive to measure the acoustic cross-flow velocity, respectively [28].
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This interesting non-dimensional relation was almost confirmed by the experi-
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ever, actual acoustic cross-flow u in flue instruments tends to yield a non-potential
flow through any nonlinear process at large-amplitude conditions. Hence, the mea-
surement should be carried out at low amplitudes to assure the potential flow.
Moreover, the PIV cannot evaluate the contribution from the harmonics but only
estimates the instantaneous flow magnitude on a plane sheet illuminated by the
laser. Hence, the acoustic cross-flow should be measured based on the acoustical
field with a waveform as sinusoidal as possible.

Both requirements of (1) a potential flow and (2) a sinusoidal flow for u are not
easily fulfilled at the same time in rigorous manner. A practical way seems to be a
measurement at appropriate low amplitudes (the drive at piano level was better
than that at pianissimo level [28]). Bamberger [48–50], who first introduced the PIV
into the field of musical acoustics, carried out his measurement at mezzo-forte level
by driving a flute at a very high pitch of about 1150 Hz. This sounding condition
seems to satisfy the sinusoidal flow condition because a very high tone of the flute
almost consists of only the fundamental. This is due to the cutoff frequency around
2 kHz of the column resonance of the modern flute [51]. However, it is uncertain
whether the requirement of the irrotational potential flow on u is satisfied or not.
On the other hand, an organ pipe with a low-frequency resonance (at about 195 Hz)
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is driven at low amplitudes to satisfy the requirement of the potential and sinusoidal
flow on u simultaneously [28].

Since uj j≪ Uj j, it is very difficult to measure the distribution of u over the
mouth area using the PIV when the pipe is driven by the air jet. Therefore, both
measurements of u and U should be separately carried out. Of course, U cannot be
measured without using the jet. On the other hand, u can be measured by resonat-
ing the pipe externally, for example, by using an inverse exponential horn [28, 49].
A larger cross section of this horn is firmly fitted to the loudspeaker diaphragm, and
a smaller cross section is coupled to the pipe end with a distance larger than the end
correction to maintain the resonance pattern of the pressure distribution along the
air column. The loudspeaker is driven by an oscillator to generate a sinusoidal wave
in the pipe with the same frequency and amplitude as those when the jet drives the
pipe. The organ pipe is thus driven by this loudspeaker horn system when u is
measured.

Also, in order to experimentally examine the generation of the vortex sound
based on Eq. (14), both measurements of u and U must be carried out at the same
condition as exactly as possible. That is, these vectors must be measured at the same
phase of the generating sound and at the same measurement area by using the same
organ pipe. However, since u and U cannot be measured simultaneously, the jet
drive and the loudspeaker horn drive must be switched as quickly as possible while
maintaining the same sounding condition and the same measurement condition.
The phase-locked PIV measurement on u and U (see Figure 14) is thus essentially
important to evaluate Eq. (14). Since uj j≪ Uj j, u should be first measured using the
horn drive at a given phase of the sound, and the U is measured at the same phase
by quickly switching the horn drive to the jet drive.

4.1.2 Measurement procedures

PIV measurement of u and U was carried out twice (Trials 1 and 2) in [28]. The
fundamental frequencies of the pipe tone were 192.0 Hz and 192.1 Hz, respectively
(the cutoff frequency of the horn was designed to be about 150 Hz). The averaged
sound levels were 59.0 dB and 59.3 dB, respectively. When the averaged sound level
was 57.8 dB (the pianissimo level), the third and fifth harmonics were not negligible
as compared with these trials. On the other hand, when the averaged sound level
was 60.2 dB, the second harmonic was only 10 dB lower than the fundamental.

Figure 14.
Experimental setup based on the phase-locked PIV system (the PIV itself is manufactured by Dantec dynamics).
The blower and the loudspeaker horn system are alternately used for the jet drive to measure the jet velocity and
for the horn drive to measure the acoustic cross-flow velocity, respectively [28].
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When the level was 69.4 dB, the second harmonic showed almost the same magni-
tude as the fundamental. As a result, two trials above with the piano level excitation
seem to yield good conditions satisfying the measurement requirement for u. It
should be noted that all these tones with their levels from 57.8 dB to 69.4 dB are
produced by the same first mode resonance.

The phase lock of the PIV system is easily implemented if the external trigger
signal is produced to activate the laser and the CCD camera. This is because the PIV
system can set the trigger delay almost arbitrarily through the software embedded
in the trigger signal production system shown in Figure 14. The trigger delay was
set to be (1/12)T times n (n = 0, 1, 2, ..., 11), where T denotes the period of the pipe
tone. For more details on the production of the external trigger, refer to [28]. As a
result, the phase-locked measurement of u and U is carried out at the specific
phases (Phase 0, Phase 1, Phase 2, ..., Phase 11). Note that Phase 0 is defined by the
buildup of the positive trigger pulse when the trigger delay is not applied.

In the experiment a metallic organ pipe, which was made by a German organ
builder, was measured [28]. Its cross-sectional structure (in x-z plane) around the
mouth is already shown in Figure 1, and its important geometry is as follows: the
physical pipe length L = 793 mm, the pipe inner diameter 2R = 43.6 mm, the flue-to-
edge distance d = 8.8 mm, the jet thickness h = 0.75 mm, and the mouth breadth
b = 31.9 mm. The value of d/h is 11.7, much larger than 2. It should be noted that the
edge is not very sharp like a wedge but plate-like as an extension of pipe wall,
although the edge tip is 0.4 mm thick compared to the pipe wall that is 1.0 mm
thick. Such an edge and flue are common in metal flue pipes as illustrated in
Figure 17.6 of [1].

4.1.3 Calculation of the acoustic generation formula

The PIV can derive the vorticity map from the jet velocity distribution. The
vorticity ω ¼ rot Uð Þ at a field point is calculated from the 2-D velocities at four
discrete points surrounding the point of interest. Therefore, the aeroacoustical
source term ω� U and the acoustic power generation term ω� Uð Þ∙u can be
calculated from the measurement of velocity fields u and U (see [28] on their
measurement results, which are spared in this chapter).

The vorticity map given at Trial 1 is illustrated in Figure 15(a). Since the 2-D
velocity U was measured in x-z plane, the vorticity vector has only y direction
component [ω ¼ 0,ωy, 0

� �
]:

ωy x, zð Þ ¼ ∂Ux

∂z
x, zð Þ � ∂Uz

∂x
x, zð Þ: (46)

The vorticity is formed along the upper and lower boundaries of the jet. The
upper layer possesses the positive vorticity (the counterclockwise rotation of small
vortices) and the lower layer the negative vorticity [cf. Figure 10(a)]. These layers
may be called vorticity layers or simply vortex layers. At Phases 7 and 10, large-scaled
positive vortices are indicated before and above the edge, but these do not seem to
be important because the magnitudes of U and u there are very small. As a result,
the effects of these vortices almost completely disappear as shown in Figure 15(c).
It should be correctly recognized that vortex shedding from the edge tip
(cf. Figure 6) is never observed in Figure 15(a). This implies that Howe’s vortex-
shedding model may not be applicable to the sound generation in organ flue pipes
that are usually driven by thin jets.

The resulting aeroacoustical source term ω� U is displayed in Figure 15(b),
where the upper and lower layers of the vorticity yield the positive z and negative z
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components of ω� U, respectively. The maximum magnitude of ω� U, which is
about 2� 105 m=s2ð Þ, can be observed near the flue. The opposing vectors of ω�U
along both layers seem to almost cancel each other as depicted in Figure 10(b).
However, since ω� U has a very large acceleration, an imperfect cancelation (or a
slight unbalance) between ω� U vectors along both layers yields a significant effect
in acoustical events.

4.1.4 Generation of the acoustic power from the vortical field

Acoustic generation term ω� Uð Þ � u defined by Eq. (14) is shown in Figure 15(c).
Since u indicates the outflow at Phases 1 and 4, and inflow at Phases 7 and 10,
ω�Uð Þ � u takes the opposite sign along the vortex layer between these phases. This
sign inversion occurs near Phases 0 and 6 [28]. The maximummagnitude of ω� Uð Þ �
u appears near 1–2 millimeters downstream from the flue at Phases 3 and 8 as about

Figure 15.
Aerodynamical quantities derived from the phase-locked PIV measurement at the organ pipe mouth: (a)
vorticity ω; (b) aeroacoustical source term (acceleration) ω� U; (c) acoustic generation term ω� Uð Þ∙u.
The positions of the flue exit and the edge tip correspond to (x, z) = (2.0 mm, 2.2 mm) and (x, z) = (10.5 mm,
3.8 mm), respectively [28].
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When the level was 69.4 dB, the second harmonic showed almost the same magni-
tude as the fundamental. As a result, two trials above with the piano level excitation
seem to yield good conditions satisfying the measurement requirement for u. It
should be noted that all these tones with their levels from 57.8 dB to 69.4 dB are
produced by the same first mode resonance.
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signal is produced to activate the laser and the CCD camera. This is because the PIV
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tone. For more details on the production of the external trigger, refer to [28]. As a
result, the phase-locked measurement of u and U is carried out at the specific
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buildup of the positive trigger pulse when the trigger delay is not applied.

In the experiment a metallic organ pipe, which was made by a German organ
builder, was measured [28]. Its cross-sectional structure (in x-z plane) around the
mouth is already shown in Figure 1, and its important geometry is as follows: the
physical pipe length L = 793 mm, the pipe inner diameter 2R = 43.6 mm, the flue-to-
edge distance d = 8.8 mm, the jet thickness h = 0.75 mm, and the mouth breadth
b = 31.9 mm. The value of d/h is 11.7, much larger than 2. It should be noted that the
edge is not very sharp like a wedge but plate-like as an extension of pipe wall,
although the edge tip is 0.4 mm thick compared to the pipe wall that is 1.0 mm
thick. Such an edge and flue are common in metal flue pipes as illustrated in
Figure 17.6 of [1].

4.1.3 Calculation of the acoustic generation formula

The PIV can derive the vorticity map from the jet velocity distribution. The
vorticity ω ¼ rot Uð Þ at a field point is calculated from the 2-D velocities at four
discrete points surrounding the point of interest. Therefore, the aeroacoustical
source term ω� U and the acoustic power generation term ω� Uð Þ∙u can be
calculated from the measurement of velocity fields u and U (see [28] on their
measurement results, which are spared in this chapter).

The vorticity map given at Trial 1 is illustrated in Figure 15(a). Since the 2-D
velocity U was measured in x-z plane, the vorticity vector has only y direction
component [ω ¼ 0,ωy, 0
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vortices) and the lower layer the negative vorticity [cf. Figure 10(a)]. These layers
may be called vorticity layers or simply vortex layers. At Phases 7 and 10, large-scaled
positive vortices are indicated before and above the edge, but these do not seem to
be important because the magnitudes of U and u there are very small. As a result,
the effects of these vortices almost completely disappear as shown in Figure 15(c).
It should be correctly recognized that vortex shedding from the edge tip
(cf. Figure 6) is never observed in Figure 15(a). This implies that Howe’s vortex-
shedding model may not be applicable to the sound generation in organ flue pipes
that are usually driven by thin jets.

The resulting aeroacoustical source term ω� U is displayed in Figure 15(b),
where the upper and lower layers of the vorticity yield the positive z and negative z
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components of ω� U, respectively. The maximum magnitude of ω� U, which is
about 2� 105 m=s2ð Þ, can be observed near the flue. The opposing vectors of ω�U
along both layers seem to almost cancel each other as depicted in Figure 10(b).
However, since ω� U has a very large acceleration, an imperfect cancelation (or a
slight unbalance) between ω� U vectors along both layers yields a significant effect
in acoustical events.

4.1.4 Generation of the acoustic power from the vortical field

Acoustic generation term ω� Uð Þ � u defined by Eq. (14) is shown in Figure 15(c).
Since u indicates the outflow at Phases 1 and 4, and inflow at Phases 7 and 10,
ω�Uð Þ � u takes the opposite sign along the vortex layer between these phases. This
sign inversion occurs near Phases 0 and 6 [28]. The maximummagnitude of ω� Uð Þ �
u appears near 1–2 millimeters downstream from the flue at Phases 3 and 8 as about
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Aerodynamical quantities derived from the phase-locked PIV measurement at the organ pipe mouth: (a)
vorticity ω; (b) aeroacoustical source term (acceleration) ω� U; (c) acoustic generation term ω� Uð Þ∙u.
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4:2� 104 m2=s3ð Þ. The jet crosses the edge from the inside at Phase 3 and from the
outside at Phase 8 as inferred from Figure 15(c). Although the magnitude of
ω�Uð Þ � u is relatively small near the edge, it should be noted that ω�Uð Þ � u
originally has very large values in acoustical sense.

Since the volume integral defined by Eq. (14) is not easily executed, the acoustic
power generation from the vortex layer is estimated from the following surface
integral by assuming the 2-D property (see Figure 11 in [28]) of u and U:

∂ΠG tð Þ=∂y≈ �
ðð

ρ ω�Uð Þ � udxdz: (47)

This surface integral, which may be called the instantaneous 2-D vortex
sound power, is carried out at each phase, and the result is represented in
Figure 16(a) and (b) concerning Trials 1 and 2, respectively. The integral area is
restricted to 1≤ x≤ 13 mm and 1≤ z≤ 9 mm to reduce the calculation error caused
from the area irrelevant to the acoustic generation term. Also, another scale of the
ordinate is added to the right side of Figure 16 in order to give a rough estimate of
the magnitude of ΠG tð Þ. Since the mouth breadth b of our organ pipe is 31.9 mm,
ΠG tð Þ is estimated as [∂ΠG tð Þ=∂y]�0:030 (m) by assuming almost perfect 2-D
property of u and U.

Significant double-peak structure of ΠG is clearly demonstrated in Figure 16(a).
A larger peak is indicated at Phases 2, 3, and 4 when the jet crosses the edge from
the inside and moves to the outside (cf. Figure 15). On the other hand, a smaller
peak is shown at Phases 10 and 11 when the jet enters deeply into the pipe. It should
be noted that the jet crosses the edge from the outside at Phase 8 and almost null
vortex sound power is generated at Phase 8. Hence, this smaller peak occurs in a
little phase delay from the impingement of the jet against the edge. The temporal
average of ΠG estimated from the 2-D vortex sound power in Figure 16(a) will take
a definitely positive value. Therefore, it may be recognized that the acoustic power
is generated from the jet vortex layers. Although Figure 16(b) shows the charac-
teristics similar to those of Figure 16(a), the value at Phase 3 seems to be too large
and erroneous because of the instant when the jet impinges against the edge [28].

4.1.5 Dominant area for the acoustic power generation and receptivity problem

The maps of the vorticity and aeroacoustical source term definitely indicate
much larger magnitudes at the flue side as shown in Figure 15(a) and (b), respec-
tively. On the other hand, the acoustic flow velocity takes much larger magnitudes

Figure 16.
The 2-D vortex sound power (left ordinate) and vortex sound power (right ordinate) as a function of the phase:
(a) trial 1 and (b) trial 2 [28].
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at the edge side (see Figures 5(a) and 7 in [28]). It should be then discussed which
side is more dominant for the acoustic power generation.

The area for the surface integral of Eq. (47) is now set to be 2≤ x≤ 11 mm and
1≤ z≤ 6 mm. Then, this area is divided into two at x ¼ 7, 8, and 9 mm. Hence, we
have six sub-areas with the same z extent. The calculation result is demonstrated in
Figure 12 of [28]. A very sharp contrast is displayed between area 5 (2≤ x≤ 9 mm)
and area 6 (9≤ x≤ 11 mm): Area 5 yields larger negative values of ∂ΠG tð Þ=∂y at
Phases 3, 4, and 5; area 6 yields much larger positive values of ∂ΠG tð Þ=∂y at the same
phases. Hence, it may be concluded that such a small area as area 6 (very close to
the edge) is most responsible for the acoustic power generation whose instanta-
neous contributions are given from Phases 2 to 5.

Also, the phase relation between the jet displacement, the acoustic velocity, and
the acoustic pressure at the edge can be considered based on the PIV measurement
results. The result is the same as Figure 9(a) (see Figure 13 in [28]). The dominant
sound generation in our PIV experiment occurs with a phase lag of about 60� 90°
from the jet impingement against the edge [28]. This seems to verify that our
experiment satisfies the requirements for the volume-flow model.

Coltman [52] discussed the activating force for the jet wavy motion. This is the
most difficult problem in the flue instrument acoustics and is defined as the prob-
lem of the receptivity (the generation of jet oscillation by acoustic flow perturbations
at the flue exit) [10]. Our present study based on the PIV measurement demon-
strated that the aeroacoustic source term ω� U (having the dimension of the
acceleration) associated with the vortex-layer formation along the jet could activate
the jet oscillation in an organ pipe. More precisely, an incomplete cancelation (or a
net unbalance) of ω�U between both sides of the jet can activate (oscillate) the jet.

Since this ω�U can also activate the jet motion in the edge-tone generation
[3–6, 18], the vortex-layer formation may be regarded as the fluid-dynamical
mechanism common to the edge-tone generation and the pipe-tone generation. This
fluid-dynamical model, which is a leading candidate to solve the receptivity prob-
lem, may be referred to as the acceleration unbalance model [28]. In the acoustical
framework, this model can lead the volume-flow drive in an organ pipe driven by a
thin jet with relatively low blowing pressures. Helmholtz might have envisaged
such a physical picture as mentioned in Section 2.4.

4.2 Vortices from the jet visualized by direct numerical simulations

Sound generation in flue instruments is the revelation of the fluid compressibility
in low Mach number state. This is a contradicting phenomenon in fluid-dynamical
sense. Because of this, direct numerical simulations based on the Navier–Stokes
equation could not achieve satisfactory outcomes [2]. However, in the 2010s we had
many outstanding results from various viewpoints [53–55]. They are mentioning
the roles of vortices, but do not have resolution enough to discuss the almost
invisible (to our naked eyes) microstructure in the jet and its boundaries, particu-
larly vortices in jet vortex layers, which seem to be a key point to solve the recep-
tivity problem in the near future.

For the sake of page limitation, the description here is restricted to an essential
point given by Eq. (24), which manifests the importance of the acoustic velocity
uf tð Þ at the flue exit. By reformulating Fletcher’s displacement model given by
Eq. (4), Onogi et al. [56] proposed another formula that decomposed the jet oscil-
lation into hydrodynamic and acoustic displacements, which were simulated on the
basis of the 3-D compressible Navier–Stokes equations. They supposed the non-zero
initial amplitude at the flue exit and the variable oscillation center with the flow
direction for the jet displacement, although Coltman [52] strongly denied Fletcher’s
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ω�Uð Þ � u is relatively small near the edge, it should be noted that ω�Uð Þ � u
originally has very large values in acoustical sense.
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sound power, is carried out at each phase, and the result is represented in
Figure 16(a) and (b) concerning Trials 1 and 2, respectively. The integral area is
restricted to 1≤ x≤ 13 mm and 1≤ z≤ 9 mm to reduce the calculation error caused
from the area irrelevant to the acoustic generation term. Also, another scale of the
ordinate is added to the right side of Figure 16 in order to give a rough estimate of
the magnitude of ΠG tð Þ. Since the mouth breadth b of our organ pipe is 31.9 mm,
ΠG tð Þ is estimated as [∂ΠG tð Þ=∂y]�0:030 (m) by assuming almost perfect 2-D
property of u and U.

Significant double-peak structure of ΠG is clearly demonstrated in Figure 16(a).
A larger peak is indicated at Phases 2, 3, and 4 when the jet crosses the edge from
the inside and moves to the outside (cf. Figure 15). On the other hand, a smaller
peak is shown at Phases 10 and 11 when the jet enters deeply into the pipe. It should
be noted that the jet crosses the edge from the outside at Phase 8 and almost null
vortex sound power is generated at Phase 8. Hence, this smaller peak occurs in a
little phase delay from the impingement of the jet against the edge. The temporal
average of ΠG estimated from the 2-D vortex sound power in Figure 16(a) will take
a definitely positive value. Therefore, it may be recognized that the acoustic power
is generated from the jet vortex layers. Although Figure 16(b) shows the charac-
teristics similar to those of Figure 16(a), the value at Phase 3 seems to be too large
and erroneous because of the instant when the jet impinges against the edge [28].

4.1.5 Dominant area for the acoustic power generation and receptivity problem

The maps of the vorticity and aeroacoustical source term definitely indicate
much larger magnitudes at the flue side as shown in Figure 15(a) and (b), respec-
tively. On the other hand, the acoustic flow velocity takes much larger magnitudes

Figure 16.
The 2-D vortex sound power (left ordinate) and vortex sound power (right ordinate) as a function of the phase:
(a) trial 1 and (b) trial 2 [28].
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at the edge side (see Figures 5(a) and 7 in [28]). It should be then discussed which
side is more dominant for the acoustic power generation.

The area for the surface integral of Eq. (47) is now set to be 2≤ x≤ 11 mm and
1≤ z≤ 6 mm. Then, this area is divided into two at x ¼ 7, 8, and 9 mm. Hence, we
have six sub-areas with the same z extent. The calculation result is demonstrated in
Figure 12 of [28]. A very sharp contrast is displayed between area 5 (2≤ x≤ 9 mm)
and area 6 (9≤ x≤ 11 mm): Area 5 yields larger negative values of ∂ΠG tð Þ=∂y at
Phases 3, 4, and 5; area 6 yields much larger positive values of ∂ΠG tð Þ=∂y at the same
phases. Hence, it may be concluded that such a small area as area 6 (very close to
the edge) is most responsible for the acoustic power generation whose instanta-
neous contributions are given from Phases 2 to 5.

Also, the phase relation between the jet displacement, the acoustic velocity, and
the acoustic pressure at the edge can be considered based on the PIV measurement
results. The result is the same as Figure 9(a) (see Figure 13 in [28]). The dominant
sound generation in our PIV experiment occurs with a phase lag of about 60� 90°
from the jet impingement against the edge [28]. This seems to verify that our
experiment satisfies the requirements for the volume-flow model.

Coltman [52] discussed the activating force for the jet wavy motion. This is the
most difficult problem in the flue instrument acoustics and is defined as the prob-
lem of the receptivity (the generation of jet oscillation by acoustic flow perturbations
at the flue exit) [10]. Our present study based on the PIV measurement demon-
strated that the aeroacoustic source term ω� U (having the dimension of the
acceleration) associated with the vortex-layer formation along the jet could activate
the jet oscillation in an organ pipe. More precisely, an incomplete cancelation (or a
net unbalance) of ω�U between both sides of the jet can activate (oscillate) the jet.

Since this ω�U can also activate the jet motion in the edge-tone generation
[3–6, 18], the vortex-layer formation may be regarded as the fluid-dynamical
mechanism common to the edge-tone generation and the pipe-tone generation. This
fluid-dynamical model, which is a leading candidate to solve the receptivity prob-
lem, may be referred to as the acceleration unbalance model [28]. In the acoustical
framework, this model can lead the volume-flow drive in an organ pipe driven by a
thin jet with relatively low blowing pressures. Helmholtz might have envisaged
such a physical picture as mentioned in Section 2.4.

4.2 Vortices from the jet visualized by direct numerical simulations

Sound generation in flue instruments is the revelation of the fluid compressibility
in low Mach number state. This is a contradicting phenomenon in fluid-dynamical
sense. Because of this, direct numerical simulations based on the Navier–Stokes
equation could not achieve satisfactory outcomes [2]. However, in the 2010s we had
many outstanding results from various viewpoints [53–55]. They are mentioning
the roles of vortices, but do not have resolution enough to discuss the almost
invisible (to our naked eyes) microstructure in the jet and its boundaries, particu-
larly vortices in jet vortex layers, which seem to be a key point to solve the recep-
tivity problem in the near future.

For the sake of page limitation, the description here is restricted to an essential
point given by Eq. (24), which manifests the importance of the acoustic velocity
uf tð Þ at the flue exit. By reformulating Fletcher’s displacement model given by
Eq. (4), Onogi et al. [56] proposed another formula that decomposed the jet oscil-
lation into hydrodynamic and acoustic displacements, which were simulated on the
basis of the 3-D compressible Navier–Stokes equations. They supposed the non-zero
initial amplitude at the flue exit and the variable oscillation center with the flow
direction for the jet displacement, although Coltman [52] strongly denied Fletcher’s
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displacement model. Their simulation results (see Figures 7, 9, and 10 and Table IV
in [56]) seem to confirm the non-zero amplitude at the flue exit, and the acoustic
feedback effects on the jet wave may be given at its starting point.

5. Conclusions

Vortices on sound generation are clearly revealed in edge tones (with thin jets,
without any resonators) and cavity tones (with thick, almost semi-infinite, jets,
with cavity resonators). Although visible, relatively large vortices are seen in flue
instruments driven by thick jets, these are in rare cases. Usually flue instruments are
driven by thin jets [(jet length d/jet thickness h) > 2]. Any visible, discrete vortices
do not appear at the flue exit and at the pipe edge in those cases. Instead, vortex
layers are formed along the jet upper and lower boundaries, and the acceleration
unbalance between them drives the jet as a whole in flue instruments.

The jet-wave drive (or the volume-flow drive) and the vortex-layer drive by
thin jets assure sound generation in good manner when the jet enters into the pipe at
the instant when the acoustic pressure is maximum. In the discrete-vortex drive by
thick jets, the acoustic cross-flow (particle velocity) takes positive and negative
values during the passage of the lower and upper vortices from the flue exit to the
pipe edge, respectively. These vortex configurations can create sound power during
the former and latter halves of an oscillation period.

On the other hand, acoustically induced vortices universally appear as the final
dissipation agent. Their role in acoustic energy balance near the saturated state in
flue instruments should be reconfirmed in more detail to exactly judge whether the
acoustic vortex is generated just at the saturated state or just before the saturated
state (at the pre-saturated state).

The receptivity problem is a key point to elucidate the sounding mechanism in
flue instruments from the fluid-dynamical viewpoint. The initial amplitudes of
acoustic quantities at the flue exit are regarded as the starting point for the acoustic
feedback effects upon the jet wave. The vortex-layer model above will then be
expected to solve this problem with the aid of direct aeroacoustical simulations.
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Chapter 4

A Fully Discrete SIPG Method for
Solving Two Classes of Vortex
Dominated Flows
Lunji Song

Abstract

To simulate incompressible Navier–Stokes equation, a temporal splitting scheme
in time and high-order symmetric interior penalty Galerkin (SIPG) method in space
discretization are employed, while the local Lax-Friedrichs flux is applied in the
discretization of the nonlinear term. Under a constraint of the Courant–Friedrichs–
Lewy (CFL) condition, two benchmark problems in 2D are simulated by the fully
discrete SIPG method. One is a lid-driven cavity flow and the other is a circular
cylinder flow. For the former, we compute velocity field, pressure contour and
vorticity contour. In the latter, while the von Kármán vortex street appears with
Reynolds number 50≤ Re ≤400, we simulate different dynamical behavior of
circular cylinder flows, and numerically estimate the Strouhal numbers comparable
to the existing experimental results. The calculations on vortex dominated flows are
carried out to investigate the potential application of the SIPG method.

Keywords: Navier–stokes equations, von Kármán vortex street, discontinuous
Galerkin method, interior penalty

1. Introduction

The Navier–Stokes equations are a concise physics model of low Knudsen num-
ber (i.e. non-rarefied) fluid dynamics. Phenomena described with the Navier–
Stokes equations include boundary layers, shocks, flow separation, turbulence, and
vortices, as well as integrated effects such as lift and drag. Analytical solutions of
real flow problems including complex geometries are not available, therefore
numerical solutions are necessary. The Navier–Stokes equation has been investi-
gated by many scientists conducting research on numerical schemes for approxi-
mation solutions (see [1–8]).

There exist two ways to provide reference data for such problems: One consists
in the measurement of quantities of interest in physical experiments and the other is
to perform careful numerical studies with highly accurate discretizations. With the
prevalence and development of high-performance computers, advanced numerical
algorithms are able to be tested for the validation of approaches and codes and for
high-order convergence behavior of delicate discretizations.

Among discontinuous Galerkin (DG) methods, primal schemes and mixed
methods are distinguished. The former depend on appropriate penalty terms of the
discontinuous shape functions, while the latter rely on the mixed methods as the
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original second-order or higher-order partial differential equations are written as a
system of first order partial differential equations with designed suitable numerical
fluxes. Interior penalty discontinuous Galerkin methods (IPDG) are known as the
representative of primal schemes whereas local discontinuous Galerkin methods
(LDG) belong to the class of mixed methods [9]. About IPDG, symmetric interior
penalty Galerkin (SIPG) and non-symmetric interior penalty Galerkin (NIPG)
methods were first introduced originally for elliptic problems by Wheeler [10] and
Rivière et al. [11]. Then, we presented some numerical analysis and simulations on
nonlinear parabolic problems [12]. Recently, some work based on the SIPG and
NIPG methods has been successfully applied to the steady-state and transient
Navier–Stokes Equations [2, 13, 14], with careful analysis being conducted on
optimal error estimates for the velocity.

The physics of Navier–Stokes flows are non-dimensionalized by Mach number
M and Reynolds number Re,

M ¼ u∞

a
, (1)

Re ¼ ρu∞D
μ

, (2)

where ρ is the density of the fluid, and μ is the dynamic viscosity. The kinematic
viscosity ν is the ratio of μ to ρ. At low Knudsen numbers, Navier–Stokes surface
boundary conditions are effectively no-slip (i.e. zero velocity). Diffusion of
momentum from freestream to surface no-slip velocities forms boundary layers
decreasing in thickness as Reynolds number increases. Thus, the range of charac-
teristic solution scale increases as the Reynolds number increases. Nonlinear con-
vective terms coupled with the strong velocity gradients in the Navier Stokes
equations drive fluid flow at even moderate Reynolds numbers to inherently
unsteady behavior. Rotational flow is measured in terms of the vorticity ω, defined
as the curl of a velocity vector v,

ω ¼ ∇� v (3)

The related concept of circulation Γ is defined as a contour integral of vorticity by

Γ ¼ ∮
∂S
v � ds ¼ �

ðð

S

ω � n̂dS (4)

The concept of a vortex is that of vorticity concentrated along a path [15].
Lid driven cavity flows are geometrically simple boundary conditions testing the

convective and viscous portions of the Navier Stokes equation in an enclosed
unsteady environment. The cavity flow is characterized by a quiescent flow with the
driven upper lid providing energy transfer into the cavity through viscous stresses.
Boundary layers along the side and lower surfaces develop as the Reynolds number
increases, which tends to shift the vorticity center of rotation towards the center. A
presence of the sharp corner at the downstream upper corner increasingly generates
small scale flow features as the Reynolds number increases. Full cavity flows remain a
strong research topic for acoustics and sensor deployment technologies.

For non-streamlined blunt bodies with a cross-flow, an adverse pressure gradient in
the aft body tends to promote flow separation and an unsteady flow field. The velocity
field develops into an oscillating separation line on the upper and lower surfaces. This
manifests as a series of shed vortices forming and then convecting downstreamwith the
mean flow. The von Kármán vortex street is named after the engineer and fluid
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dynamicist Theodore Kármán (1963; 1994). Vortex streets are ubiquitous in nature and
are visibly seen in river currents downstream of obstacles, atmospheric phenomena,
and the clouds of Jupiter (e.g. The Great Red Spot). Shed vortices are also the primary
driver for the zig-zag motion of bubbles in carbonated drinks. The bubble rising
through the drink creates a wake of shed vorticity which impacts the integrated pres-
sures causing side forces and thus side accelerations. The physics of sound generation
with an Aeoleans harp operates by alternating vortices creating harmonic surfaces
pressure variations leading to radiated acoustic tones. Tones generated by vortex shed-
ding are the so-called Strouhal friction tones. If the diameter of the string, or cylinder
immersed in the flow isD and the free stream velocity of the flow is u∞ then the
shedding frequency f of the sound is given by the Strouhal formula

St ¼ fD
u∞

, (5)

where f ¼ T�1, and St is the Strouhal number named after Vincent Strouhal, a
Czech physicist who experimented in 1878 with wires experiencing vortex shedding
and singing in the wind (Strouhal, 1878; White, 1999). The Strouhal formula pro-
vides an experimentally derived shedding frequency for fluid flow. Therefore, we
are interested in an investigation of Stouhal numbers of incompressible flow at
different Reynolds number.

Let Ω be a bounded polygonal domain in 2. The dynamics of an incompressible
fluid flow in 2D is described by the Navier–Stokes equations, which include the
equations of continuity and momentum, written in dimensionless form [8] as follows:

∂u
∂t

� νΔuþ u � ∇ð Þuþ ∇p ¼ f , in Ω� 0,Tð Þ (6)

∇ � u ¼ 0, in Ω� 0,Tð Þ (7)

ujt¼0 ¼ u0, (8)

subject to the boundary conditions on ∂Ω :

αuþ 1� αð Þ ∂u
∂n

¼ u∞:

Here the parameter α has the limit values of 0 for the free-slip (no stress)
condition (Neumann) and 1 for the no-slip condition (Dirichlet); u ¼ u, vð Þ is the
velocity; t is the time; and p is the pressure. In general, the external force f is not
taken into account in Eq. (6).

Using the divergence free constraint, problem (6)–(8) can be rewritten in the
following conservative flux form [16]:

∂u
∂t

� νΔuþ ∇ � F þ ∇p ¼ f, in Ω� 0,Tð Þ (9)

∇ � u ¼ 0, in Ω� 0,Tð Þ (10)

ujt¼0 ¼ u0, (11)

with the flux F being defined as

F uð Þ ¼ u⊗u ¼ u2 uv
uv v2

� �
: (12)
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� �
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and u⊗v ¼ uiv j, i, j ¼ 1, 2: Indeed, it holds

N uð Þ ¼
∂ u2ð Þ
∂x

þ ∂ uvð Þ
∂y

∂ uvð Þ
∂x

þ ∂ v2ð Þ
∂y

0
BBB@

1
CCCA ¼ ∇ � F uð Þ:

A locally conservative DG discretization will be employed for the Navier–Stokes
Eq. (9)–(11). We denote by Eh a shape-regular triangulation of the domain Ω into
triangles, where h is the maximum diameter of elements. Let ΓI

h be the set of all
interior edges of Eh and ΓB

h be the set of all boundary edges. Set Γh ¼ ΓI
h ∪ΓB

h : For
any nonnegative integer r and s≥ 1, the classical Sobolev space on a domain E⊂2 is

Wr,s Eð Þ ¼ v∈Ls Eð Þ : ∀jmj≤ r, ∂mv∈Ls Eð Þf g:

We define the spaces of discontinuous functions

V ¼ fv∈L2 Ωð Þ2 : ∀E∈ Eh, v
��
E ∈ W2,4=3 Eð Þ
� �2

g,

M ¼ fq∈L2 Ωð Þ : ∀E∈ Eh, q
��
E ∈W1,4=3 Eð Þg:

The jump and average of a function ϕ on an edge e are defined by:

ϕ½ � ¼ ϕ EkÞ
�� ��

e � ϕ ElÞ
�� ��

e,
��

ϕf g ¼ 1
2

ϕEk

� ���
e þ ϕ ElÞ

�� ��
e

� �� �
:

Further, let v be a piecewise smooth vector-, or matrix-valued function at x∈ e
and denote its jump by

v½ �≔vþ � nEþ þ v� � nE� ,

where e is shared by two elements Eþ and E�, and an outward unit normal
vector nEþ (or nE�) is associated with the edge e of an element Eþ (or E�). The
tensor product of two tensors T and S is defined as T : S ¼Pi,jTijSij.

Let N Eð Þ be the set of polynomials on an element E with degree no more than
N: Based on the triangulation, we introduce two approximate subspaces Vh ⊂Vð Þ
and Mh ⊂Mð Þ for integer N ≥ 1:

Vh ¼ v∈L2 Ωð Þ2 : ∀E∈ Eh, vh ∈ N Eð Þð Þ2
n o

,

Mh ¼ q∈L2 Ωð Þ : ∀E∈ Eh, q∈N�1 Eð Þ� �
:

Wemainly cite the content of [17], in which was motivated by the work of
Girault, Rivière and Wheeler in a series of papers [2, 14]. Some projection methods
[6, 18] have been developed to overcome the incompressibility constraints ∇ � u ¼ 0.
An implementation of the operator-splitting idea for discontinuous Galerkin elements
was developed in [2]. We appreciate the advantages of the discontinuous Galerkin
methods, such as local mass conservation, high order of approximation, robustness
and stability. In this work, we will make use of the underlying physical nature of
incompressible flows in the literature and extend the interior penalty discontinuous
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Galerkin methods to investigate dynamical behavior of vortex dominated lid-driven
and cylinder flows.

The chapter is organized following [17]. In Section 2, a temporal discretization
for the Navier–Stokes equation is listed with operator-splitting techniques, and
subsequently, the nonlinear term is linearized. Both pressure and velocity field can
be solved successively from linear elliptic and Helmholtz-type problems, respec-
tively. In Section 3, a local numerical flux will be given for the nonlinear convection
term and an SIPG scheme will be used in spacial discretization for those linear
elliptic and Helmholtz-type problems with appropriate boundary conditions, and in
Section 4, simulation results are presented for a lid-driven cavity flow up to Re ¼
7500 and a transient flow past a circular cylinder, while numerical investigation on
the Strouhal-Reynolds-number has been done, comparable to the experimental
values from physics. Finally, Section 5 concludes with a brief summary.

2. Temporal splitting scheme

We consider here a third-order time-accurate discretization method at each time
step by using the previous known velocity vectors. Let Δt be the time step, M ¼ T

Δt,
and tn ¼ nΔt. The semi-discrete forms of problem (6)–(8) at time tnþ1 is

γ0unþ1 � α0un � α1un�1 � α2un�2

Δt
� νΔunþ1 þ ∇pnþ1

¼ �β0N unð Þ � β1N un�1� �� β2N un�2� �þ f tnþ1ð Þ,
(13)

∇ � unþ1 ¼ 0, (14)

which has a timestep constraint based on the CFL condition (see [19]):

Δt≈O
L

UN2

� �
,

where L is an integral length scale (e.g. the mesh size) and U is a characteristic
velocity. Because the semi-discrete system (13)–(14) is linearized, thus, a time-
splitting scheme can be applied naturally, i.e., the semi-discretization in time (13)–
(14) can be decomposed into three stages as follows.

• The first stage

When un and un�1 (n≥ 1) are known, the following linearized third-order
formula can be used

γ0~u� α0un � α1un�1 � α2un�2

Δt
¼ �β0N unð Þ � β1N un�1� �þ f tnþ1ð Þ (15)

with the following coefficients for the subsequent time levels (n≥ 2)

γ0 ¼ 11
6
, α0 ¼ 3, α1 ¼ � 3

2
, α2 ¼ 1

3
, β0 ¼ 2, β1 ¼ �1:

Especially, by using the Euler forward discretization at the first time step (n ¼ 0),
we can get a medium velocity field u1 by
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tively. In Section 3, a local numerical flux will be given for the nonlinear convection
term and an SIPG scheme will be used in spacial discretization for those linear
elliptic and Helmholtz-type problems with appropriate boundary conditions, and in
Section 4, simulation results are presented for a lid-driven cavity flow up to Re ¼
7500 and a transient flow past a circular cylinder, while numerical investigation on
the Strouhal-Reynolds-number has been done, comparable to the experimental
values from physics. Finally, Section 5 concludes with a brief summary.

2. Temporal splitting scheme

We consider here a third-order time-accurate discretization method at each time
step by using the previous known velocity vectors. Let Δt be the time step, M ¼ T

Δt,
and tn ¼ nΔt. The semi-discrete forms of problem (6)–(8) at time tnþ1 is

γ0unþ1 � α0un � α1un�1 � α2un�2

Δt
� νΔunþ1 þ ∇pnþ1

¼ �β0N unð Þ � β1N un�1� �� β2N un�2� �þ f tnþ1ð Þ,
(13)

∇ � unþ1 ¼ 0, (14)

which has a timestep constraint based on the CFL condition (see [19]):

Δt≈O
L

UN2

� �
,

where L is an integral length scale (e.g. the mesh size) and U is a characteristic
velocity. Because the semi-discrete system (13)–(14) is linearized, thus, a time-
splitting scheme can be applied naturally, i.e., the semi-discretization in time (13)–
(14) can be decomposed into three stages as follows.

• The first stage

When un and un�1 (n≥ 1) are known, the following linearized third-order
formula can be used

γ0~u� α0un � α1un�1 � α2un�2

Δt
¼ �β0N unð Þ � β1N un�1� �þ f tnþ1ð Þ (15)

with the following coefficients for the subsequent time levels (n≥ 2)

γ0 ¼ 11
6
, α0 ¼ 3, α1 ¼ � 3

2
, α2 ¼ 1

3
, β0 ¼ 2, β1 ¼ �1:

Especially, by using the Euler forward discretization at the first time step (n ¼ 0),
we can get a medium velocity field u1 by
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u1 � u0

Δt
¼ �N u0� �þ f t1ð Þ,

and u2 by

γ0u2 � α0u1 � α1u0

Δt
¼ �β0N u1� �� β1N u0� �þ f t2ð Þ,

which adopts the following coefficients to construct a second-order difference
scheme for the time level (n ¼ 2) in (15)

γ0 ¼ 3
2
, α0 ¼ 2, α1 ¼ � 1

2
, α2 ¼ 0, β0 ¼ 2, β1 ¼ �1:

Note that the coefficients in (15) are adjustable, but high-order time discrete
schemes need to be verified with stability analysis.

• The second stage

The pressure projection is as follows

γ0
~~u� ~u
Δt

¼ �∇pnþ1: (16)

To seek pnþ1 such that ∇ � ~~u ¼ 0, we solve the system

�Δpnþ1 ¼ � γ0
Δt

∇ � ~u, (17)

with a Neumann boundary condition being implemented on the boundaries as

∂pnþ1

∂n
¼ fnþ1 � β0n � ∂un

∂t
þ ∇ � F unð Þ � νΔun

� �

�β1n � ∂un�1

∂t
þ ∇ � F un�1� �� νΔun�1

� �

�β2n � ∂un�2

∂t
þ ∇ � F un�2� �� νΔun�2

� �
≔Gn:

One can compute the vorticity ωn ¼ ∇� un at time tn ¼ n � Δt. Then we use pnþ1

to update the intermediate velocity ~~u by (16).

• The third stage is completed by solving

γ0
unþ1 � ~~u

Δt
¼ νΔunþ1,

which can be written as a Helmholtz equation for the velocity

�Δunþ1 þ γ0
νΔt

unþ1 ¼ γ0
νΔt

~~u: (18)

From the three stages given above, we notice that (15) in the semi-discrete
systems is presented in a linearized and explicit process, moreover, (17) and (18)
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are obviously a type of elliptic and Helmholtz problems at each time step as n≥ 2.
We decouple the incompressibility condition and the nonlinearity, then the
pressure and velocity semi-discretizations (17)–(18) will be formulated by the
interior penalty discontinuous Galerkin methods in spacial discretizations in the
next section.

3. The spatial discretizations

For spacial approximations, assume that piecewise polynomials of order N are
employed, then the approximation space can be rewritten as Vh ¼ ⊕K

k¼1N Ekð Þ2. In
the approximating polynomial space for the velocity or pressure restricted to each
element, a high-order nodal basis can be chosen, consisting of Lagrange interpolat-
ing polynomials defined on a reference simplex introduced in [20, 21]. We let u be
approximated by uh ∈Vh and adopt a suitable approximation for the term F, i.e.,
F uð Þ≈ F uhð Þ, where F uhð Þ also can be represented as the L2-projection of F uhð Þ on
each element of T h. Multiplying the nonlinear term by a test function vh ∈Vh,
integrating over the computational domain, and applying integration by parts,
we have

ð

Ω
∇ � Fð Þ � vhdx ¼ �

X
Ek

ð

Ek

F � ∇ð Þ � vhdxþ
X
e∈Γh

ð

e
ne � F � vh½ �ds, (19)

where the term F � ∇ð Þ � vh equals to Fij
∂vhi
∂x j

, for i, j ¼ 1, 2 and the indexes i, j

correspond to the components of the related vectors. On each edge e∈ ∂E1 ∩ ∂E2

shared by two elements, to ensure the flux Jacobian of purely real eigenvalues, we
may define λþE1,e, λ

�
E2,e the largest eigenvalue of the Jacobians

∂

∂u F � neð Þ��uE1
and

∂

∂u F � neð Þ��uE2
, respectively, where uE1 and uE2 are the mean values of uh on the

elements E1 and E2, respectively. The global Lax-Friedrichs flux is generally more
dissipative than the local Lax-Friedrichs flux, therefore, we primarily consider the
local flux on each edge. Although the Lax-Friedrichs flux is perhaps the simplest
numerical flux and often the most efficient flux, it is not the most accurate scheme.
A remedy of the problem is to employ high-order finite elements. By replacing the
integrand in the surface integral as

ne � F � vh½ � ¼ ne � Ff g � vh½ � þ λe
2

uh½ � � vh½ �,

with λe ¼ max λþE1,e, λ
�
E2,e

� �
, one can get a DG discretization for the nonlinear

term in (19) by the local Lax-Friedrichs flux.
For the pressure correction step (17) and the viscous correction step (18), we use

the SIPG method to approximate the correction steps. Choosing the orthonormal
Legendre basis and the Legendre-Gauss-Lobatto quadrature points gives a well-
conditioned Vandermonde matrix and the resulting interpolation well behaved,
which greatly simplifies the formulas. The C0 continuity condition of the basis in
the discontinuous Galerkin formulation is not required. Enforcing a weak continu-
ity on the interior edges by a penalty term, we have for (17)

a pnþ1
h ,ϕh

� � ¼ Lp ϕhð Þ, ϕ∈Mh,
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u1 � u0

Δt
¼ �N u0� �þ f t1ð Þ,

and u2 by

γ0u2 � α0u1 � α1u0

Δt
¼ �β0N u1� �� β1N u0� �þ f t2ð Þ,

which adopts the following coefficients to construct a second-order difference
scheme for the time level (n ¼ 2) in (15)

γ0 ¼ 3
2
, α0 ¼ 2, α1 ¼ � 1

2
, α2 ¼ 0, β0 ¼ 2, β1 ¼ �1:

Note that the coefficients in (15) are adjustable, but high-order time discrete
schemes need to be verified with stability analysis.

• The second stage

The pressure projection is as follows

γ0
~~u� ~u
Δt

¼ �∇pnþ1: (16)

To seek pnþ1 such that ∇ � ~~u ¼ 0, we solve the system

�Δpnþ1 ¼ � γ0
Δt

∇ � ~u, (17)

with a Neumann boundary condition being implemented on the boundaries as

∂pnþ1

∂n
¼ fnþ1 � β0n � ∂un

∂t
þ ∇ � F unð Þ � νΔun

� �

�β1n � ∂un�1

∂t
þ ∇ � F un�1� �� νΔun�1

� �

�β2n � ∂un�2

∂t
þ ∇ � F un�2� �� νΔun�2

� �
≔Gn:

One can compute the vorticity ωn ¼ ∇� un at time tn ¼ n � Δt. Then we use pnþ1

to update the intermediate velocity ~~u by (16).

• The third stage is completed by solving

γ0
unþ1 � ~~u

Δt
¼ νΔunþ1,

which can be written as a Helmholtz equation for the velocity

�Δunþ1 þ γ0
νΔt

unþ1 ¼ γ0
νΔt

~~u: (18)

From the three stages given above, we notice that (15) in the semi-discrete
systems is presented in a linearized and explicit process, moreover, (17) and (18)
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are obviously a type of elliptic and Helmholtz problems at each time step as n≥ 2.
We decouple the incompressibility condition and the nonlinearity, then the
pressure and velocity semi-discretizations (17)–(18) will be formulated by the
interior penalty discontinuous Galerkin methods in spacial discretizations in the
next section.

3. The spatial discretizations

For spacial approximations, assume that piecewise polynomials of order N are
employed, then the approximation space can be rewritten as Vh ¼ ⊕K

k¼1N Ekð Þ2. In
the approximating polynomial space for the velocity or pressure restricted to each
element, a high-order nodal basis can be chosen, consisting of Lagrange interpolat-
ing polynomials defined on a reference simplex introduced in [20, 21]. We let u be
approximated by uh ∈Vh and adopt a suitable approximation for the term F, i.e.,
F uð Þ≈ F uhð Þ, where F uhð Þ also can be represented as the L2-projection of F uhð Þ on
each element of T h. Multiplying the nonlinear term by a test function vh ∈Vh,
integrating over the computational domain, and applying integration by parts,
we have

ð

Ω
∇ � Fð Þ � vhdx ¼ �

X
Ek

ð

Ek

F � ∇ð Þ � vhdxþ
X
e∈Γh

ð

e
ne � F � vh½ �ds, (19)

where the term F � ∇ð Þ � vh equals to Fij
∂vhi
∂x j

, for i, j ¼ 1, 2 and the indexes i, j

correspond to the components of the related vectors. On each edge e∈ ∂E1 ∩ ∂E2

shared by two elements, to ensure the flux Jacobian of purely real eigenvalues, we
may define λþE1,e, λ

�
E2,e the largest eigenvalue of the Jacobians

∂

∂u F � neð Þ��uE1
and

∂

∂u F � neð Þ��uE2
, respectively, where uE1 and uE2 are the mean values of uh on the

elements E1 and E2, respectively. The global Lax-Friedrichs flux is generally more
dissipative than the local Lax-Friedrichs flux, therefore, we primarily consider the
local flux on each edge. Although the Lax-Friedrichs flux is perhaps the simplest
numerical flux and often the most efficient flux, it is not the most accurate scheme.
A remedy of the problem is to employ high-order finite elements. By replacing the
integrand in the surface integral as

ne � F � vh½ � ¼ ne � Ff g � vh½ � þ λe
2

uh½ � � vh½ �,

with λe ¼ max λþE1,e, λ
�
E2,e

� �
, one can get a DG discretization for the nonlinear

term in (19) by the local Lax-Friedrichs flux.
For the pressure correction step (17) and the viscous correction step (18), we use

the SIPG method to approximate the correction steps. Choosing the orthonormal
Legendre basis and the Legendre-Gauss-Lobatto quadrature points gives a well-
conditioned Vandermonde matrix and the resulting interpolation well behaved,
which greatly simplifies the formulas. The C0 continuity condition of the basis in
the discontinuous Galerkin formulation is not required. Enforcing a weak continu-
ity on the interior edges by a penalty term, we have for (17)

a pnþ1
h ,ϕh

� � ¼ Lp ϕhð Þ, ϕ∈Mh,
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where

a pnþ1
h ,ϕh

� � ¼
X

Ek ∈ Eh

ð

Ek

∇pnþ1
h � ∇ϕhdx�

X
ek ∈Γh

ð

ek

∂pnþ1
h

∂n

� �
ϕh½ �ds

�
X
ek ∈Γh

ð

ek

∂ϕh

∂n

� �
pnþ1
h

� �
dsþ

X
ek ∈Γh

σe

ekj jβ
ð

ek
pnþ1
h

� �
ϕh½ �ds,

and Lp ϕhð Þ ¼
X

Ek ∈ Eh

ð

Ek

γ0
Δt

∇ � ~uϕhdxþ
X
ek ∈∂Ω

ð

ek
ϕhGn:

In general, σe shall be chosen sufficiently large to guarantee coercivity, more
accurately, the threshold values of σe in [22] are given for β ¼ 1 in the above
formula, which is referred to an SIPG scheme. Especially, as β> 1, the scheme is
referred to an over-penalized scheme and the threshold values of σe are presented in
[23, 24]. Analogously, the SIPG discretization for (18) is given by

a unþ1
h ,vh

� �þ γ0
νΔt

unþ1
h ,vh

� �
Ω ¼ Lu vhð Þ, ∀vh ∈Vh,

where

a unþ1
h ,vh

� � ¼
X

Ek ∈ Eh

ð

Ek

∇unþ1
h : ∇vhdx�

X
ek ∈Γh

ð

ek
∇unþ1

h

� �
n � vh½ �ds (20)

�ε
X
ek ∈Γh

ð

ek
∇vhf gn � unþ1

h

� �
dsþ

X
ek ∈Γh

σe

ekj jβ
ð

ek
unþ1
h

� � � vh½ �ds, (21)

and

Lu vhð Þ ¼ γ0
νΔt

~~uh,vh

� �
Ω
�
X
ek ∈∂Ω

ð

ek
ε∇vh � ne � σe

ekj jβ vh

 !
u0:

where β ¼ 1, ε ¼ 1: Note that the parameter ε can be 1, �1, and 0, the scheme
(20) becomes SIPG, NIPG and IIPG, respectively. The SIPG scheme exhibits a
stiffness matrix with symmetric structure. As a DG method, the SIPG scheme has
some attractive advantages of DG methods including high order hp� approxima-
tion, local mass conservation, robustness and accuracy of DG methods for models
with discontinuous coefficients and easy implementation on unstructured grids,
while the flexibility of p-adaptivity (different orders of polynomials might be used
for different elements) in DGmethods has become competitive for modeling a wide
range of engineering problems.

4. Numerical results

We present a lid-driven flow problem to verify the efficiency and robustness of
the interior penalty discontinuous Galerkin method, and then investigate a flow
past a cylinder with walls or without a wall, as well as the relationship between the
Strouhal number and the Reynold number. Throughout the section, time steps
Δt≤ 1E� 03 are taken.
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Example 1. The lid-driven boundary conditions are given by:

u x, 1ð Þ ¼ 1; u 1, yð Þ ¼ 0; u 0, yð Þ ¼ 0; u x, 0ð Þ ¼ 0;

v x, 1ð Þ ¼ 1; v 1, yð Þ ¼ 0; v 0, yð Þ ¼ 0; v x, 0ð Þ ¼ 0:

�

Here the mesh size of the initial coarse grid is 0.2 and then it is uniformly refined
three times with piecewise discontinuous elements being applied into the fully
discrete SIPG approach.

The boundary condition at the vertex is a jump from zero velocity on the edge to
a unit velocity on the upper edge. Nature prevents this singularity with a boundary
layer forming along all walls, making the vertex velocity zero. It is reasonable to
adopt adaptive meshes for solving those singularity problems. Here, we apply the
semi-implicit SIPG method with approximation polynomials of order N ¼ 3 in a
locally refined mesh in Figure 1 to solve the incompressible flow. In Figure 2, the
velocity profiles of u, vð Þ through the geometric center of the cavity are plotted with
Re ¼ 1000, 5000, 7500 taken. From Figures 3–5, with different Reynolds numbers
taken up to 7500, the vorticity field exhibits the expected characteristics of a driven
cavity flow consisting of a region of vortical flow centrally located. Energy enters
the cavity through the viscous boundary later formed by velocity gradients on the
upper driven edge. Convection distributes flow properties throughout the domain.

Figure 1.
An initial locally refined mesh.

Figure 2.
Velocity profiles u, vð Þ through geometric center of the cavity for Re ¼ 100, 400, 1000, 5000, 7500.
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where

a pnþ1
h ,ϕh

� � ¼
X

Ek ∈ Eh

ð

Ek

∇pnþ1
h � ∇ϕhdx�

X
ek ∈Γh

ð

ek

∂pnþ1
h

∂n

� �
ϕh½ �ds

�
X
ek ∈Γh

ð

ek

∂ϕh

∂n

� �
pnþ1
h

� �
dsþ

X
ek ∈Γh

σe

ekj jβ
ð

ek
pnþ1
h

� �
ϕh½ �ds,

and Lp ϕhð Þ ¼
X

Ek ∈ Eh

ð

Ek

γ0
Δt

∇ � ~uϕhdxþ
X
ek ∈∂Ω

ð

ek
ϕhGn:

In general, σe shall be chosen sufficiently large to guarantee coercivity, more
accurately, the threshold values of σe in [22] are given for β ¼ 1 in the above
formula, which is referred to an SIPG scheme. Especially, as β> 1, the scheme is
referred to an over-penalized scheme and the threshold values of σe are presented in
[23, 24]. Analogously, the SIPG discretization for (18) is given by

a unþ1
h ,vh

� �þ γ0
νΔt

unþ1
h ,vh

� �
Ω ¼ Lu vhð Þ, ∀vh ∈Vh,

where

a unþ1
h ,vh

� � ¼
X

Ek ∈ Eh

ð

Ek

∇unþ1
h : ∇vhdx�

X
ek ∈Γh

ð

ek
∇unþ1

h

� �
n � vh½ �ds (20)

�ε
X
ek ∈Γh

ð

ek
∇vhf gn � unþ1

h

� �
dsþ

X
ek ∈Γh

σe

ekj jβ
ð

ek
unþ1
h

� � � vh½ �ds, (21)

and

Lu vhð Þ ¼ γ0
νΔt

~~uh,vh

� �
Ω
�
X
ek ∈∂Ω

ð

ek
ε∇vh � ne � σe

ekj jβ vh

 !
u0:

where β ¼ 1, ε ¼ 1: Note that the parameter ε can be 1, �1, and 0, the scheme
(20) becomes SIPG, NIPG and IIPG, respectively. The SIPG scheme exhibits a
stiffness matrix with symmetric structure. As a DG method, the SIPG scheme has
some attractive advantages of DG methods including high order hp� approxima-
tion, local mass conservation, robustness and accuracy of DG methods for models
with discontinuous coefficients and easy implementation on unstructured grids,
while the flexibility of p-adaptivity (different orders of polynomials might be used
for different elements) in DGmethods has become competitive for modeling a wide
range of engineering problems.

4. Numerical results

We present a lid-driven flow problem to verify the efficiency and robustness of
the interior penalty discontinuous Galerkin method, and then investigate a flow
past a cylinder with walls or without a wall, as well as the relationship between the
Strouhal number and the Reynold number. Throughout the section, time steps
Δt≤ 1E� 03 are taken.
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Example 1. The lid-driven boundary conditions are given by:

u x, 1ð Þ ¼ 1; u 1, yð Þ ¼ 0; u 0, yð Þ ¼ 0; u x, 0ð Þ ¼ 0;

v x, 1ð Þ ¼ 1; v 1, yð Þ ¼ 0; v 0, yð Þ ¼ 0; v x, 0ð Þ ¼ 0:

�

Here the mesh size of the initial coarse grid is 0.2 and then it is uniformly refined
three times with piecewise discontinuous elements being applied into the fully
discrete SIPG approach.

The boundary condition at the vertex is a jump from zero velocity on the edge to
a unit velocity on the upper edge. Nature prevents this singularity with a boundary
layer forming along all walls, making the vertex velocity zero. It is reasonable to
adopt adaptive meshes for solving those singularity problems. Here, we apply the
semi-implicit SIPG method with approximation polynomials of order N ¼ 3 in a
locally refined mesh in Figure 1 to solve the incompressible flow. In Figure 2, the
velocity profiles of u, vð Þ through the geometric center of the cavity are plotted with
Re ¼ 1000, 5000, 7500 taken. From Figures 3–5, with different Reynolds numbers
taken up to 7500, the vorticity field exhibits the expected characteristics of a driven
cavity flow consisting of a region of vortical flow centrally located. Energy enters
the cavity through the viscous boundary later formed by velocity gradients on the
upper driven edge. Convection distributes flow properties throughout the domain.

Figure 1.
An initial locally refined mesh.

Figure 2.
Velocity profiles u, vð Þ through geometric center of the cavity for Re ¼ 100, 400, 1000, 5000, 7500.
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Moreover, a video on the dynamical evolution of vorticity isolines
(Re ¼ 1000,N ¼ 4) can be browsed through a website (Available from:
https://youtu.be/UfGWvnoiW58). These numerical simulations are performed for
the Navier–Stokes equations which illustrate the effectiveness of the DG method.

Example 2. We simulate a channel flow past a circular cylinder with a radius
0:05 at the origin 0, 0ð Þ for Re ¼ 100 by the discontinuous Galerkin method in the
domain �1, 3ð Þ � �0:5, 0:5ð Þ. The free stream velocity on the inflow boundary is
u∞ ¼ 1, 0ð Þ, while the outflow boundary is ∂u

∂n ¼ 0. To the boundary conditions on
the upper and lower sides, we present two different conditions for comparison
(see Figure 6), which are wall (u ¼ 0, v ¼ 0) and homogeneous Neumann
boundary conditions (u ¼ 1, ∂v

∂n ¼ 0), respectively. The homogeneous Neumann
boundary condition is a special non-reflecting case, where the boundary flux is zero.
For reference, the density of the fluid is given by ρ ¼ 1 kg �m�3 and a locally
refined mesh (max h ¼ 0:088) will be used for the simulations.

Figure 3.
Re =1000, N = 4, mesh #2. Left: pressure contour; right: vorticity contour.

Figure 4.
Re =5000, N = 3, the initial mesh refined. Left: pressure contour; right: vorticity contour.

Figure 5.
Re =7500, N = 3, the initial mesh refined. Left: pressure contour; right: vorticity contour.

90

Vortex Dynamics Theories and Applications

Cylinder flow contains the fundamentals of unsteady fluid dynamics in a sim-
plified geometry. The flow properties and unsteadiness are well defined through
years of experimental measurements across a wide range of Reynolds numbers [25],
making the cylinder an ideal validation testcase for unsteady numerical fluid
dynamics simulations.

Verification in a numerical domain requires insights from physics for a proper
comparison to experimental and theoretical data. In Figure 7, we observe that the
boundary layers forms along the upper and lower walls. From continuity of mass,
the presence of a boundary layer decreasing the flow velocity near the wall requires
an increase in the centerline average flow velocity. The cylinders wake provides a
similar increase in centerline velocities. This implies a non-intuitive reality that drag
can increase velocities within constrained domains. This effect is compensated for
in wind tunnel test [26] environments topologically similar to Figure 7 with a
constant mass flow rate and no-slip walls. Drela [15] develops an analysis for 2D
wind tunnels resulting in an effective coefficient of drag of

Cd ¼ 1� 1
2
c
H
Cd � π

2
A
H2

� �
Cdun ,

and an effective Reynolds number of

Re ¼ 1þ 1
4
c
H
Cd þ π

6
A
H2

� �
Re un,

where the un subscript represents the uncorrected value, H represents the
domain height, A represents the cylinder area and c represents the cylinder radius.
Drelas analysis does not specifically include the boundary layer forming on the

Figure 6.
Cylinder flow in a channel N ¼ 3. Top: with walls; bottom: without a wall.

Figure 7.
Cylinder flow with walls, Re ¼ 100. Top: vorticity contour; bottom: pressure contour.
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Moreover, a video on the dynamical evolution of vorticity isolines
(Re ¼ 1000,N ¼ 4) can be browsed through a website (Available from:
https://youtu.be/UfGWvnoiW58). These numerical simulations are performed for
the Navier–Stokes equations which illustrate the effectiveness of the DG method.

Example 2. We simulate a channel flow past a circular cylinder with a radius
0:05 at the origin 0, 0ð Þ for Re ¼ 100 by the discontinuous Galerkin method in the
domain �1, 3ð Þ � �0:5, 0:5ð Þ. The free stream velocity on the inflow boundary is
u∞ ¼ 1, 0ð Þ, while the outflow boundary is ∂u

∂n ¼ 0. To the boundary conditions on
the upper and lower sides, we present two different conditions for comparison
(see Figure 6), which are wall (u ¼ 0, v ¼ 0) and homogeneous Neumann
boundary conditions (u ¼ 1, ∂v

∂n ¼ 0), respectively. The homogeneous Neumann
boundary condition is a special non-reflecting case, where the boundary flux is zero.
For reference, the density of the fluid is given by ρ ¼ 1 kg �m�3 and a locally
refined mesh (max h ¼ 0:088) will be used for the simulations.

Figure 3.
Re =1000, N = 4, mesh #2. Left: pressure contour; right: vorticity contour.

Figure 4.
Re =5000, N = 3, the initial mesh refined. Left: pressure contour; right: vorticity contour.

Figure 5.
Re =7500, N = 3, the initial mesh refined. Left: pressure contour; right: vorticity contour.
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Cylinder flow contains the fundamentals of unsteady fluid dynamics in a sim-
plified geometry. The flow properties and unsteadiness are well defined through
years of experimental measurements across a wide range of Reynolds numbers [25],
making the cylinder an ideal validation testcase for unsteady numerical fluid
dynamics simulations.

Verification in a numerical domain requires insights from physics for a proper
comparison to experimental and theoretical data. In Figure 7, we observe that the
boundary layers forms along the upper and lower walls. From continuity of mass,
the presence of a boundary layer decreasing the flow velocity near the wall requires
an increase in the centerline average flow velocity. The cylinders wake provides a
similar increase in centerline velocities. This implies a non-intuitive reality that drag
can increase velocities within constrained domains. This effect is compensated for
in wind tunnel test [26] environments topologically similar to Figure 7 with a
constant mass flow rate and no-slip walls. Drela [15] develops an analysis for 2D
wind tunnels resulting in an effective coefficient of drag of

Cd ¼ 1� 1
2
c
H
Cd � π

2
A
H2

� �
Cdun ,

and an effective Reynolds number of

Re ¼ 1þ 1
4
c
H
Cd þ π

6
A
H2

� �
Re un,

where the un subscript represents the uncorrected value, H represents the
domain height, A represents the cylinder area and c represents the cylinder radius.
Drelas analysis does not specifically include the boundary layer forming on the

Figure 6.
Cylinder flow in a channel N ¼ 3. Top: with walls; bottom: without a wall.

Figure 7.
Cylinder flow with walls, Re ¼ 100. Top: vorticity contour; bottom: pressure contour.
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upper and lower walls. The flow physics associated with wall boundary layer drag
differs from cylinder drag in that the wall drag is a distributed effect of monotoni-
cally increasing drag with downstream distance rather than a conceptual point
source of drag. The wall boundary layer tends to provide a steady acceleration of
flow within the interior flow domain (i.e. non-boundary layer portion) leading to an
effective buoyancy drag. A secondary feature of the wall boundary layer is that
downstream flow features such as vortices are convected at a higher perturbation
velocity compared to the initial upstream velocity. For numerical validation of raw
experimental data, either the wind tunnel geometry should exactly match the
numerical geometry, or the numerical geometry should be corrected using the
concepts introduced above to match the actual wind tunnel geometry. Alterna-
tively, the open-air corrected values should be used for validation. The above
analysis provides insight into the domain height necessary to reduce volume
blockage (c=H) and wake buoyancy (A=H2) effects.

Alternatively, the flow without walls in Figure 8 has no interference of the
boundary layers along the channel on the up and bottom boundaries, thus the
pressure contours expend after flow passing through the cylinder. We also com-
pared the components of the velocity profiles along the x� direction in Figure 9,
and observed that the boundary layers are produced in the top picture rather than in
the bottom one. If the effect of the boundary layers disappeared, the velocity in the
x� direction would reduce dispersively, in other words, the vortex lifespan is less
than those produced in the channel with walls. The velocity profiles in the y�
direction have been given in Figure 10.

We localize the domain around the cylinder and refine the mesh, then show the
vorticity startup behavior in Figure 11 as well as the pressure Figure 12.
Upon startup, two vortices of opposite direction are formed on the upper and lower

Figure 8.
Flow past a cylinder in a channel without a wall, Re ¼ 100. Above: vorticity contour; below: pressure contour.

Figure 9.
Re ¼ 100. Above: velocity in x-direction with walls; below: velocity in x-direction without a wall.
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Figure 10.
Re ¼ 100. Above: velocity in y-direction with walls; below: velocity in y-direction without a wall.

Figure 11.
Vorticity contours of flow past a cylinder without a wall at different time.

Figure 12.
Pressure contours of flow past a cylinder without a wall at different time.
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Figure 10.
Re ¼ 100. Above: velocity in y-direction with walls; below: velocity in y-direction without a wall.

Figure 11.
Vorticity contours of flow past a cylinder without a wall at different time.

Figure 12.
Pressure contours of flow past a cylinder without a wall at different time.
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aft portion of the cylinder. Given a low total simulation time, the flow field resembles
the symmetrical low Reynolds number steady flow. As time progresses however,
instabilities are magnified and the upper-lower symmetry increases. Given a total
time of beyond t ¼ 10, an autonomous and phased locked set of street vortices are
generated. Surface pressures (Figure 13 at Re ¼ 80, 140) generated reflect the pro-
cess, including a steady startup portion and the eventual vortex shedding frequency.
Validation at Re >41 requires sufficient time to obtain the unsteady behavior.

To reduce the effect of the boundary layers along the walls, the coefficients of
drag and lift as well as the difference of pressure between the leading edge and the
trailing edge on the cylinder shall be computed in a larger domain. Then in a domain
Ω≔ �1, 5½ � � �1, 1½ �, higher order DG finite elements have been investigated. Based
on the velocity u∞ and the diameter of the cylinder D ¼ 0:1, we will chose different
viscosity coefficients ν ¼ 1e� 3, 5e� 4, 2:5e� 4 etc. to simulate flow with different
Reynolds numbers, that is, the cases Re ¼ 100, 200, 400, respectively. Our interest
is the drag coefficient Cd, the lift coefficient Cl on the cylinder and the difference of
the pressure between the front and the back of the cylinder

dp ¼ p t;�0:05, 0ð Þ � p t; 0:05, 0ð Þ:

We use the definition of Cd and Cl given in [4] as follows:

Cd ¼ 2
ρDu2max

ð

S
ρν

∂utS tð Þ
∂n

ny � p tð Þnx
� �

ds,

and Cl ¼ � 2
ρDu2max

ð

S
ρν

∂utS tð Þ
∂n

nx þ p tð Þny
� �

ds,

where n ¼ nx, ny
� �T is the normal vector on the cylinder boundary S directing

into Ω, tS ¼ ny,�nx
� �T the tangential vector and utS the tangential velocity along S.

In the literature, Fey et al. in [27] propose the Strouhal number represented by
piecewise linear relationships of the form

St ¼ ST ∗ þ mffiffiffiffiffiffiffi
Re

p

with different values St ∗ and m in different shedding regimes of the 3D circular
cylinder wake. We originally define the periodic Tlift of the lift coefficients (see
Figure 13) by the periodic T≔ 1

f appearing in the definition of Strouhal number, i.e.,

St Reð Þ ¼ D
Tliftu∞

, (22)

Figure 13.
Drag, lift coefficients and the variation of pressure with time, Re ¼ 80 (left), Re ¼ 140 (right).
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which comes from the classical definition (5). From the evolution of Cd, Cl and
dp as in Figure 13, we may find a period Tlift of the lift coefficients for different
values of Re to calculate Strouhal number by (22). In Figure 14, a comparison of
Strouhal numbers between the experimental estimates in Fey etc. [5] and our
estimates from (22) indicates a behavioral match between the unsteady onset at
approximately Re ¼ 50 and the beginning of the transition to turbulence at
Re ¼ 180. Beyond Re ¼ 180, the onset of turbulence changes the flow physics by
drastically increasing the energy spectrum of the shed vorticity. The transition
appears as a marked decrease in the Strouhal number prior to Re ¼ 200. As the
present SIPG solver does not include a 3D turbulence model, our estimates follow
the laminar results into the actual turbulent region. Moreover, Figure 14 verifies
availability of the periodic of vortex street replaced by the periodic of the lift
coefficients. There are many results for flow past a cylinder using Reynolds
Averaged Navier–Stokes (RANS) method. For large Re up to 2000, the readers
are referred to the reference [28] for details, for example, Strouhal number of a
cylinder flow could experience a slight fall.

5. Conclusions

A SIPG solver is developed for the incompressible Navier Stokes equations of
fluid flow. Two testcases are presented: a lid-driven cavity and a cylinder flow. The
DG method produces stable discretizations of the convective operator for high
order discretizations on unstructured meshes of simplices, as a requirement for
real-world complex geometries. There are still some open problems, such as how
the strouhal number of the von Kármán vortex street changes against the Reynolds
number after oscillations or noises are added to the incident flow.
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Figure 14.
A comparison of Strouhal-Reynolds-number between our estimate and the linear fit in [27] for 50≤ Re ≤400.
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Chapter 5

Discrete Vortex Cylinders Method
for Calculating the Helicopter
Rotor-Induced Velocity
Evgeny Nikolaev and Maria Nikolaeva

Abstract

A new vortex model of a helicopter rotor with an infinite number of blades is
proposed, based on Shaidakov’s linear disk theory for calculating inductive speeds
at any point in space in the helicopter area. It is proposed to consider the helicopter
rotor and the behind vortex column as a system of discrete vortex cylinders. This
allows building a matrix of the influence of the vortex system under consideration
on any set of points, for example, the calculated points on the rotor itself, on the
tail rotor, etc. The model allows calculating inductive velocities at any point near
the helicopter using matrix multiplication operation. It is shown that the classical
results for the momentum theory remain constant even in the discrete simulation
of the helicopter rotor vortex system. The structure of the air flow behind the
rotor and the simulation results obtained by the proposed method is compared
with the structure of the tip vortices and the results of the blade vortex theory.
In addition, the experimental data were compared with the simulation results to
verify the correctness of the model under real operating conditions by the
helicopter trimming.

Keywords: induced velocity, intensity of circulation, discrete vortex cylinder,
influence matrix, Shaidakov’s linear disk theory

1. Introduction

The character of the load distribution on the disk rotor vortex theory affects
induced velocity. In turn, the inductive flow is the most important factor affecting
the value of the inductive losses, as well as forces and moments acting on the
helicopter’s rotor. Therefore, the efforts of many authors are aimed for creating
theories and methods for the simplest way to calculate the induced-velocity field,
without which it is impossible to calculate the determination of the aerodynamic
characteristics of the rotor.

In conditions of low velocities, induced-velocity field is particularly irregular.
This leads to significant changes of aerodynamic forces acting on the blade. The
blades begin to oscillate with higher amplitudes, causing significant variable
tensions inside blades.
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Chapter 5

Discrete Vortex Cylinders Method
for Calculating the Helicopter
Rotor-Induced Velocity
Evgeny Nikolaev and Maria Nikolaeva

Abstract

A new vortex model of a helicopter rotor with an infinite number of blades is
proposed, based on Shaidakov’s linear disk theory for calculating inductive speeds
at any point in space in the helicopter area. It is proposed to consider the helicopter
rotor and the behind vortex column as a system of discrete vortex cylinders. This
allows building a matrix of the influence of the vortex system under consideration
on any set of points, for example, the calculated points on the rotor itself, on the
tail rotor, etc. The model allows calculating inductive velocities at any point near
the helicopter using matrix multiplication operation. It is shown that the classical
results for the momentum theory remain constant even in the discrete simulation
of the helicopter rotor vortex system. The structure of the air flow behind the
rotor and the simulation results obtained by the proposed method is compared
with the structure of the tip vortices and the results of the blade vortex theory.
In addition, the experimental data were compared with the simulation results to
verify the correctness of the model under real operating conditions by the
helicopter trimming.

Keywords: induced velocity, intensity of circulation, discrete vortex cylinder,
influence matrix, Shaidakov’s linear disk theory

1. Introduction

The character of the load distribution on the disk rotor vortex theory affects
induced velocity. In turn, the inductive flow is the most important factor affecting
the value of the inductive losses, as well as forces and moments acting on the
helicopter’s rotor. Therefore, the efforts of many authors are aimed for creating
theories and methods for the simplest way to calculate the induced-velocity field,
without which it is impossible to calculate the determination of the aerodynamic
characteristics of the rotor.

In conditions of low velocities, induced-velocity field is particularly irregular.
This leads to significant changes of aerodynamic forces acting on the blade. The
blades begin to oscillate with higher amplitudes, causing significant variable
tensions inside blades.
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1.1 Coordinate systems of the vortex cylinder

The properties of a cylindrical vortex surface are considered in detail by
Shaidakov [1]. He analytically investigated the properties of a vortex surface that
completely covers a beveled vortex surface. Shaidakov studied a vortex surface that
starts from a disk plane, has an arbitrary shape in section, and pointed with its one
end to infinity. Vortices on the surface are parallel to the base of the cylinder, which
lies in the plane of the beginning of the vortex cylinder. When applied to the rotor
disk of a helicopter, it is more appropriate to consider not an arbitrary shape of the
vortex surface, but a very specific shape, the cross section of which is shown in
Figure 1. The disk plane is filled with closed contours formed on two sides by arcs of
circles and on the other two sides by radial segments. The number of closed con-
tours depends on the number of calculated points along the blade and the number of
points along the azimuth. However, the shape of closed contours remains the same.

To study the velocity field caused by a discrete vortex cylinder, we will select
two typical sections of it. One section is located at the beginning plane of the vortex
cylinder (lies in the plane of the screw disk); the other is parallel to it and intersects
the cylinder at an infinite distance from the first plane. The sections of the cylinder
with these planes are conventionally designated 1-1 and 2-2, respectively.

It is convenient to calculate induced velocities in the coordinate systems Oxyz
(Ox1y1z1) shown in Figure 2. The vortex cylinder is tilted from the axis Oz(Oz1) by
the inclination angle of the vortex cylinder δ. It is easy to see that the induced-
velocity calculated point is always located in a plane parallel to the disk plane, and
the projection of the vortex cylinders on this plane is a disk with a radius equal to
the radius of the rotor. The origin of the coordinate system Oxyz (Ox1y1z1) is always
located in the center of this disk.

The right rectangular coordinate system Oxyz is used to record the components
of the induced velocity vx, vy, vz. The right-linked coordinate system Ox1y1z1 with
guide orts e1, e2, e3 is used to calculate the components of the induced velocity
vx1 , vy1 , vz1 . The axis Ox1 and Oz1 coincides with the axes Ox and Oz. The axis Oy1 is

Figure 1.
Scheme for splitting the disk into discrete vortex cylinders.
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the axis of the cylinder and is inclined to the axis Ox1 at an angle δ. In both systems,
the base plane Oxz (Ox1z1) is parallel to the plane of the vortex cylinder and
contains the induced-velocity calculated point A. The left skew coordinate Oryψ
system is derived from the Ox1y1z1. The left oblique cylindrical coordinate system
Oryψ is obtained by moving the origin to a point A. It is used to bring contour
integrals to a form that is convenient for integration.

The last two axis systems are most convenient for deriving equations of the
vortex cylinder surface. It is enough to know the distance h along the axis Oy1 from
the base plane of the vortex cylinder and the equation of the projection of the
cylinder base on the base plane.

The ratio of induced-velocity’s components in systems Oxyz and Ox1y1z1 is
determined by the following dependencies

vx ¼ vx1 þ vy1 cos δ;
vy ¼ vy1 sin δ;
vz ¼ vz1 :

(1)

These component interdependences are true for any vector [3].
In the accepted coordinate system Ox1y1z1 for an arbitrary pair of vectors a, bwe

find a vector product с and a scalar product ab

cx1 ¼
1

sin δ
ay1 az1
by1 bz1

�����

�����þ cos δ
ax1 az1
bx1 bz1

����
����

 !
; (2)

Figure 2.
Coordinate system of the vortex cylinder with arbitrary form [2].
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the axis of the cylinder and is inclined to the axis Ox1 at an angle δ. In both systems,
the base plane Oxz (Ox1z1) is parallel to the plane of the vortex cylinder and
contains the induced-velocity calculated point A. The left skew coordinate Oryψ
system is derived from the Ox1y1z1. The left oblique cylindrical coordinate system
Oryψ is obtained by moving the origin to a point A. It is used to bring contour
integrals to a form that is convenient for integration.

The last two axis systems are most convenient for deriving equations of the
vortex cylinder surface. It is enough to know the distance h along the axis Oy1 from
the base plane of the vortex cylinder and the equation of the projection of the
cylinder base on the base plane.

The ratio of induced-velocity’s components in systems Oxyz and Ox1y1z1 is
determined by the following dependencies

vx ¼ vx1 þ vy1 cos δ;
vy ¼ vy1 sin δ;
vz ¼ vz1 :

(1)

These component interdependences are true for any vector [3].
In the accepted coordinate system Ox1y1z1 for an arbitrary pair of vectors a, bwe

find a vector product с and a scalar product ab
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1
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; (2)

Figure 2.
Coordinate system of the vortex cylinder with arbitrary form [2].

101

Discrete Vortex Cylinders Method for Calculating the Helicopter Rotor-Induced Velocity
DOI: http://dx.doi.org/10.5772/intechopen.93186



cy1 ¼
1

sin δ
ax1 az1
bx1 bz1

����
����þ cos δ

ay1 az1
by1 bz1

�����

�����

 !
; (3)

cz1 ¼ sin δ
ax1 ay1
bx1 by1

�����

�����; (4)

ab ¼ ax1bx1 þ ay1by1 þ az1bz1 þ ax1by1 þ ay1bz1
� �

cos δ: (5)

The modulus of the vector a is calculated by the formula (Eq. (5))

a ¼ ffiffiffiffiffi
aa

p ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2x1 þ a2y1 þ a2z1 þ 2ax1ay1 cos δ

q
: (6)

The projection of the vector c on the axis of the cylinder is denoted c0. Then,
using (Eq. (6)), we will have

c0 ¼ c � e2 ¼ cy1 þ cx1 cos δ: (7)

1.2 Components of the induced-velocity vector at any point in area around the
rotor

Let us consider a certain part of a cylindrical vortex surface, with the beginning
at the plane of the disk, bounded on two sides by two generatrices and leaving the
other side to infinity (Figure 2). The beginning of the generatrices is denoted by the
point’s m and n. Select a vortex element ds with circulation dΓ at any point
M ξ, η, ζð Þ in the vortex surface:

dΓ ¼ γdη, (8)

where γ is the running circulation in the direction of the cylinder generatrices.
We will calculate the induced velocities from this element at the point

A x1, 0, z1ð Þ using the formula of Biot-Savart

d2v ¼ dΓ
4π

ds� l
lj j3 , (9)

where l is connecting the point A to the point M vector; ds is a vortex element
represented as a vector. The sign of circulation dΓ (or γ) is determined by the
direction of the vector ds. A positive value corresponds to a positive direction in the
accepted coordinate system. When calculating the inductive effect from the vortex
surface, the contour integral is calculated along the vortex lines. The positive direc-
tion of the contour traversal in the right coordinate system corresponds to the right
rotation, in the left coordinate system—to the left.

We express the vectors included in the formula (Eq. (8)) in terms of affine
coordinates

ds ¼ dξ e1 þ dζ e3; (10)

l ¼ ξ� x1ð Þe1 þ ηe2 þ ζ � z1ð Þe3: (11)

The modulus of the vector l is defined by the formula (Eq. (6))

l ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ξ� x12ð Þ þ η2 þ ζ � z1ð Þ2 þ 2 ξ� x1ð Þη cos δ

q
: (12)
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Calculate the components of the inductive velocity vectors from the vortex path
ds. For this purpose, it is necessary to define expressions for projections of the
vector product ds� l on the coordinate axis.

ds� l
��
x ¼

1
sin δ

0 dζ
η ζ � z1

����
����þ cos δ

dξ dζ
ξ� x1 ζ � z1

����
����

� �����
x
; (13)

ds� l
��
y ¼

1
sin δ

dξ dζ
ξ� x1 ζ � z1

����
����þ cos δ

0 dζ
η ζ � z1

����
����

� �����
y
; (14)

ds� l
��
z ¼ sin δ

dξ dζ
ξ� x1 ζ � z1

����
����

� �����
z
: (15)

After describing the determinants, we will have the following expressions for
induced velocities

d2vx1 ¼
γ

4π
dη
lj j3

1
sin δ

cos δ ζ � z1ð Þdξ� cos δ ξ� x1ð Þdζ � ηdζ½ �; (16)

d2vy1 ¼
γ

4π
dη

lj j3
1

sin δ
ζ � z1ð Þdξ� ξ� x1ð Þdζ � cos δηdζ½ �; (17)

d2vz1 ¼
γ

4π
dη
lj j3 η sin δdξ: (18)

Let us perform integration of formulas (Eqs. (16)–(18)) along the cylinder
creators

dvx1 ¼
γ

4π
1

sin δ

ð∞

h

dη
lj j3 cos δ ζ � z1ð Þdξ� cos δ ξ� x1ð Þdζ � ηdζ½ �; (19)

dvy1 ¼
γ

4π
1

sin δ

ð∞

h

dη

lj j3 ζ � z1ð Þdξ� ξ� x1ð Þdζ � cos δηdζ½ �; (20)

dvz1 ¼
γ

4π
sin δ

ð∞

h

dη
lj j3 ηdξ: (21)

After the conversion, we will have

dvx1 ¼
γ

4π
1

sin δ
cos δ ζ � z1ð Þdξ

ð∞

h

dη
lj j3 � cos δ ξ� x1ð Þdζ

ð∞

h

dη
lj j3 � dζ

ð∞

h

ηdη
lj j3

2
4

3
5 (22)

dvy1 ¼
γ

4π
1

sin δ
ζ � z1ð Þdξ

ð∞

h

dη
lj j3 � ξ� x1ð Þdζ

ð∞

h

dη
lj j3 � cos δdζ

ð∞

h

ηdη
lj j3

2
4

3
5 (23)

dvz1 ¼
γ

4π
sin δdξ

ð∞

h

ηdη

lj j3 (24)
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cy1 ¼
1

sin δ
ax1 az1
bx1 bz1

����
����þ cos δ

ay1 az1
by1 bz1

�����

�����

 !
; (3)

cz1 ¼ sin δ
ax1 ay1
bx1 by1

�����

�����; (4)

ab ¼ ax1bx1 þ ay1by1 þ az1bz1 þ ax1by1 þ ay1bz1
� �

cos δ: (5)

The modulus of the vector a is calculated by the formula (Eq. (5))

a ¼ ffiffiffiffiffi
aa

p ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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q
: (6)

The projection of the vector c on the axis of the cylinder is denoted c0. Then,
using (Eq. (6)), we will have

c0 ¼ c � e2 ¼ cy1 þ cx1 cos δ: (7)
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We express the vectors included in the formula (Eq. (8)) in terms of affine
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l ¼
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Calculate the components of the inductive velocity vectors from the vortex path
ds. For this purpose, it is necessary to define expressions for projections of the
vector product ds� l on the coordinate axis.

ds� l
��
x ¼

1
sin δ

0 dζ
η ζ � z1

����
����þ cos δ

dξ dζ
ξ� x1 ζ � z1

����
����

� �����
x
; (13)

ds� l
��
y ¼

1
sin δ

dξ dζ
ξ� x1 ζ � z1

����
����þ cos δ

0 dζ
η ζ � z1

����
����

� �����
y
; (14)

ds� l
��
z ¼ sin δ

dξ dζ
ξ� x1 ζ � z1

����
����

� �����
z
: (15)

After describing the determinants, we will have the following expressions for
induced velocities

d2vx1 ¼
γ

4π
dη
lj j3

1
sin δ

cos δ ζ � z1ð Þdξ� cos δ ξ� x1ð Þdζ � ηdζ½ �; (16)

d2vy1 ¼
γ

4π
dη

lj j3
1

sin δ
ζ � z1ð Þdξ� ξ� x1ð Þdζ � cos δηdζ½ �; (17)

d2vz1 ¼
γ

4π
dη
lj j3 η sin δdξ: (18)

Let us perform integration of formulas (Eqs. (16)–(18)) along the cylinder
creators

dvx1 ¼
γ

4π
1

sin δ

ð∞

h

dη
lj j3 cos δ ζ � z1ð Þdξ� cos δ ξ� x1ð Þdζ � ηdζ½ �; (19)

dvy1 ¼
γ

4π
1

sin δ

ð∞

h

dη

lj j3 ζ � z1ð Þdξ� ξ� x1ð Þdζ � cos δηdζ½ �; (20)

dvz1 ¼
γ

4π
sin δ

ð∞

h

dη
lj j3 ηdξ: (21)

After the conversion, we will have

dvx1 ¼
γ

4π
1

sin δ
cos δ ζ � z1ð Þdξ

ð∞

h

dη
lj j3 � cos δ ξ� x1ð Þdζ

ð∞

h

dη
lj j3 � dζ

ð∞

h

ηdη
lj j3

2
4

3
5 (22)

dvy1 ¼
γ

4π
1

sin δ
ζ � z1ð Þdξ

ð∞

h

dη
lj j3 � ξ� x1ð Þdζ

ð∞

h

dη
lj j3 � cos δdζ

ð∞

h

ηdη
lj j3

2
4

3
5 (23)

dvz1 ¼
γ

4π
sin δdξ

ð∞

h

ηdη

lj j3 (24)
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In formulas (Eq. (22)–(24)) we will denote by

J1 ¼
ð∞

h

dη

lj j3 ¼
ð∞

h

dη

ξ� x12ð Þ þ η2 þ ζ � z1ð Þ2 þ 2 ξ� x1ð Þη cos δ�� ��32 ;

J2 ¼
ð∞

h

ηdη

lj j3 ¼
ð∞

h

ηdη

ξ� x12ð Þ þ η2 þ ζ � z1ð Þ2 þ 2 ξ� x1ð Þη cos δ�� ��32

(25)

Using the following formulas ρ2h ¼ ξ� x1ð Þ2 þ ζ � z1ð Þ2 and ξ� x1 ¼ ρh cos ϑ
converting integrals (Eq. (25))

J1 ¼
ð∞

h

dη
lj j3 ¼

ð∞

h

dη

ρ2h þ η2 þ 2ρh cos ϑ cos δη
�� ��32 ;

J2 ¼
ð∞

h

ηdη

lj j3 ¼
ð∞

h

ηdη

ρ2h þ η2 þ 2ρh cos ϑ cos δη
�� ��32 :

(26)

Integrals (Eq. (26)) are table integrals and can be denoted by the following:

J1 ¼
1

ρ2h 1� cos 2δ cos 2ϑð Þ 1� hþ ρh cos δ cosϑ
lh

� �
; (27)

J2 ¼
1

ρh 1� cos 2δ cos 2ϑð Þ
ρh þ h cos δ cos ϑ

lh
� cos δ cos ϑ

� �
, (28)

where lh ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ2h þ h2 þ 2ρhh cos δ

q
.

Using the already known relationships cosϑ ¼ ξ� x1ð Þ=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ξ� x1ð Þ2 þ ζ � z1ð Þ2

q

converting the received formulas

J1 ¼
1

ζ � z1ð Þ2 þ 1� cos 2δð Þ ξ� x1ð Þ2 1� hþ cos δ ξ� x1ð Þ
lh

� �
; (29)

J2 ¼
1

ζ � z1ð Þ2 þ 1� cos 2δð Þ ξ� x1ð Þ2

ξ� x1ð Þ2 þ ζ � z1ð Þ2 þ h cos δ ξ� x1ð Þ
lh

� cos δ ξ� x1ð Þ
 !

,
(30)

where lh ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ξ� x1ð Þ2 þ ζ � z1ð Þ2 þ h2 þ 2h cos δ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ξ� x1ð Þ2 þ ζ � z1ð Þ2

qr
.

Integrals were obtained for the first time by Shaidakov [3] and are referred to in
this chapter as Shaidakov’s integrals.

Now it is possible to get expressions for differentials of induced velocity’s com-
ponents on the axis of a coordinate system Ox1y1z1

dvx1 ¼
γ

4π
1

sin δ
ζ � z1ð ÞJ1 cos δdξ� ξ� x1ð ÞJ1 cos δþ J2½ �dζf g (31)

dvy1 ¼
γ

4π
1

sin δ
ζ � z1ð ÞJ1dξ� ξ� x1ð ÞJ1 þ cos δJ2½ �dζf g (32)
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dvz1 ¼
γ

4π
sin δJ1dξ (33)

We get the formula for the component of the induced velocity directed along the
vortex cylinder generatrices. We use the expression (Eq. (7))

dv0 ¼ γ

4π
1

sin δ
ζ � z1ð ÞJ1dξ� ξ� x1ð ÞJ1dζ � cos δJ2dζ½ �þ

þ γ

4π
1

sin δ
cos δ ζ � z1ð ÞJ1dξ� cos δ ξ� x1ð ÞJ1dζ � J2dζ½ � cos δ:

(34)

After simple transformations we get

dv0 ¼ γ

4π
1� cos 2δ

sin δ
ξ� x1ð ÞJ1dζ � ζ � z1ð ÞJ1dξ½ �: (35)

To calculate the velocity from a limited width vortex cylindrical surface, we
need to take the contour integral from the projection of this surface on the base
plane (the integral along the length of the arc s).

vx1 ¼
ð

s

dvx1 ; vy1 ¼
ð

s

dvy1 ; vz1 ¼
ð

s

dvz1 ; v0 ¼
ð

s

dv0: (36)

2. Discrete vortex cylinders method

The method of discrete vortex cylinders is based on the linear disk theory of
Shaidakov described above. It allows you to calculate the induced velocity from the
rotor at any point in the space around the rotor. Consider a main rotor with an
infinite number of blades [2]. Imagine a vortex system that descends from the rotor
in the form of a vortex column, starting at the plane of the disk and going to
infinity. The vortex column is supported by a circle with a radius equal to the radius
of the rotor. The angle of vortex column inclination to the disk plane depends on the
helicopter forward flight speed and the thrust of the rotor. It is calculated using the
Shaidakov formula for the angle of inclination of the vortex column.

Each partial volume of the vortex column can be considered as an elementary
column of dipoles with a constant density of circulation. Alternatively consider it as
an elementary vortex cylinder of arbitrary shape with a linear circulation of closed
vortices γ along the generatrix.

In case of the beveled cylinder filling with dipoles, to calculate the inductive
velocity from the entire vortex column, it is necessary to make integral sums from
the n number final volumes at n ! ∞ for the limit case. In this case, the area of the
base of the cylinder is divided into n number areas dσ1, dσ2, … , dσn. The area of the
cylinder base is divided into finite regions, and the entire vortex column is divided
into infinite volumes.

When filling a vortex column with vortex cylinders, the area of the base is filled
with closed contours of a specific shape (Figure 1), and the column is entirely filled
with vortex cylinders of linear circulation γ along the generatrix. The generatrices of
the vortex cylinders are parallel to the axis of the vortex column and inclined at an
angle δ to the plane of the disk (Figure 3).

We propose to consider a vortex column as a collection of a finite number of
vortex cylinders resting on the plane of the rotor disk. The plane of the disk is filled
with closed vortex contours on two sides by arcs of circles and on the other two
sides by radial segments (Figure 4). When the disk is split in this way the size of the
contours will depend on the number of calculated points along the blade radius and
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In formulas (Eq. (22)–(24)) we will denote by

J1 ¼
ð∞

h

dη

lj j3 ¼
ð∞

h

dη

ξ� x12ð Þ þ η2 þ ζ � z1ð Þ2 þ 2 ξ� x1ð Þη cos δ�� ��32 ;

J2 ¼
ð∞

h

ηdη

lj j3 ¼
ð∞

h

ηdη

ξ� x12ð Þ þ η2 þ ζ � z1ð Þ2 þ 2 ξ� x1ð Þη cos δ�� ��32

(25)

Using the following formulas ρ2h ¼ ξ� x1ð Þ2 þ ζ � z1ð Þ2 and ξ� x1 ¼ ρh cos ϑ
converting integrals (Eq. (25))

J1 ¼
ð∞

h

dη
lj j3 ¼

ð∞

h

dη

ρ2h þ η2 þ 2ρh cos ϑ cos δη
�� ��32 ;

J2 ¼
ð∞

h

ηdη

lj j3 ¼
ð∞

h

ηdη

ρ2h þ η2 þ 2ρh cos ϑ cos δη
�� ��32 :

(26)

Integrals (Eq. (26)) are table integrals and can be denoted by the following:

J1 ¼
1

ρ2h 1� cos 2δ cos 2ϑð Þ 1� hþ ρh cos δ cosϑ
lh

� �
; (27)

J2 ¼
1

ρh 1� cos 2δ cos 2ϑð Þ
ρh þ h cos δ cos ϑ

lh
� cos δ cos ϑ

� �
, (28)

where lh ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ2h þ h2 þ 2ρhh cos δ

q
.

Using the already known relationships cosϑ ¼ ξ� x1ð Þ=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ξ� x1ð Þ2 þ ζ � z1ð Þ2

q

converting the received formulas

J1 ¼
1

ζ � z1ð Þ2 þ 1� cos 2δð Þ ξ� x1ð Þ2 1� hþ cos δ ξ� x1ð Þ
lh

� �
; (29)

J2 ¼
1

ζ � z1ð Þ2 þ 1� cos 2δð Þ ξ� x1ð Þ2

ξ� x1ð Þ2 þ ζ � z1ð Þ2 þ h cos δ ξ� x1ð Þ
lh

� cos δ ξ� x1ð Þ
 !

,
(30)

where lh ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ξ� x1ð Þ2 þ ζ � z1ð Þ2 þ h2 þ 2h cos δ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ξ� x1ð Þ2 þ ζ � z1ð Þ2

qr
.

Integrals were obtained for the first time by Shaidakov [3] and are referred to in
this chapter as Shaidakov’s integrals.

Now it is possible to get expressions for differentials of induced velocity’s com-
ponents on the axis of a coordinate system Ox1y1z1

dvx1 ¼
γ

4π
1

sin δ
ζ � z1ð ÞJ1 cos δdξ� ξ� x1ð ÞJ1 cos δþ J2½ �dζf g (31)

dvy1 ¼
γ

4π
1

sin δ
ζ � z1ð ÞJ1dξ� ξ� x1ð ÞJ1 þ cos δJ2½ �dζf g (32)
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dvz1 ¼
γ

4π
sin δJ1dξ (33)

We get the formula for the component of the induced velocity directed along the
vortex cylinder generatrices. We use the expression (Eq. (7))

dv0 ¼ γ

4π
1

sin δ
ζ � z1ð ÞJ1dξ� ξ� x1ð ÞJ1dζ � cos δJ2dζ½ �þ

þ γ

4π
1

sin δ
cos δ ζ � z1ð ÞJ1dξ� cos δ ξ� x1ð ÞJ1dζ � J2dζ½ � cos δ:

(34)

After simple transformations we get

dv0 ¼ γ

4π
1� cos 2δ

sin δ
ξ� x1ð ÞJ1dζ � ζ � z1ð ÞJ1dξ½ �: (35)

To calculate the velocity from a limited width vortex cylindrical surface, we
need to take the contour integral from the projection of this surface on the base
plane (the integral along the length of the arc s).

vx1 ¼
ð

s

dvx1 ; vy1 ¼
ð

s

dvy1 ; vz1 ¼
ð

s

dvz1 ; v0 ¼
ð

s

dv0: (36)

2. Discrete vortex cylinders method

The method of discrete vortex cylinders is based on the linear disk theory of
Shaidakov described above. It allows you to calculate the induced velocity from the
rotor at any point in the space around the rotor. Consider a main rotor with an
infinite number of blades [2]. Imagine a vortex system that descends from the rotor
in the form of a vortex column, starting at the plane of the disk and going to
infinity. The vortex column is supported by a circle with a radius equal to the radius
of the rotor. The angle of vortex column inclination to the disk plane depends on the
helicopter forward flight speed and the thrust of the rotor. It is calculated using the
Shaidakov formula for the angle of inclination of the vortex column.

Each partial volume of the vortex column can be considered as an elementary
column of dipoles with a constant density of circulation. Alternatively consider it as
an elementary vortex cylinder of arbitrary shape with a linear circulation of closed
vortices γ along the generatrix.

In case of the beveled cylinder filling with dipoles, to calculate the inductive
velocity from the entire vortex column, it is necessary to make integral sums from
the n number final volumes at n ! ∞ for the limit case. In this case, the area of the
base of the cylinder is divided into n number areas dσ1, dσ2, … , dσn. The area of the
cylinder base is divided into finite regions, and the entire vortex column is divided
into infinite volumes.

When filling a vortex column with vortex cylinders, the area of the base is filled
with closed contours of a specific shape (Figure 1), and the column is entirely filled
with vortex cylinders of linear circulation γ along the generatrix. The generatrices of
the vortex cylinders are parallel to the axis of the vortex column and inclined at an
angle δ to the plane of the disk (Figure 3).

We propose to consider a vortex column as a collection of a finite number of
vortex cylinders resting on the plane of the rotor disk. The plane of the disk is filled
with closed vortex contours on two sides by arcs of circles and on the other two
sides by radial segments (Figure 4). When the disk is split in this way the size of the
contours will depend on the number of calculated points along the blade radius and

105

Discrete Vortex Cylinders Method for Calculating the Helicopter Rotor-Induced Velocity
DOI: http://dx.doi.org/10.5772/intechopen.93186



along the circumference of the rotor disk. In this case, the induced velocities will be
calculated at points located at the vortex cylinder’s axis, and outside the vortex
column at any point other than the vortex cylinders surface. This avoids computa-
tional difficulties when calculating contour integrals on the surface of cylindrical
columns. This point is indicated by a letter A [3]. We will also follow to this
designation.

To calculate the components of the inductive velocity at point A by the method
of discrete vortex cylinders we will use Shaidakov’s formulas (Eqs. (31)–(33), (35)),
derived for a discrete vortex cylinder (Figure 4).

We assume that the circulation along the contour and along the generatrix of
each discrete vortex cylinder is constant. Then in formulas (Eq. (36)) it is possible
to take the linear circulation γ as an integral and calculate the induced velocities
from the vortex cylinder of the unit circulation, integrating along four segments of
the contour (Figure 4).

After the obvious transformations, we will have:

vx1 ¼ γ

4π
1

sin δ

ð

s

lz
dξ
ds

� lx
dζ
ds

� �
J1 cos δ� J2

dζ
ds

� �
ds (37)

Figure 3.
Coordinate system of a discrete vortex cylinder.

Figure 4.
Scheme for calculating the influence function from a vortex cylinder (the contour integral).
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vy1 ¼ γ

4π
1

sin δ

ð

s

lz
dξ
ds

� lx
dζ
ds

� �
J1 � J2

dζ
ds

cos δ
� �

ds (38)

vz1 ¼ γ

4π
sin δ

ð

s

J2
dξ
ds

ds (39)

v0 ¼ γ

4π
1� cos 2δ

sin δ

ð

s

lx
dζ
ds

� lz
dξ
ds

� �
J1ds, (40)

where lz ¼ ζ � z1ð Þ, lx ¼ ξ� x1ð Þ (Figure 2).
The derivatives dξ

ds ,
dζ
ds are the cosine and sine of the angle of inclination of the arc

element ds to the axis Ox1. Their values do not depend on the position of the point
A, but only on the direction of the vector ds in the base coordinate system
(Figure 4). This angle is denoted by

dξ
ds

¼ cos τ,
dζ
ds

¼ sin τ (41)

Finally, we will have

vx1 ¼ γ

4π
1

sin δ

ð

s

lz cos τ � lx sin τð ÞJ1 cos τ � J2 sin τ½ �ds (42)

vy1 ¼ γ

4π
1

sin δ

ð

s

J1 lz cos τ � lx sin τð Þ � J2 sin τ cos δ½ �ds (43)

vz1 ¼ γ

4π
sin δ

ð

s

J2 cos τds (44)

v0 ¼ γ

4π
1� cos 2δ

sin δ

ð

s

J1 lx sin τ � lz cos τð Þds (45)

To calculate integrals along the contour, we will use integrating matrices [3]. For
convenience, we will calculate the closed loop integral as the sum of integrals v ¼Ð
abð Þdvþ

Ð
bcð Þdvþ

Ð
cdð Þdvþ

Ð
dað Þdv over four contours. On segments ab and cd the

angle τ is constant along the contour and is equal to the azimuthal angles ψab and
ψ cd þ π, respectively. On segments bc and da, the angle τ changes along the contour
length, equal to the angle of inclination of the tangent in the middle of the arc ds to
the axis Ox1. It depends only on the midpoint of the arc ds azimuthal position.

With the proposed natural partition of the disk into discrete vortex cylinders,
the problem of calculating inductive velocities in the disk plane is reduced to
multiplying the matrix of influence on the column of linear circulations γ at the
calculated points along the rotor disk. Create a matrix A½ � of dimension N �N. The
elements aij of matrix A½ � are the induced velocities are caused at the i calculated
point on the axis of the i vortex cylinder by the unit-strength vortex cylinder j

v1
v2
…

vN

8>>><
>>>:

9>>>=
>>>;

¼

a11 a12 … a1N
a21 a22 … a2N
… … … …

aN1 aN2 … aNN

2
6664

3
7775�

γ1
γ2
…

γN

8>>><
>>>:

9>>>=
>>>;

(46)
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along the circumference of the rotor disk. In this case, the induced velocities will be
calculated at points located at the vortex cylinder’s axis, and outside the vortex
column at any point other than the vortex cylinders surface. This avoids computa-
tional difficulties when calculating contour integrals on the surface of cylindrical
columns. This point is indicated by a letter A [3]. We will also follow to this
designation.

To calculate the components of the inductive velocity at point A by the method
of discrete vortex cylinders we will use Shaidakov’s formulas (Eqs. (31)–(33), (35)),
derived for a discrete vortex cylinder (Figure 4).

We assume that the circulation along the contour and along the generatrix of
each discrete vortex cylinder is constant. Then in formulas (Eq. (36)) it is possible
to take the linear circulation γ as an integral and calculate the induced velocities
from the vortex cylinder of the unit circulation, integrating along four segments of
the contour (Figure 4).

After the obvious transformations, we will have:

vx1 ¼ γ

4π
1

sin δ

ð

s

lz
dξ
ds

� lx
dζ
ds

� �
J1 cos δ� J2

dζ
ds

� �
ds (37)

Figure 3.
Coordinate system of a discrete vortex cylinder.

Figure 4.
Scheme for calculating the influence function from a vortex cylinder (the contour integral).
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vy1 ¼ γ

4π
1

sin δ

ð

s

lz
dξ
ds

� lx
dζ
ds

� �
J1 � J2

dζ
ds

cos δ
� �

ds (38)

vz1 ¼ γ

4π
sin δ

ð

s

J2
dξ
ds

ds (39)

v0 ¼ γ

4π
1� cos 2δ

sin δ

ð

s

lx
dζ
ds

� lz
dξ
ds

� �
J1ds, (40)

where lz ¼ ζ � z1ð Þ, lx ¼ ξ� x1ð Þ (Figure 2).
The derivatives dξ

ds ,
dζ
ds are the cosine and sine of the angle of inclination of the arc

element ds to the axis Ox1. Their values do not depend on the position of the point
A, but only on the direction of the vector ds in the base coordinate system
(Figure 4). This angle is denoted by

dξ
ds

¼ cos τ,
dζ
ds

¼ sin τ (41)

Finally, we will have

vx1 ¼ γ

4π
1

sin δ

ð

s

lz cos τ � lx sin τð ÞJ1 cos τ � J2 sin τ½ �ds (42)

vy1 ¼ γ

4π
1

sin δ

ð

s

J1 lz cos τ � lx sin τð Þ � J2 sin τ cos δ½ �ds (43)

vz1 ¼ γ

4π
sin δ

ð

s

J2 cos τds (44)

v0 ¼ γ

4π
1� cos 2δ

sin δ

ð

s

J1 lx sin τ � lz cos τð Þds (45)

To calculate integrals along the contour, we will use integrating matrices [3]. For
convenience, we will calculate the closed loop integral as the sum of integrals v ¼Ð
abð Þdvþ

Ð
bcð Þdvþ

Ð
cdð Þdvþ

Ð
dað Þdv over four contours. On segments ab and cd the

angle τ is constant along the contour and is equal to the azimuthal angles ψab and
ψ cd þ π, respectively. On segments bc and da, the angle τ changes along the contour
length, equal to the angle of inclination of the tangent in the middle of the arc ds to
the axis Ox1. It depends only on the midpoint of the arc ds azimuthal position.

With the proposed natural partition of the disk into discrete vortex cylinders,
the problem of calculating inductive velocities in the disk plane is reduced to
multiplying the matrix of influence on the column of linear circulations γ at the
calculated points along the rotor disk. Create a matrix A½ � of dimension N �N. The
elements aij of matrix A½ � are the induced velocities are caused at the i calculated
point on the axis of the i vortex cylinder by the unit-strength vortex cylinder j

v1
v2
…

vN

8>>><
>>>:

9>>>=
>>>;

¼

a11 a12 … a1N
a21 a22 … a2N
… … … …

aN1 aN2 … aNN

2
6664

3
7775�

γ1
γ2
…

γN

8>>><
>>>:

9>>>=
>>>;

(46)
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In hovering mode, the main diagonal (i ¼ j) of the influence matrix A½ � in the
disk plane is 0.5, and for the influence matrix in a plane far from the disk plane is 1.
Non-diagonal elements of the matrix A½ � are close to zero.

3. Helicopter trimming

3.1 The aerodynamic and inertia loads on the blades

The aerodynamic load on the blades is calculated from the known equations of
the aerodynamics of a helicopter rotor is the same for main and tail rotors of the
helicopter for the spatial movements relative to the longitudinal and transverse axis
of the helicopter

Ux ¼ r� lg
� �

cos βb þ lg þ μ sinψb þ r� lg
� �

sin βb ωx cosψb � ωx sinψbð Þ
þ vx r,ψbð Þ

Uy ¼ V sin α� vy r,ψbð Þ� �
cos βb � μ cosψb þ vz r,ψbð Þð Þ sin βb � r� lg

� � dβb
dψb

þ r� lg þ lg cos βb
� �

ωx sinψb þ ωz cosψbð Þ
(47)

Uz ¼ μ cosψb þ vz r,ψbð Þð Þ cos βb þ vy r,ψbð Þ þ lg ωx sinψb þ ωz cosψbð Þ� �
sin βb:

We add inertial loads [4] to the distributed aerodynamic forces in the blade cross
section

dtr ¼ сLUx þ cDUy
� �

Ubrdrþ dJyb, dqr ¼ сDUx � cLUy
� �

Ubrdrþ dJxb: (48)

As a result, we obtain the blade flap equations. The integration over the length of
the blade gives us the equation

Mt � d2βb
dt2

Jg � cos βbJg þ lgSg
� �

Ω2 sin βb þ 2Ω ωx cosψb � ωy sinψb
� �

cos βb
� �þ

þ dωx

dt
sinψb þ

dωz

dt
cosψb

� �
Jg þ cos βblgSg
� �

� g cos βbSg � Kβ cos βb � cos βkð Þ ¼ 0

(49)

With a trimmed helicopter flight, the flapping of the blades can be represented
as a Fourier series. This uniquely determined by the blade flaps angular velocity
dβb=dt and angular acceleration d2βb=dt

2 . The parameters of the helicopter state
X ¼ Vx,Vy,Vz,ωx,ωy,ωz,Ω, γh,ϑh

� �
are set by the main and tail rotor control

(θ0, θc1, θs1 and θtp ) and the load computation is reduced to the computation of the
Fourier series coefficients β0, βc1, βs1, … , βcn, βsn of the blade flaps βb. The Fourier
coefficients are determined from the equation (Eq. (49)) by Newton’s method. The
number of coefficients in this case should be equal to the number of rotor azimuth
steps.

3.2 The fuselage aerodynamic loads

The fuselage aerodynamic loads depend on the angle of attack or the angle of
sliding is evaluated by wind tunnel or calculation by CFD-method.
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The angle of attack

X f ¼ CDf α f
� � � ρV2S f=2

Y f ¼ CLf α f
� � � ρV2S f=2 (50)

Mzf ¼ CQf α f
� � � ρV2S f L f=2:

The angle of sliding

Z f ¼ CZf β f

� �
� ρV2S f=2

Mxf ¼ CMxf β f

� �
� ρV2S f L f=2 (51)

Myf ¼ CMyf β f

� �
� ρV2S f L f=2:

In this case, the coefficients in equations (Eqs. (50) and (51)) are calculated with
CFD-method and corrected by the results of the tests in the wind tunnel.

3.3 Trimming model

The helicopter trimming equations derived from the helicopter dynamics equa-
tions. Equating to zero the linear and angular accelerations of the helicopter

ω� V
� �

Mh ¼ RMR þ RTR þ R f þ Gh

ω� Jωð Þ½ �Jh ¼ MMR þMTR þMf
(52)

The state vector X ¼ Vx,Vy,Vz,ωx,ωy,ωz,Ω, γh,ϑh
� �

is defined as a data source.
As a result of the system of equations (Eq. (52)) solving we obtain the vector

X ¼ γ,ϑ, θ0, θc1, θs1, θtp
� �T . This vector is calculated by Newton’s method.

4. Results

To illustrate the comparison of result, we distribute the induced velocity in
the plane of the rotor disk and at a far distance from it (Figure 5). This confirms
the results of the Momentum theory: the inductive velocities in the plane of the
rotor disk are two times less than the inductive velocities at an infinite distance
from it [5].

The tip vortices structure of the rotor shown in Figure 6. Comparison of the
structure under the main rotor with the blade theory results shows an adequate
behavior of the vortex surface in modeling.

Introducing the air flow configuration, we can see which areas of the helicopter
are influenced by the induced flow and used in the analysis of information
corresponding loads.

Figure 7 shows a comparison of the position of blade vortex theory (disorderly
line) and disk theory (black line) for horizontal flight. The tip vortex is shown only
from one blade, but the influence of all blades is taken into account.

The results of calculating the normal component of induced velocity were com-
pared with experimental data for forward flight from 75 to 180 km/h. Comparison
with the experiment gave good results (Figure 8). Experimental and calculated data
have got an adequate correlation.
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In hovering mode, the main diagonal (i ¼ j) of the influence matrix A½ � in the
disk plane is 0.5, and for the influence matrix in a plane far from the disk plane is 1.
Non-diagonal elements of the matrix A½ � are close to zero.

3. Helicopter trimming

3.1 The aerodynamic and inertia loads on the blades

The aerodynamic load on the blades is calculated from the known equations of
the aerodynamics of a helicopter rotor is the same for main and tail rotors of the
helicopter for the spatial movements relative to the longitudinal and transverse axis
of the helicopter

Ux ¼ r� lg
� �

cos βb þ lg þ μ sinψb þ r� lg
� �

sin βb ωx cosψb � ωx sinψbð Þ
þ vx r,ψbð Þ

Uy ¼ V sin α� vy r,ψbð Þ� �
cos βb � μ cosψb þ vz r,ψbð Þð Þ sin βb � r� lg

� � dβb
dψb

þ r� lg þ lg cos βb
� �

ωx sinψb þ ωz cosψbð Þ
(47)

Uz ¼ μ cosψb þ vz r,ψbð Þð Þ cos βb þ vy r,ψbð Þ þ lg ωx sinψb þ ωz cosψbð Þ� �
sin βb:

We add inertial loads [4] to the distributed aerodynamic forces in the blade cross
section

dtr ¼ сLUx þ cDUy
� �

Ubrdrþ dJyb, dqr ¼ сDUx � cLUy
� �

Ubrdrþ dJxb: (48)

As a result, we obtain the blade flap equations. The integration over the length of
the blade gives us the equation

Mt � d2βb
dt2

Jg � cos βbJg þ lgSg
� �

Ω2 sin βb þ 2Ω ωx cosψb � ωy sinψb
� �

cos βb
� �þ

þ dωx

dt
sinψb þ

dωz

dt
cosψb

� �
Jg þ cos βblgSg
� �

� g cos βbSg � Kβ cos βb � cos βkð Þ ¼ 0

(49)

With a trimmed helicopter flight, the flapping of the blades can be represented
as a Fourier series. This uniquely determined by the blade flaps angular velocity
dβb=dt and angular acceleration d2βb=dt

2 . The parameters of the helicopter state
X ¼ Vx,Vy,Vz,ωx,ωy,ωz,Ω, γh,ϑh

� �
are set by the main and tail rotor control

(θ0, θc1, θs1 and θtp ) and the load computation is reduced to the computation of the
Fourier series coefficients β0, βc1, βs1, … , βcn, βsn of the blade flaps βb. The Fourier
coefficients are determined from the equation (Eq. (49)) by Newton’s method. The
number of coefficients in this case should be equal to the number of rotor azimuth
steps.

3.2 The fuselage aerodynamic loads

The fuselage aerodynamic loads depend on the angle of attack or the angle of
sliding is evaluated by wind tunnel or calculation by CFD-method.
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The angle of attack

X f ¼ CDf α f
� � � ρV2S f=2

Y f ¼ CLf α f
� � � ρV2S f=2 (50)

Mzf ¼ CQf α f
� � � ρV2S f L f=2:

The angle of sliding

Z f ¼ CZf β f

� �
� ρV2S f=2

Mxf ¼ CMxf β f

� �
� ρV2S f L f=2 (51)

Myf ¼ CMyf β f

� �
� ρV2S f L f=2:

In this case, the coefficients in equations (Eqs. (50) and (51)) are calculated with
CFD-method and corrected by the results of the tests in the wind tunnel.

3.3 Trimming model

The helicopter trimming equations derived from the helicopter dynamics equa-
tions. Equating to zero the linear and angular accelerations of the helicopter

ω� V
� �

Mh ¼ RMR þ RTR þ R f þ Gh

ω� Jωð Þ½ �Jh ¼ MMR þMTR þMf
(52)

The state vector X ¼ Vx,Vy,Vz,ωx,ωy,ωz,Ω, γh,ϑh
� �

is defined as a data source.
As a result of the system of equations (Eq. (52)) solving we obtain the vector

X ¼ γ,ϑ, θ0, θc1, θs1, θtp
� �T . This vector is calculated by Newton’s method.

4. Results

To illustrate the comparison of result, we distribute the induced velocity in
the plane of the rotor disk and at a far distance from it (Figure 5). This confirms
the results of the Momentum theory: the inductive velocities in the plane of the
rotor disk are two times less than the inductive velocities at an infinite distance
from it [5].

The tip vortices structure of the rotor shown in Figure 6. Comparison of the
structure under the main rotor with the blade theory results shows an adequate
behavior of the vortex surface in modeling.

Introducing the air flow configuration, we can see which areas of the helicopter
are influenced by the induced flow and used in the analysis of information
corresponding loads.

Figure 7 shows a comparison of the position of blade vortex theory (disorderly
line) and disk theory (black line) for horizontal flight. The tip vortex is shown only
from one blade, but the influence of all blades is taken into account.

The results of calculating the normal component of induced velocity were com-
pared with experimental data for forward flight from 75 to 180 km/h. Comparison
with the experiment gave good results (Figure 8). Experimental and calculated data
have got an adequate correlation.
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The application of the described method consists in forming a matrix of influ-
ence of the main and tail rotor for any group of points around the rotor. For
example, a matrix of influence of the rotor on the fuselage, the matrix of influence
of the main rotor on the tail rotor, the matrix of influence of the main rotor on the
stabilizer, the matrix effect of the tail rotor on the main rotor, etc., the dimensions
of the matrices depend on the selected number of design points on the stabilizer,
fuselage, and tail rotor. In this case, these matrices can be formed taking into
account the mutual influence of the main and tail rotors.

Figure 5.
Normal component of induced velocity on hovering α ¼ 0°, μ ¼ 0,Ct ¼ 0:01 .

Figure 6.
Tip vortex in hovering.
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For a single arbitrary point, this will be a matrix-string for the main rotor
and a matrix-string for the tail rotor. Multiplying the row by the column of
known air circulations on the disk, we calculate the induced velocities at the
selected point.

The values of the influence matrix elements depend on only the rotor geometric
characteristics and the position of the selected point relative to the rotor and the
angle of inclination δ of the vortex cylinder. In the process of calculations, the
values of linear circulations and their corresponding induced velocities are refined.
Influence matrices must be built in advance for a possible range of angles. During
the calculation process, interpolate between the calculated matrices by the neces-
sary values δ.

At different flight speeds, induced velocities have different effects on the
tail rotor and stabilizer. In the figures, you can see that induced velocity have a
special influence on the low flight speeds mode of V ¼ 60 km/h reach 4 m/s
(Figures 7 and 9). This is 24% of the flight speed. Therefore it is very
important to know and take into account the field of induced velocity’s at low
flight speeds.

The horizontal and vertical components of induced velocity at a characteristic
point in the tail rotor and stabilizer area significantly depend on the flight speed
(Figures 7 and 9).

By drawing the configuration of the air flow, we can see which areas of the
helicopter are affected by the induced flow. This allows us to correctly configure the
loads calculating program.

Figure 10 shows the position of the tip vortex according to the blade theory
(disordered line) and the disk theory (black line) for forward flight.

Figure 7.
Induced velocity component in the tail rotor area.
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Figure 8.
The normal component of induced velocity in forward flight. (a) α ¼ �9:2,Ct ¼ 0:01, μ ¼ 0:095, x ¼ 0,
y ¼ 0:07, V = 75 km/h. (b) α ¼ �10:1,Ct ¼ 0:01, μ ¼ 0:14, x ¼ 0, y ¼ 0:07, V = 110 km/h.
(c) α ¼ �9:5,Ct ¼ 0:01, μ ¼ 0:232, x ¼ 0, y ¼ 0:07, V = 185 km/h.

Figure 9.
Components of the induced velocity in the stabilizer area.
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Comparison with the blade theory for calculating the position of the tip vortex
shows that the method of discrete vortex cylinders gives satisfactory results. The
angle of vortex cylinder δ calculated from the disk theory inclination coincides with
the angle δ calculated from the blade theory.

As the graphs show, calculating the position of the tip vortex by the method of
discrete vortex cylinders gives satisfactory results.

Figure 11 shows the results of comparison of the normal component of the
average induced velocity calculated in the cross section along the vane theory [3, 6]
and the discrete vortex cylinder method with experiment [2]. Error experiment for
flight speed μ ¼ 0:095 is �15% and the angle of attack α ¼ �9:2∘.

From these results, we can conclude that the greatest convergence with experi-
mental method of discrete vortex cylinder has got in a cross section X ¼ 0. In some

Figure 10.
Tip vortex at low speed (60 km/h, μ ¼ 0:076, α ¼ �1:23°, Ct ¼ 0:01). (a) side view and (b) overhead view.
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cases, we have strong disagreement with experiment, but similar to the results
obtained by the blade theory.
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5. Conclusion

In this chapter, the authors have developed a method of discrete vortex cylin-
ders based on the Shaydakov’s disk vortex theory. The capabilities of the discrete
vortex cylinder method are demonstrated using a helicopter balancing program
based on a “semi-rigid” model of the main and tail rotors. Data from numerical
calculations are proposed with experimental data from actual flights. Simulations
have been conducted. We found the following:

1.The complex procedure for calculating inductive velocities at any point in the
space around the rotor was reduced to the procedure of multiplying the row by
column. In this case, the row of influence of discrete vortex cylinders
coefficients is multiplied by the column of the corresponding vortex cylinders
circulations.

2.The use of pre-calculated influence matrices makes it much easier to calculate
circulations.

Figure 11.
The normal component of the induced velocity at a distance Y/R under and over of the main rotor (μ ¼ 0:095).
(a) X ¼ 0, (b) X ¼ 0, (c), X ¼ �0:5, (d) X ¼ �0:5, (e) X ¼ 1:7, and (f) X ¼ �0:5.
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3.The results showed, repeating the results of the classical impulse rotor theory
on hover mode in the plane of the rotor and in the wake far behind the rotor.

4.We showed the capabilities of the method in calculating the distribution of
inductive speeds in the plane of the rotor and the space outside it, also in
calculating the bevel of the flow in the stabilizer and tail rotor regions.

5.We confirmed the fine capabilities of the developed method in calculating
inductive speeds at the low-speed horizontal flight mode.

To study the effectiveness of the method of discrete vortex cylinder embedded
in the helicopter trimming computer program. The calculations are performed with
the original data of the helicopter “ANSAT.” The program allows calculating the
trimming characteristics of helicopter rotor: aerodynamic performance, the loading
of the blades.

The method of discrete vortex cylinders is successfully used for calculating
inductive velocities in the aeroelasticity blade model for ANSAT helicopter main
rotor loads calculation (for example, see [7]).

6. Future work

1.Modeling of the earth effect using the method of vortices reflected from the
earth’s surface.

2.Construct a discrete model of the fuselage using the CFD-method to study the
effect of main rotor blowing with the tail rotor-induced velocity.

3.Refinement of the discrete cylinders method for calculating the vortex ring
regime by the limiting of the vortex cylinder height.

4.Extension of the discrete vortex cylinder method to the nonlinear Shaidakov’s
vortex theory.

5.Application of the discrete vortex cylinder method to solving helicopter take-
off and landing problems.

6.Simulation of vortex formation when landing on a snow-covered and dusty
surface.

7.Simulation of helicopter dynamics with rotor blades dynamics using the
discrete vortex cylinders method.

Notes

This work was partially supported by the grant in accordance with the Decree of
the Government of the Russian Federation No. 220 “on attracting leading scientists
to Russian educational institutions” (Agreement No. 11.G34.31.0038).

Notations

A x1, 0, z1ð Þ induced-velocity calculated point
aij element of influence matrix
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br chord at the blade cross section
CDf ,CLf ,CQf ,CZf ,CMxf ,CMyf , fuselage coefficients
сL, cD section lift and drag coefficients
dJxb, dJyb elementary sectional inertial forces
ds vortex element
dtr, dqr elementary sectional aerodynamic forces
h distance from disk to point A location plane
J1, J2 Shaidakov’s integrals for a semi-infinite

elementary oblique vortex cylinder
Jg blade rotational inertia, first moment of inertia
Jh helicopter moment of inertia
Mh,Gh helicopter mass and weight
M ξ, η, ζð Þ vortex elements location point
Mt aerodynamic flap moment
Kβ flap hinge spring constant
lg flap hinge offset
Oxyz,Ox1y1z1,Oryψ coordinate systems
R rotor radius
RMR,RTR,R f ,MMR,MTR,Mf main, tile rotors, fuselage forces and moments
r the cross-sectional radius
S f ,L f fuselage area and length
Sg first moment of inertia
V flight velocity
v1b , v2b the induced velocity in hover (at the rotor disk,

in the far wake)
~V,~v related speeds, ~V ¼ V=v1b, ~v ¼ v=v1b
v1b, v2b rotor induced velocity in hovering (at the rotor

disk, in the far wake)
v : vx, vy, vz rotor-induced velocity in Oxyz
v1 : vx1 , vy1 , vz1 rotor-induced velocity in Ox1y1z1
α f fuselage attack angle
βb,β0, βc1, βs1, … , βcn, βsn blade flap angle, Fourier series coefficients of βb
Γ, γ vortex element circulation, circulation intensity
γh,ϑh the helicopter angles of pitch and roll
δ the inclination angle of the vortex cylinder is

calculated by the Shaydakov’s transcendental
formula (δ 6¼ 0)

~V ¼ 2 1� sin δj jð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sgnδ sin 2αþ2 sin α cos αþδð Þþ sin δ cos 2 αþδð Þ 2� sin δj jð Þ

p , sgnδ ¼ δ
δj j

μ ¼ V cos α rotor advance ratio
ρ air density
θ0, θc1, θs1 main rotor controls
Ω rotor rotational speed
ψ discrete cylinder azimuth
ψb blade azimuth
Δψ ,Δr discrete vortex dimensions
dξ
ds ¼ cos τ, dζ

ds ¼ sin τ direction of the vector ds
ω : ωx,ωy,ωz helicopter angular velocity
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Chapter 6

Wake-Body Interaction Noise
Simulated by the Coupling Method
Using CFD and BEM
Masaaki Mori

Abstract

In many engineering applications, obstacles often appear in the wake of
obstacles. Vortices shed from an upstream obstacle interact with downstream
obstacle and generate noise, for example blades in a turbomachinery, tubes in a heat
exchanger, rotating blades like a helicopter and wind turbine and so on. This
phenomenon is called wake-body interaction or body-vortex interaction (BVI). The
rod-airfoil and airfoil-airfoil configurations are typical models for the wake-body
interaction. A rod and an airfoil are immersed upstream of the airfoil. In this
chapter, we review the noise mechanism generated by the wake-body interaction
and show the numerical results obtained by the coupling method using commercial
CFD and acoustic BEM codes. The results show that depending on the spacing
between the rod or airfoil and the airfoil, the flow patterns and noise radiation vary.
With small spacing, the vortex shedding from the upstream obstacle is suppressed
and it results in the suppression of the sound generation. With large spacing,
the shear layer or the vortices shed from the upstream obstacle impinge on the
downstream obstacle and it results in the large sound generation. The dominant
peak frequency of the generated sound varies with increase in the spacing between
the two obstacles.

Keywords: rod-airfoil configuration, airfoil-airfoil configuration, wake-body
interaction, body-vortex interaction (BVI), coupling method, CFD, BEM

1. Introduction

Flow around a bluff body is one of the basic subjects in fluid mechanics, because
it contains not only fundamentally important problems (such as forces acting on the
body, transition to turbulence, acoustics, etc.), but also a variety of practical prob-
lems (such as structural design of buildings, trains, etc.). In many engineering
applications, objects often appear in the wake of an obstacle. When an obstacle is in
the wake of another, the flow structure tends to be complex and differs from that of
single obstacle.

Flow past two circular or rectangular cylinders in a tandem arrangement is the
simplified case of the flow past an array of cylinders and has received increasing
attention [1–8]. Liu and Chen [4] and Inoue and Mori [5] showed that two different
flow patterns appear depending on the space between the cylinders. When the
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chapter, we review the noise mechanism generated by the wake-body interaction
and show the numerical results obtained by the coupling method using commercial
CFD and acoustic BEM codes. The results show that depending on the spacing
between the rod or airfoil and the airfoil, the flow patterns and noise radiation vary.
With small spacing, the vortex shedding from the upstream obstacle is suppressed
and it results in the suppression of the sound generation. With large spacing,
the shear layer or the vortices shed from the upstream obstacle impinge on the
downstream obstacle and it results in the large sound generation. The dominant
peak frequency of the generated sound varies with increase in the spacing between
the two obstacles.

Keywords: rod-airfoil configuration, airfoil-airfoil configuration, wake-body
interaction, body-vortex interaction (BVI), coupling method, CFD, BEM

1. Introduction

Flow around a bluff body is one of the basic subjects in fluid mechanics, because
it contains not only fundamentally important problems (such as forces acting on the
body, transition to turbulence, acoustics, etc.), but also a variety of practical prob-
lems (such as structural design of buildings, trains, etc.). In many engineering
applications, objects often appear in the wake of an obstacle. When an obstacle is in
the wake of another, the flow structure tends to be complex and differs from that of
single obstacle.

Flow past two circular or rectangular cylinders in a tandem arrangement is the
simplified case of the flow past an array of cylinders and has received increasing
attention [1–8]. Liu and Chen [4] and Inoue and Mori [5] showed that two different
flow patterns appear depending on the space between the cylinders. When the
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spacing is small, the shear layer separated from the upstream cylinder does not roll
up to form vortices but reattaches to the downstream of the cylinder, and the
vortices are shed from the downstream only, and this flow pattern is called Mode I.
When the spacing is large, the shear layer separated from the upstream cylinder
rolls up and forms vortices in front of the downstream of the cylinder, and the roll-
up vortices impinge on the downstream cylinder (body-vortex interaction, BVI,
wake-body interaction), and this flow pattern is called Mode II. Furthermore, Inoue
and Mori [5] showed that in Mode I, the sound is generated only by the vortex
shedding of the downstream cylinder, and inMode II, the sound and strong pressure
fluctuation around the downstream cylinder are generated mainly by BVI. The
magnitude of the generated sound is much larger in Mode II than both Mode I and
the single cylinder.

Since a von Karman vortex street can be regarded as a gust impinging on the
obstacle or blade, a rod-airfoil model is another typical one for the study of the body
(blade) vortex interaction or wake-body interaction. In this model, a rod is
immersed upstream of the blade or airfoil, the wake formed behind the rod interacts
with the leading edge of the blade or airfoil. Many studies concerned with the rod-
airfoil model have been done both experimentally and numerically [9–21]. Jacob
et al. [9] measured the flow field of the rod-NACA0012 airfoil model at the fixed
spacing between the rod and the airfoil with varying the inflow velocity, and also
measured the far field radiated noise spectra that are generated mainly by the body-
wake interaction. They also performed numerical calculations using the Reynolds-
averaged Navier-Stokes (RANS) and the large eddy simulation (LES) approaches
and compared numerical results with the measured data. Munekata et al. [10–11]
measured the flow field of the rod-airfoil model to research the effects of the
spacing between the rod (cylinder) and the airfoil and the characteristics of the
flow-induced sound generated by the flow around rod-airfoil. They showed that the
roll up of the shear layer separated from the upstream rod is suppressed when the
spacing between the rod and the airfoil is small, and the interaction between the
wake from the rod upstream and the airfoil downstream becomes weak and it
results in decreasing the level of the noise radiation. They also showed that the
attack angle of the airfoil located downstream affects the characteristics of the flow-
induced sound and wake structure at a given spacing between the rod and the
airfoil, and the generated sound pressure decreases with the increase of the attack
angle of the airfoil. Li et al. [12] performed the experiments of the body-wake
interaction noise radiated from the flow around the rod-airfoil model by focusing
on the noise control using “air blowing” on the upstream rod and a soft-vane
leading edge on the airfoil. Numerical investigations by using the RANS approach
have been done by Casalino et al. [13], Jacob et al. [9] and Jiang et al. [14], and those
by using the LES approach have been done by Casalino et al. [13], Magagnato et al.
[15], Boudet et al. [16], Jacob et al. [9], Greschner et al. [17], Agrawal and Sharma
[18], Giret et al. [19], Daude et al. [20], and Jiang et al. [21]. Jiang et al. [21]
performed LES simulations of the flow around the rod-airfoil for the inflow velocity
U∞ = 72 m/s and a Reynolds number based on the rod diameter (d) 48,000
(480,000 based on the airfoil chord, c) to clarify the flow patterns, velocity and
pressure fluctuations, and noise radiation with varying the spacing between the rod
and airfoil. They varied the spacing between the rod and the airfoil, such as L/d = 2,
4, 6, 8, and 10. They showed that when the spacing is small (L/d = 2), the vortex
shedding of the rod upstream, the pressure fluctuation, and the noise radiation are
suppressed as shown by Munekata et al. [10–11] and when the spacing is large
(L/d = 6, 10), the pressure fluctuation, the noise radiation, and the fluid resonant
oscillation due to the feedback loop between the rod and the airfoil become
stronger.
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The airfoil-airfoil model (airfoils in tandem) is also a typical model for the wake-
body interaction or body-vortex interaction (BVI). Liu et al. [22–23] performed the
measurements to understand the effect of using serration on the aerodynamic and
acoustic performance of airfoils in tandem. They studied the wake development,
static pressure distributions, and surface pressure fluctuations in detail for a cam-
bered NACA 65-710 airfoil with and without the serration. They showed that the
noise is reduced in the case that the upstream airfoil is with the serration.

In this chapter, we simulate the flow around the rod-airfoil model and the noise
generated by the wake-body interaction or body-vortex interaction for the cases of
L/d = 2 and 10 at a Reynolds number based on the rod diameter (d = 6 mm) 28,800
(288,000 based on the airfoil chord, c) by the coupling method using commercial
CFD and acoustic BEM codes in which the acoustic sources are solved in the CFD
code and the acoustic field is solved by means of BEM, and compare the results with
those obtained by Jacob et al. [9] and Jiang et al. [21]. Then, we simulate the flow
around the airfoil-airfoil model (airfoils in tandem) and the noise generation and
propagation for the cases of L/c = 0.2, 0.6, and 1 at a Reynolds number based on the
airfoil chord (c = 60 mm) 288,000, and compare the results with those for the
rod-airfoil model.

2. Analysis model

2.1 Rod-airfoil flow model

A schematic diagram of the flow model is presented in Figure 1. The origin is at
the leading edge of the airfoil. The coordinates parallel and normal to the free stream
are denoted by x and y, respectively. The coordinate in the spanwise direction is
denoted by z. The symbol L denotes the spacing between the rod and the airfoil. The
lengths are made dimensionless by the rod diameter d and the velocity is scaled by the
speed of sound c∞. The normalized spacing L/d is prescribed to be 2 and 10. The Mach
number,M, of a uniform flow is defined byM = U∞/c∞, where U∞ denotes the
velocity of the uniform flow. In this chapter, the Reynolds number is fixed to be
Red = 28,800 or Rec = 288,000, and those are based on the rod diameter and the
airfoil chord c, respectively. The spanwise length of the rod and the airfoil is 3d.

2.2 Airfoil-airfoil flow model

A schematic diagram of the flow model is presented in Figure 2. The origin is at
the leading edge of the downstream airfoil. The normalized spacing L/c is

Figure 1.
Schematic diagram of rod-airfoil model. (a) Rod-airfoil model; (b) parameters.
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prescribed to be 0.2, 0.6, and 1.0, and those are equal to L/d = 2.0, 6.0, and 10. In
this chapter, the Reynolds number is fixed to be Rec = 288,000, which is based on
the airfoil chord c. The spanwise length of the airfoil and the airfoil is 0.3c, which
corresponds to 3d.

3. Numerical procedure

3.1 Transient CFD simulation

Transient flow fields around rod-airfoil and airfoil-airfoil models are simulated
at Reynolds number Red = 28,800 and Rec = 288,000; those are based on the rod
diameter and the airfoil chord, respectively. The inflow velocity in x direction,
temperature, and density are U∞ = 72 m/s,T∞ = 300 K, and ρ∞ = 1.177 kg/m3,
respectively and Mach number is M = 0.207. Figure 3 shows a computational
domain for the rod-airfoil and the airfoil-airfoil models. For these simulations, the
three-dimensional computational domain has been applied, as shown in Figure 3.
Unsteady flow fields are calculated using the commercial CFD code ANSYS Fluent
version 2019R1 and its compressible LES (Dynamic Smagorinsky model) calcula-
tion features. Steady velocities are imposed on the inflow boundary. Pressure
boundary conditions are applied on the top, bottom, and outflow boundaries. Non-
reflecting boundary conditions are applied on top, bottom, inflow, and outflow
boundaries. No-slip conditions are applied on the walls. At the boundaries at
z = 0.009 m and � 0.009 m, the periodic conditions are applied.

The domains of the rod-airfoil simulation model contain 1,169,322 and 1,186,372
hex cells for L/d = 0.2 and 1.0, respectively. The domains of the airfoil-airfoil
simulation model contain 1,423,114; 1,435,343; and 1,434,356 hex cells for L/c = 0.2,

Figure 2.
Schematic diagram of arifoil-airfoil model. (a) Airfoil-airfoil model; (b) parameters.

Figure 3.
Computational domain.
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0.6, and 1.0, respectively. Figure 4(a) and (b) shows the computational meshes
near the rod-airfoil and the airfoil-airfoil models, respectively. The cell spacing
adjacent to the wall is 0.2 mm (0.033d). Steady-state simulations were performed
using Spalart-Allmaras (S-A) turbulence model and then used as initial conditions
of transient LESs. The transient simulations were performed for 50,000 time steps
with a time step size Δt = 2e-6 s.

3.2 Lighthill equation

Lighthill equation [24, 25] in the frequency domain is derived from the equation
of continuity and compressible Navier-Stokes equation and as follows:

∇2 þ k2
� �

p ¼ � ∂
2Tlm

∂xl∂xm
(1)

where p is the acoustic pressure, k is the wave number, c∞ is the speed of sound,
l and m indicate each direction in the Cartesian coordinates, and v is the flow
velocity. Tlm is the Lighthill stress tensor and as follows:

Tlm ¼ ρvlvm þ p� c∞2ρ
� �

δlm � τlm, (2)

where ρ is the density and is 1.225 kg/m3, δij is the Kronecker delta, and τlm is the
viscous stress tensor. For a low-Mach number and high-Reynolds number flow
regime, the second and third terms of Eq. (2) are negligible [26–29]. Therefore, the
first term is used for the present work.

3.3 Extraction of acoustic source

To convert the acoustic source time histories into the frequency spectra, the
discrete Fourier transform (DFT) has been applied. The acoustics sources are
extracted from 1250 steps (from t = 0.05 s to 0.1 s) flow field data, the sampling
period is 4e-5 s.

3.4 Acoustic simulation

The BEM solver in commercial acoustic simulation package, WAON, is used to
solve the acoustic characteristics [30]. In a sound field that satisfies the three-
dimensional Helmholtz equation, the Kirchhoff-Helmholtz integral equation [31]

Figure 4.
Computational mesh. (a) Rod-airfoil model; (b) airfoil-airfoil model.
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for sound pressure is described as follows with respect to a point i and an area S of a
surface on a boundary.

1
2
P rið Þ ¼

ð

Γ
P rq
� � ∂G ri, rq

� �
∂nq

� ∂P rq
� �
∂nq

G ri, rq
� �� �

dSþ pd rq
� �

(3)

In this solver, the following simultaneous linear equation is solved:

Eþ BþCð Þp ¼ jωρAþ pd (4)

Here, p is the acoustic pressure vector, v is the particle velocity vector, and the
entries of the influence coefficient matrices are represented as follows:

Eij ¼ 1
2
δij, (5)

Aij ¼
ð

Γ1

N j rq
� �

G ri, rq
� �

dSq, (6)

Bij ¼
ð

Γ
N j rq
� � ∂G ri, rq

� �
∂nq

dSq, (7)

Cij ¼ jk
Z j

ð

Γ2

N j rq
� �

G ri, rq
� �

dSq, (8)

G ri, rq
� � ¼ ejk rp�rsj j

4π rp � rs
�� �� (9)

where δij is Kronecker delta, and Γ1 is a vibration boundary and a part of Γ. Γ is
the total boundary. Γ2 is an absorption boundary and a part of Γ. ri is the position
vector at the node i, rq is the position vector of the source point q, and Nj is the
interpolation function of the node j. zj is the acoustic impedance ratio at the node j.
G is the fundamental solution of a three-dimensional sound field. With the number
of nodes N, the component p of the vector p is expressed as follows:

p rq
� � ¼

XN
j¼1

N j rq
� �

p j: (10)

The component pd of the vector pd is the direct pressure contribution from the
acoustic source, which is evaluated by the following equation:

pd rp
� � ¼ 1

4π
∂
2

∂xl∂xm

ð∞
�∞

Tlm rs,ωð Þejk rp�rsj j
rp � rs
�� �� dV (11)

where ∂2=∂xl∂xm is the directional derivative and V is the volume of the flow
field (in this case, the region filled by CFD cell). rp is a position vector of the
monitor point p, and rs is a position vector of the source point s. There are 8340
boundary elements. The acoustic sources are extracted from CFD results, whose
numbers are equivalent to the number of grids of the CFD model. Figure 5 shows
the boundary elements.

3.5 Validation of numerical results

The numerical accuracy of the computation has been examined for the case of
L/d = 10 in the rod-airfoil model. In order to validate the present computation, we
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Figure 5.
Boundary elements. (a) Rod-airfoil model; (b) airfoil-airfoil model.

Figure 6.
Mean velocity and RMS of fluctuation velocity in x direction distributions at x/c = �0.87 (a), (b) and 0.25
(c), (d). (a) Velocity; (b) RMS value of fluctuation velocity. Measured by Jacob et al. [9]
(Red = 48,000); Agawal and Sharma [18] (Red = 48,000); Jiang et al. [21] (Red = 48,000);

present (Red = 28,800). (c) Velocity; (d) RMS value of fluctuation velocity. Measured by Jacob
et al. [9] (Red = 48,000); Boudet et al. [16] (Red = 48,000); Jiang et al. [21] (Red = 48,000);

present (Red = 28,800).
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of nodes N, the component p of the vector p is expressed as follows:

p rq
� � ¼

XN
j¼1

N j rq
� �

p j: (10)

The component pd of the vector pd is the direct pressure contribution from the
acoustic source, which is evaluated by the following equation:

pd rp
� � ¼ 1

4π
∂
2

∂xl∂xm

ð∞
�∞

Tlm rs,ωð Þejk rp�rsj j
rp � rs
�� �� dV (11)

where ∂2=∂xl∂xm is the directional derivative and V is the volume of the flow
field (in this case, the region filled by CFD cell). rp is a position vector of the
monitor point p, and rs is a position vector of the source point s. There are 8340
boundary elements. The acoustic sources are extracted from CFD results, whose
numbers are equivalent to the number of grids of the CFD model. Figure 5 shows
the boundary elements.

3.5 Validation of numerical results

The numerical accuracy of the computation has been examined for the case of
L/d = 10 in the rod-airfoil model. In order to validate the present computation, we
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Figure 5.
Boundary elements. (a) Rod-airfoil model; (b) airfoil-airfoil model.

Figure 6.
Mean velocity and RMS of fluctuation velocity in x direction distributions at x/c = �0.87 (a), (b) and 0.25
(c), (d). (a) Velocity; (b) RMS value of fluctuation velocity. Measured by Jacob et al. [9]
(Red = 48,000); Agawal and Sharma [18] (Red = 48,000); Jiang et al. [21] (Red = 48,000);

present (Red = 28,800). (c) Velocity; (d) RMS value of fluctuation velocity. Measured by Jacob
et al. [9] (Red = 48,000); Boudet et al. [16] (Red = 48,000); Jiang et al. [21] (Red = 48,000);

present (Red = 28,800).
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compared the present results with the experimental measurements performed by
Jacob et al. [9] and the numerical results performed by Boudet et al. [16], Agawal
and Sharma [18], and Jiang et al. [21], respectively. However, it is specified that the
present study is performed at Red = 28,800, d = 0.06 m, and other experiments and
the simulations are performed at Red = 48,000, d = 0.1 m. Figure 6 shows the mean
velocity and RMS value of the fluctuation velocity in x (streamwise) direction
normalized by the incoming velocity at two locations x/c = �0.87 and x/c = 0.25. As
shown in Figure 6(a), the present calculation predicted similar mean velocity
profile in the streamwise direction compared with other numerical results. As
shown in Figure 6(b), the RMS value of the fluctuation velocity in the streamwise
direction obtained by the present calculation is close to those obtained by the other
numerical calculations; however, the difference of the fluctuation velocity near the
center-line can be seen. A possible cause for this result is the difference of the
methods, meshes and Reynolds number. Figure 6(c) and (d) shows that the calcu-
lated profiles of the mean velocity and the RMS of the fluctuation velocity in the
streamwise direction represent a good agreement with those from the experiments
and other numerical results.

Figure 7 shows the spectra of the SPL at the location (x = 0.68 m, y = 1.74 m)
calculated by the acoustic BEM simulation using the acoustic sources extracted from
the CFD results. The peak frequency (St ≒ 0.2) and the spectrum around the peak
frequency are well predicted compared with the experimental result obtained by
Jacob et al. [9]. The peak value of the SPL obtained by the present study is slightly
lower than that from the experimental result. There is a difference in the spectrum
at high frequencies, St > 0.6. A possible cause for these differences of the peak SPL
and the spectrum at high frequencies is that the Reynolds number is different
between the present study and the experiments, and the mesh and time resolutions
for the calculation might not be enough for the accurate prediction of the spectrum
at high frequencies. However, the dominant peak SPL and SPLs around the peak
frequency are well predicted in the present calculation. The peak frequency St ≒ 0.2
as shown in Figure 7 almost corresponds to the vortex shedding frequency of the
cylinder [2], which means that the vortex shedding from the rod plays an important
role for the noise generation from the rod-airfoil model.

Figure 7.
SPL spectra at the location x = 0.68 m, y = 1.74 m. Measured by Jacob et al. [9] (Red = 48,000);

present (Red = 28,800).
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4. Results

4.1 Rod-airfoil simulation results

4.1.1 Flow patterns

Typical examples of instantaneous vorticity fields are presented in Figure 8. In
the present calculation, for the case of L/d = 2, when the spacing between the rod
and the airfoil is small, the boundary layers separated from the rod upstream did not
roll up and reattaches to the airfoil downstream. The shear layers rolled up and
formed vortices on the downstream airfoil surface, and the vortices were shed and
convected downstream. The Kármán-vortex street formed from the rod was
suppressed for the short spacing, and this mode is called “non-shedding mode” and
“the Kármán-vortex street suppressing mode” as indicated by Munetaka et al. [10]
and Jiang et al. [21], respectively. On the other hand, for the case of L/d = 10, when
the spacing between the rod and the airfoil is large, the boundary layers separated
from the rod upstream rolled up and formed vortices in the region between the rod
and the airfoil, and the formed vortices shed from the rod interacted with the airfoil
and impinged on the leading edge of the airfoil. The impinged vortices were
distorted and convected downstream. This mode is called “the Kármán-street shed-
ding mode” as indicated by Jiang et al. [21], and also called wake-body interaction
or body-vortex interaction [6, 16, 21]. Similar phenomena such as the

Figure 8.
Vorticity in the z direction. (a) L/d = 2; (b) L/d = 10.

Figure 9.
Time-averaged velocity in the streamwise (x) and the vertical (y) directions. (a), (b) velocity in the streamwise
(x) direction; (c), (d) velocity in the vertical (y) direction. (a) L/d = 2; (b) L/d = 10; (c) L/d = 2;
(d) L/d = 10.
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and Sharma [18], and Jiang et al. [21], respectively. However, it is specified that the
present study is performed at Red = 28,800, d = 0.06 m, and other experiments and
the simulations are performed at Red = 48,000, d = 0.1 m. Figure 6 shows the mean
velocity and RMS value of the fluctuation velocity in x (streamwise) direction
normalized by the incoming velocity at two locations x/c = �0.87 and x/c = 0.25. As
shown in Figure 6(a), the present calculation predicted similar mean velocity
profile in the streamwise direction compared with other numerical results. As
shown in Figure 6(b), the RMS value of the fluctuation velocity in the streamwise
direction obtained by the present calculation is close to those obtained by the other
numerical calculations; however, the difference of the fluctuation velocity near the
center-line can be seen. A possible cause for this result is the difference of the
methods, meshes and Reynolds number. Figure 6(c) and (d) shows that the calcu-
lated profiles of the mean velocity and the RMS of the fluctuation velocity in the
streamwise direction represent a good agreement with those from the experiments
and other numerical results.

Figure 7 shows the spectra of the SPL at the location (x = 0.68 m, y = 1.74 m)
calculated by the acoustic BEM simulation using the acoustic sources extracted from
the CFD results. The peak frequency (St ≒ 0.2) and the spectrum around the peak
frequency are well predicted compared with the experimental result obtained by
Jacob et al. [9]. The peak value of the SPL obtained by the present study is slightly
lower than that from the experimental result. There is a difference in the spectrum
at high frequencies, St > 0.6. A possible cause for these differences of the peak SPL
and the spectrum at high frequencies is that the Reynolds number is different
between the present study and the experiments, and the mesh and time resolutions
for the calculation might not be enough for the accurate prediction of the spectrum
at high frequencies. However, the dominant peak SPL and SPLs around the peak
frequency are well predicted in the present calculation. The peak frequency St ≒ 0.2
as shown in Figure 7 almost corresponds to the vortex shedding frequency of the
cylinder [2], which means that the vortex shedding from the rod plays an important
role for the noise generation from the rod-airfoil model.
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SPL spectra at the location x = 0.68 m, y = 1.74 m. Measured by Jacob et al. [9] (Red = 48,000);

present (Red = 28,800).
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4. Results

4.1 Rod-airfoil simulation results

4.1.1 Flow patterns

Typical examples of instantaneous vorticity fields are presented in Figure 8. In
the present calculation, for the case of L/d = 2, when the spacing between the rod
and the airfoil is small, the boundary layers separated from the rod upstream did not
roll up and reattaches to the airfoil downstream. The shear layers rolled up and
formed vortices on the downstream airfoil surface, and the vortices were shed and
convected downstream. The Kármán-vortex street formed from the rod was
suppressed for the short spacing, and this mode is called “non-shedding mode” and
“the Kármán-vortex street suppressing mode” as indicated by Munetaka et al. [10]
and Jiang et al. [21], respectively. On the other hand, for the case of L/d = 10, when
the spacing between the rod and the airfoil is large, the boundary layers separated
from the rod upstream rolled up and formed vortices in the region between the rod
and the airfoil, and the formed vortices shed from the rod interacted with the airfoil
and impinged on the leading edge of the airfoil. The impinged vortices were
distorted and convected downstream. This mode is called “the Kármán-street shed-
ding mode” as indicated by Jiang et al. [21], and also called wake-body interaction
or body-vortex interaction [6, 16, 21]. Similar phenomena such as the

Figure 8.
Vorticity in the z direction. (a) L/d = 2; (b) L/d = 10.

Figure 9.
Time-averaged velocity in the streamwise (x) and the vertical (y) directions. (a), (b) velocity in the streamwise
(x) direction; (c), (d) velocity in the vertical (y) direction. (a) L/d = 2; (b) L/d = 10; (c) L/d = 2;
(d) L/d = 10.

129

Wake-Body Interaction Noise Simulated by the Coupling Method Using CFD and BEM
DOI: http://dx.doi.org/10.5772/intechopen.92783



Kármán-street shedding and suppressing modes can be seen in the flow around two
obstacles in tandem [2, 4, 6].

Figure 9(a) and (b) shows the fields of time-averaged velocity Umean in the x
(streamwise) direction. In the space between the rod and the airfoil, Figure 9(a)
shows that the counter-rotating vortices near the leading edge of the airfoil lead to
very small or negative values of Umean for the case of L/d = 2. The reattachments of
the counter-rotating vortices to the leading edge of the airfoil due to the
approaching rod slow down the flow. By contrast, for the case of L/d = 10, the flow
behind the rod was accelerated in front of the leading edge of airfoil as shown in
Figure 9(b).

Figure 9(c) and (d) shows the fields of time-averaged velocity Vmean in the y
(vertical) direction. For the case of L/d = 2, the positive Vmean appears in the –y
region around the leading edge of the airfoil and the negative one appears in the
opposite region. This is due to the reattachments of the negative and positive
vortices formed from the rod upstream. For the case of L/d = 10, the Vmean distri-
bution in the regions around the leading edge of the airfoil is contrary to that for the
case of L/d = 2, as shown in Figure 9(c). This phenomenon is indicated by Jiang
et al. [21].

Finally, the fields of RMS value of the fluctuation velocity urms in the streamwise
(x) direction are represented in Figure 10 for L/d = 2 and L/d = 10. As shown in
Figure 10, for the case of L/d = 2, the urms values behind the rod and near the central
line y = 0 are much lower than those for the case of L/d = 10. This result corresponds
to the suppression of the Kármán-vortex street for the case of L/d = 2 in the rod-
airfoil model, and the reattachment of the main separated vortices to the airfoil (see
Figure 8) causes the very small or negative Umean generated in the space between
the rod and the airfoil (see Figure 9(a)) in this case. On the other hand, in the case
of L/d = 10, the urms values behind the rod and around the airfoil are much larger
than those for the case of L/d = 2. Therefore the turbulent fluctuations in the space
between the rod and the airfoil for the case of L/d = 10 seem to be much larger than
those for the case of L/d = 2.

4.1.2 Near pressure field

Instantaneous snapshots of static pressure and snapshots of mean pressure are
represented in Figure 11. For the case of L/d = 2, Figure 11 shows that the value of
the static pressure on the upstream side of the rod is larger than that on the
downstream side, and that on the leading edge of the airfoil is negative and much
lower than that for the case of L/d = 10.

Figure 12 shows the mean pressure distribution on the surface of rod and the
airfoil, where xrod is the coordinate in the streamwise direction and the origin of xrod
is the located in the stagnation point of the rod. Depending on the spacing between
the rod and the airfoil, the pressure behind the rod is affected by the airfoil [21]. For

Figure 10.
RMS value of fluctuation velocity in the streamwise (x) direction. (a) L/d = 2; (b) L/d = 10.
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the case of L/d = 2, as shown in Figure 12(a), the pressure behind the rod is much
larger than that for the case of L/d = 10 due to the presence of the airfoil behind the
rod. As mentioned in Section 3.1.1, this phenomenon is related to the reattachments
of the separated shear layers from the rod to the leading edge of the airfoil, and the
Kármán-vortex street formed from the rod is suppressed and the pressure behind
the rod increases. Figure 12(b) shows that in the case of L/d = 2, the negative
pressure occurs around the leading edge of the airfoil, which means that the nega-
tive drag force acts on the airfoil, and in the case of L/d = 10, the positive pressure
occurs the leading edge of the airfoil and the influence of the rod on the airfoil
seems to be small.

Figure 13 shows instantaneous snapshots of a fluctuation pressure (dp) and RMS
of the fluctuation pressure (dprms) fields, and the fluctuation pressure is defined as
follows [6].

dp ¼ ps � pmean (12)

Figure 11.
Static pressure and mean pressure fields. (a) L/d = 2; (b) L/d = 10; (c) L/d = 2; (d) L/d = 10.

Figure 12.
Mean pressure profile on the rod and the airfoil. (a) Rod. (b) Airfoil. L/d = 2; L/d = 10.
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line y = 0 are much lower than those for the case of L/d = 10. This result corresponds
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airfoil model, and the reattachment of the main separated vortices to the airfoil (see
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than those for the case of L/d = 2. Therefore the turbulent fluctuations in the space
between the rod and the airfoil for the case of L/d = 10 seem to be much larger than
those for the case of L/d = 2.
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Instantaneous snapshots of static pressure and snapshots of mean pressure are
represented in Figure 11. For the case of L/d = 2, Figure 11 shows that the value of
the static pressure on the upstream side of the rod is larger than that on the
downstream side, and that on the leading edge of the airfoil is negative and much
lower than that for the case of L/d = 10.

Figure 12 shows the mean pressure distribution on the surface of rod and the
airfoil, where xrod is the coordinate in the streamwise direction and the origin of xrod
is the located in the stagnation point of the rod. Depending on the spacing between
the rod and the airfoil, the pressure behind the rod is affected by the airfoil [21]. For
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the case of L/d = 2, as shown in Figure 12(a), the pressure behind the rod is much
larger than that for the case of L/d = 10 due to the presence of the airfoil behind the
rod. As mentioned in Section 3.1.1, this phenomenon is related to the reattachments
of the separated shear layers from the rod to the leading edge of the airfoil, and the
Kármán-vortex street formed from the rod is suppressed and the pressure behind
the rod increases. Figure 12(b) shows that in the case of L/d = 2, the negative
pressure occurs around the leading edge of the airfoil, which means that the nega-
tive drag force acts on the airfoil, and in the case of L/d = 10, the positive pressure
occurs the leading edge of the airfoil and the influence of the rod on the airfoil
seems to be small.

Figure 13 shows instantaneous snapshots of a fluctuation pressure (dp) and RMS
of the fluctuation pressure (dprms) fields, and the fluctuation pressure is defined as
follows [6].

dp ¼ ps � pmean (12)

Figure 11.
Static pressure and mean pressure fields. (a) L/d = 2; (b) L/d = 10; (c) L/d = 2; (d) L/d = 10.

Figure 12.
Mean pressure profile on the rod and the airfoil. (a) Rod. (b) Airfoil. L/d = 2; L/d = 10.
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Here, ps is the static pressure and pmean is the mean pressure as represented in
Figure 11(c) and (d). As shown in Figure 13(a) and (b), in the case of L/d = 2, the
pressure fluctuation mainly occurs around the leading edge of the airfoil, and the
pressure fluctuation in the region near the rod is much lower than that near the
leading edge of the airfoil. This result is related to the reattachment of the shear
layers formed from the rod to the airfoil as mentioned in Section 3.1.1.
Figures 8(a), 13(a) and (c) show that the suppression of the vortex shedding from
the rod results in the suppression of the noise radiation from the rod-airfoil model,
as mentioned by Munetaka et al. [10] and Jiang et al. [21].

On the other hand, in the case of L/d = 10, that is, for large spacing, the pressure
fluctuation near both the rod and the leading edge of the airfoil is large, and
especially the pressure fluctuation near the rod is larger than that near the leading
edge of the airfoil, as shown in Figure 13(b) and (d). Figures 8(b), 13(b) and (d)
show that the pressure fluctuation behind the rod is generated by the vortex shed-
ding from the rod. They also show that the pressure fluctuation near the leading
edge of the airfoil is generated by the impingement of the vortices shed from the rod
onto the leading edge of the airfoil and the distortion of the impinged vortices
(wake-body interaction or body-vortex interaction), as mentioned by Boudet et al.
[16]. Similar phenomenon is investigated by Inoue and Mori [6] in the simulations
of the noise generated by the flow around two square cylinders in tandem. They
reported that the distortion of the impinging vortices shed from the upstream
cylinder onto the downstream cylinder plays an important role for the noise
radiation when the spacing between the two cylinders is large [6].

The distributions of the mean pressure and RMS of the fluctuation pressure in
the wake region of the rod along the symmetry line (y = 0) of the rod and the airfoil
are represented in Figure 14. As shown in Figure 14(a), in the case of L/d = 2, the
mean pressure is negative in the wake region between the rod and the leading edge
of the airfoil, and it leads to the negative drag of the airfoil as mentioned above. In
the case of L/d = 10, the mean pressure behind the rod is negative and much lower
than in the case of L/d = 2, and that near the leading edge of the airfoil is positive,
which leads to the positive drag of the airfoil. Figure 14(b) shows that in the case of

Figure 13.
Fluctuation pressure and RMS of fluctuation pressure fields. (a), (b) Fluctuation pressure, (c), (d) RMS of
fluctuation pressure. (a) L/d = 2; (b) L/d = 10; (c) L/d = 2; (d) L/d = 10.

132

Vortex Dynamics Theories and Applications

L/d = 2, the RMS of the fluctuation pressure in the region near the rod is much lower
than that near the leading edge of the airfoil due to the suppression of the vortex
shedding form the rod, and in the case of L/d = 10, the pressure fluctuation near
both the rod and the leading edge of the airfoil is much larger than that in the case of
L/d = 2 due to the vortex shedding from the rod and the impingement of the
vortices on the leading edge of the airfoil, as mentioned in Figure 13.

4.1.3 Far acoustic pressure field

Figure 15 shows the spectra of the SPL at the location (x = 0.68 m, y = 1.74 m)
calculated by the acoustic BEM simulation using the acoustic sources extracted from
the CFD results. The SPL in the case of the single airfoil is also plotted to compare
the two cases with it. The SPL in the case of L/d = 10 is much larger than that in the
case of L/d = 2, and the peak frequencies for the cases of L/d = 10 and L/d = 2 are
2440 and 1960 Hz, respectively. However, the peak frequency for the case of
L/d = 2 does not appear clearly compared to that in the case of L/d = 10, and the

Figure 14.
Distributions of mean pressure and RMS of fluctuation pressure in wake region of rod along symmetry line
(y = 0) of rod and airfoil. (a) Mean pressure (b) RMS of fluctuation pressure. L/d = 2; L/d = 10.

Figure 15.
SPL spectra at the location x = 0.68 m, y = 1.74 m. L/d = 2; L/d = 10; single airfoil.
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cylinder onto the downstream cylinder plays an important role for the noise
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mean pressure is negative in the wake region between the rod and the leading edge
of the airfoil, and it leads to the negative drag of the airfoil as mentioned above. In
the case of L/d = 10, the mean pressure behind the rod is negative and much lower
than in the case of L/d = 2, and that near the leading edge of the airfoil is positive,
which leads to the positive drag of the airfoil. Figure 14(b) shows that in the case of
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L/d = 2, the RMS of the fluctuation pressure in the region near the rod is much lower
than that near the leading edge of the airfoil due to the suppression of the vortex
shedding form the rod, and in the case of L/d = 10, the pressure fluctuation near
both the rod and the leading edge of the airfoil is much larger than that in the case of
L/d = 2 due to the vortex shedding from the rod and the impingement of the
vortices on the leading edge of the airfoil, as mentioned in Figure 13.

4.1.3 Far acoustic pressure field

Figure 15 shows the spectra of the SPL at the location (x = 0.68 m, y = 1.74 m)
calculated by the acoustic BEM simulation using the acoustic sources extracted from
the CFD results. The SPL in the case of the single airfoil is also plotted to compare
the two cases with it. The SPL in the case of L/d = 10 is much larger than that in the
case of L/d = 2, and the peak frequencies for the cases of L/d = 10 and L/d = 2 are
2440 and 1960 Hz, respectively. However, the peak frequency for the case of
L/d = 2 does not appear clearly compared to that in the case of L/d = 10, and the
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Distributions of mean pressure and RMS of fluctuation pressure in wake region of rod along symmetry line
(y = 0) of rod and airfoil. (a) Mean pressure (b) RMS of fluctuation pressure. L/d = 2; L/d = 10.

Figure 15.
SPL spectra at the location x = 0.68 m, y = 1.74 m. L/d = 2; L/d = 10; single airfoil.
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peak frequency increases depending on the spacing between the rod and airfoil as
reported by Jiang et al. [21]. The peak SPL in the case of single airfoil is larger than
that in the case of L/d = 2, and the peak frequency is higher than those in the cases
of L/d = 2 and 10. The sound radiation is mainly generated by both the vortex
shedding from the rod and the impingement of the vortices shed from the rod onto
the leading edge of the airfoil in the case of L/d = 10, as indicated by Boudet et al.
[16]. According to Jiang et al. [21], when L/d ≥ 4, the vortex shedding from the rod
and the impingement of the shed vortices onto the leading edge of the airfoil are the
main generation sources of the noise radiation. As mentioned in Section 3.1.2, the
suppression of the vortex shedding from the upstream rod results in the suppression
of the pressure fluctuation in the region between the rod and the airfoil and the
noise radiation for the case of L/d = 2.

Figure 16 presents the far-field sound pressure and SPL fields at the peak
frequency. The far-field sound pressure and SPL fields show a dipolar nature of the
sound radiation, and the lift dipole is dominant in the fields. The magnitude of the
generated noise in the case of L/d = 10 is much larger than that in the case of L/d = 2,
as indicated above. In the case of the L/d = 2, the noise propagation on the upstream
side is larger than that on the downstream side. On the other hand, in the case of the
L/d = 10, the noise propagation on the downstream side is larger than that in the
upstream direction, which means that impingement of the vortices shed from the
rod onto the leading edge of the airfoil, in other words, the wake body interaction is
the main generation of the far filed noise radiation.

Figure 16.
Far-field sound pressure and SPL fields at the peak frequency. (a), (b) Sound pressure and (c), (d) SPL.
(a) L/d = 2, 1960 Hz; (b) L/d = 10, 2440 Hz; (c) L/d = 2, 1960 Hz; (d) L/d = 10, 2440 Hz.
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4.2 Airfoil-airfoil simulation results

4.2.1 Flow patterns

Typical examples of instantaneous vorticity fields are presented in Figure 17. In
the present calculation, for the case of L/c = 0.2, when the spacing between the two
airfoils is small, the boundary layers separated from the airfoil upstream did not roll
up and reattach to the airfoil downstream. It seems that the reattached shear layers
are oscillating at the leading edge of the downstream airfoil. The shear layers rolled up
and formed vortices on the downstream airfoil surface, and the vortices were shed
and convected downstream. On the other hand, in the cases of L/c = 0.6 and 1.0, the
shear layers shed from the leading edge rolled up in front of the leading edge of the
airfoil and impinged onto the leading edge of the airfoil. In the case of the single, the
shear layer and the vortices shed only from the trailing edge of the airfoil.

Figure 17.
Vorticity in the z direction. (a) L/c = 0.2; (b) L/c = 0.6; (c) L/c = 1; (d) single airfoil.

Figure 18.
Time-averaged velocity in the streamwise (x) direction. (a) L/c = 0.2; (b) L/c = 0.6; (c) L/c = 1; (d) single
airfoil.
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4.2 Airfoil-airfoil simulation results

4.2.1 Flow patterns

Typical examples of instantaneous vorticity fields are presented in Figure 17. In
the present calculation, for the case of L/c = 0.2, when the spacing between the two
airfoils is small, the boundary layers separated from the airfoil upstream did not roll
up and reattach to the airfoil downstream. It seems that the reattached shear layers
are oscillating at the leading edge of the downstream airfoil. The shear layers rolled up
and formed vortices on the downstream airfoil surface, and the vortices were shed
and convected downstream. On the other hand, in the cases of L/c = 0.6 and 1.0, the
shear layers shed from the leading edge rolled up in front of the leading edge of the
airfoil and impinged onto the leading edge of the airfoil. In the case of the single, the
shear layer and the vortices shed only from the trailing edge of the airfoil.

Figure 17.
Vorticity in the z direction. (a) L/c = 0.2; (b) L/c = 0.6; (c) L/c = 1; (d) single airfoil.

Figure 18.
Time-averaged velocity in the streamwise (x) direction. (a) L/c = 0.2; (b) L/c = 0.6; (c) L/c = 1; (d) single
airfoil.
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Figure 18(a) and (b) show the fields of time-averaged velocity Umean in the x
(streamwise) direction. In the spacing between the two airfoils, Figure 18(a) shows
that the shear layers shed from the upstream airfoil near the leading edge of the
airfoil lead to very small or negative values of Umean for the case of L/c = 0.2. The
reattachments of the shear layer shed from the upstream airfoil to the leading edge
of the airfoil due to the approaching airfoil slow down the flow. By contrast, for the
cases of L/c = 0.6 and 1, the flow behind the upstream airfoil was accelerated in
front of the leading edge of airfoil as shown in Figure 18(b) and (c). These similar
phenomena were observed in the rod-airfoil model, as explained in Section 3.1.1. In
the case of the single, Umean contour around the airfoil shows similar one of the two
airfoils in the case of L/c = 1. The influence of the wake from the upstream airfoil
seems to become smaller with the spacing between the two airfoils increasing.

Figure 19 shows the fields of time-averaged velocity Vmean in the y (vertical)
direction. For the case of L/c = 0.2, the Vmean around the leading edge of the

Figure 19.
Time-averaged velocity in the streamwise (x) direction. (a) L/c = 0.2; (b) L/c = 0.6; (c) L/c = 1; (d) single
airfoil.

Figure 20.
RMS value of fluctuation velocity in the streamwise (x) direction. (a) L/c = 0.2; (b) L/c = 0.6; (c) L/c = 1; (d)
single airfoil.
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downstream airfoil is lower than that in other cases. This is due to the reattachments
of the shear layers shed from the upstream airfoil.

Finally, the fields of RMS value of the fluctuation velocity urms in the streamwise
(x) direction are represented in Figure 20. As shown in Figure 20, for the case of
L/c = 0.2, the urms values around the trailing edges of the two airfoils are lower than
those for the cases of L/c = 0.6, 1.0 and the single airfoil. This result corresponds to
the reattachment of the shear layers to the airfoil (see Figure 17(a)) in this case.
Therefore the turbulent fluctuations around the trailing edges of the two airfoils in
the cases of L/c = 0.6 and 1.0 seem to be larger than those for the case of L/c = 0.2.

4.2.2 Near pressure field

Snapshots of mean pressure are represented in Figure 21. For the case of
L/c = 0.2, Figure 21 shows that the value of the static pressure on the leading edge of

Figure 21.
Mean pressure field. (a) L/c = 0.2; (b) L/c = 0.6; (c) L/c = 1; (d) single airfoil.

Figure 22.
Mean pressure profile on the upstream and downstream airfoils. (a) Upstream airfoil; (b) downstream airfoil.

L/c = 0.2; L/c = 0.6; L/c = 1.0; single airfoil.
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downstream airfoil is lower than that in other cases. This is due to the reattachments
of the shear layers shed from the upstream airfoil.

Finally, the fields of RMS value of the fluctuation velocity urms in the streamwise
(x) direction are represented in Figure 20. As shown in Figure 20, for the case of
L/c = 0.2, the urms values around the trailing edges of the two airfoils are lower than
those for the cases of L/c = 0.6, 1.0 and the single airfoil. This result corresponds to
the reattachment of the shear layers to the airfoil (see Figure 17(a)) in this case.
Therefore the turbulent fluctuations around the trailing edges of the two airfoils in
the cases of L/c = 0.6 and 1.0 seem to be larger than those for the case of L/c = 0.2.

4.2.2 Near pressure field

Snapshots of mean pressure are represented in Figure 21. For the case of
L/c = 0.2, Figure 21 shows that the value of the static pressure on the leading edge of

Figure 21.
Mean pressure field. (a) L/c = 0.2; (b) L/c = 0.6; (c) L/c = 1; (d) single airfoil.

Figure 22.
Mean pressure profile on the upstream and downstream airfoils. (a) Upstream airfoil; (b) downstream airfoil.

L/c = 0.2; L/c = 0.6; L/c = 1.0; single airfoil.
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the upstream airfoil is much larger than that of the downstream one, and that on the
leading edge of the downstream airfoil is much lower than those for the cases of
L/c = 0.6, 1.0 and the single airfoil.

Figure 22 shows the mean pressure distribution on the surfaces of the two
airfoils, where xc is the coordinate in the streamwise direction and the origin of xc is
the located in the leading edge of the upstream airfoil. Depending on the spacing
between the upstream and downstream airfoils, the pressure behind the upstream
airfoil is affected by the downstream one. For the case of L/c = 0.2, as shown in
Figure 22(a), the pressure behind the upstream airfoil is larger than that for the
cases of L/c = 0.6, 1 and single airfoil due to the presence of the downstream airfoil
behind the upstream one. As mentioned in Section 3.2.1, this phenomenon is related
to the reattachments of the separated shear layers from the upstream airfoil to the
leading edge of the downstream airfoil, and the vortices formed from the upstream

Figure 23.
Fluctuation pressure and RMS of fluctuation pressure fields. (a)–(d) Fluctuation pressure; (e)–(h) RMS of
fluctuation pressure. (a) L/c = 0.2; (b) L/c = 0.6; (c) L/c = 1; (d) single airfoil; (e) L/c = 0.2; (f) L/c = 0.6;
(g) L/c = 1.0; (h) single airfoil.
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airfoil is suppressed and the pressure behind the upstream airfoil increases.
Figure 22(b) shows that in the case of L/c = 0.2, the pressure around the leading
edge of the downstream airfoil is lower than that in the cases of L/c = 0.6, 1 and
single airfoil, which means that the drag force acting on the downstream airfoil is
lower than that for the other cases.

Figure 23 shows instantaneous snapshots of a fluctuation pressure (dp) and
snapshots of RMS of the fluctuation pressure (dprms) fields. As shown in Figure 23
(a)–(c), in the two airfoil cases, the pressure fluctuation occurs around the trailing
edge of the upstream airfoil and the leading and trailing edges of the downstream
airfoil. In the case of single airfoil, the pressure fluctuation mainly occurs near the
trailing edge of the airfoil as shown in Figure 23(d). These figures show the dipolar
nature of the fluctuation pressure generated around the trailing edge of the
upstream airfoil and the leading and trailing edges of the downstream airfoil.

Figure 23(e)–(g) shows that the pressure fluctuation near the leading edge of
the downstream airfoil is generated by the impingement of the shear layers or

Figure 25.
SPL spectra at the location x = 0.68 m, y = 1.74 m. L/c = 0.2; L/c = 0.6; L/c = 1.0;

single airfoil.

Figure 24.
Distributions of mean pressure and RMS of fluctuation pressure in wake region of upstream airfoil along
symmetry line (y = 0) of two airfoils. (a) Mean pressure; (b) RMS of fluctuation pressure. L/c = 0.2;

L/c = 0.6; L/c = 1.0.
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the upstream airfoil is much larger than that of the downstream one, and that on the
leading edge of the downstream airfoil is much lower than those for the cases of
L/c = 0.6, 1.0 and the single airfoil.

Figure 22 shows the mean pressure distribution on the surfaces of the two
airfoils, where xc is the coordinate in the streamwise direction and the origin of xc is
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airfoil is suppressed and the pressure behind the upstream airfoil increases.
Figure 22(b) shows that in the case of L/c = 0.2, the pressure around the leading
edge of the downstream airfoil is lower than that in the cases of L/c = 0.6, 1 and
single airfoil, which means that the drag force acting on the downstream airfoil is
lower than that for the other cases.

Figure 23 shows instantaneous snapshots of a fluctuation pressure (dp) and
snapshots of RMS of the fluctuation pressure (dprms) fields. As shown in Figure 23
(a)–(c), in the two airfoil cases, the pressure fluctuation occurs around the trailing
edge of the upstream airfoil and the leading and trailing edges of the downstream
airfoil. In the case of single airfoil, the pressure fluctuation mainly occurs near the
trailing edge of the airfoil as shown in Figure 23(d). These figures show the dipolar
nature of the fluctuation pressure generated around the trailing edge of the
upstream airfoil and the leading and trailing edges of the downstream airfoil.

Figure 23(e)–(g) shows that the pressure fluctuation near the leading edge of
the downstream airfoil is generated by the impingement of the shear layers or
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single airfoil.
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Figure 26.
Far-field sound pressure and SPL fields at the peak frequency. (a)–(d) Sound pressure and (e)–(h) SPL. (a)
L/c = 0.2; (b) L/c = 0.6; (c) L/c = 1; (d) single airfoil; (e) L/c = 0.2; (f) L/c = 0.6; (g) L/c = 1.0; (h) single
airfoil.
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vortices shed from the upstream airfoil onto the leading edge of the downstream
airfoil and the distortion of the impinged vortices (wake-body interaction or body-
vortex interaction), as mentioned in Section 3.1.2.

The distributions of the mean pressure and RMS of the fluctuation pressure in
the wake region of the upstream airfoil along the symmetry line (y = 0) of the two
airfoils are represented in Figure 24. As shown in Figure 24(a), the mean pressure
behind the upstream airfoil is positive and lower than that near the leading edge of
the downstream airfoil, and it decreases depending on the spacing between the two
airfoils. On the other hand, that near the leading edge of the downstream airfoil
increases depending on the spacing between the two airfoils. Figure 24(b) shows
that the pressure fluctuation near both the trailing edge of the upstream airfoil and
the leading edge of the downstream airfoil is large due to the shear layers or vortices
shed from the upstream airfoil and the impingement of the shear layers or vortices
onto the leading edge of the downstream airfoil, as mentioned in Figure 23.

4.2.3 Far acoustic pressure field

Figure 25 shows the spectra of the SPL at the location (x = 0.68 m, y = 1.74 m)
calculated by the acoustic BEM simulation using the acoustic sources extracted from
the CFD results. The SPL in the case of the single airfoil is also plotted to compare
the three cases with it. The SPLs in the cases of L/c = 0.6, 1.0 and single airfoil are
much larger than that in the case of L/c = 0.2, and the peak frequencies for the cases
of L/c = 0.2, 0.6, 1.0 and single airfoil are 540, 2840, 3640, and 3640 Hz, respec-
tively. Figure 26 shows the far field sound pressure and SPL fields at the peak
frequency. The peak frequency increases depending on the spacing between the two
airfoils as reported in the rod-airfoil model. The peak SPL in the case of single airfoil
is larger than that in the case of L/c = 0.2. The peak frequency in the case of the
single airfoil is higher than those in the cases of L/c = 0.2 and 0.6, and same as that
in the case of L/c = 1.0.

In the cases of the two airfoils, the sound radiation is mainly generated by three
factors: (1) vortices or shear layers shedding from the upstream airfoil, (2) the
impingement of the vortices or shear layers shed from the upstream airfoil onto the
leading edge of the downstream airfoil, (3) vortices or shear layers shedding from
the downstream airfoil as indicated in Section 3.2.2. As mentioned in Section 3.2.2,
the reattachment of the shear layers from the upstream airfoil to the leading edge of
the downstream airfoil results in the suppression of the pressure fluctuation in the
region between the upstream and downstream airfoils and the noise radiation for
the case of L/c = 0.2.

5. Conclusions

In this chapter, we simulated the flow around the rod-airfoil model and the noise
generated by the wake-body interaction or body-vortex interaction by the coupling
method using commercial CFD and acoustic BEM codes, and compared the results
with those obtained by Jacob et al. [9] and Jiang et al. [21]. Then, we simulated the
flow around the airfoil-airfoil model (airfoils in tandem) and the noise generation
and propagation.

1.In the rod-airfoil model, when the spacing between the rod and the airfoil is
small, the shear layers separated from the rod upstream did not roll up and

141

Wake-Body Interaction Noise Simulated by the Coupling Method Using CFD and BEM
DOI: http://dx.doi.org/10.5772/intechopen.92783



Figure 26.
Far-field sound pressure and SPL fields at the peak frequency. (a)–(d) Sound pressure and (e)–(h) SPL. (a)
L/c = 0.2; (b) L/c = 0.6; (c) L/c = 1; (d) single airfoil; (e) L/c = 0.2; (f) L/c = 0.6; (g) L/c = 1.0; (h) single
airfoil.
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vortices shed from the upstream airfoil onto the leading edge of the downstream
airfoil and the distortion of the impinged vortices (wake-body interaction or body-
vortex interaction), as mentioned in Section 3.1.2.

The distributions of the mean pressure and RMS of the fluctuation pressure in
the wake region of the upstream airfoil along the symmetry line (y = 0) of the two
airfoils are represented in Figure 24. As shown in Figure 24(a), the mean pressure
behind the upstream airfoil is positive and lower than that near the leading edge of
the downstream airfoil, and it decreases depending on the spacing between the two
airfoils. On the other hand, that near the leading edge of the downstream airfoil
increases depending on the spacing between the two airfoils. Figure 24(b) shows
that the pressure fluctuation near both the trailing edge of the upstream airfoil and
the leading edge of the downstream airfoil is large due to the shear layers or vortices
shed from the upstream airfoil and the impingement of the shear layers or vortices
onto the leading edge of the downstream airfoil, as mentioned in Figure 23.

4.2.3 Far acoustic pressure field

Figure 25 shows the spectra of the SPL at the location (x = 0.68 m, y = 1.74 m)
calculated by the acoustic BEM simulation using the acoustic sources extracted from
the CFD results. The SPL in the case of the single airfoil is also plotted to compare
the three cases with it. The SPLs in the cases of L/c = 0.6, 1.0 and single airfoil are
much larger than that in the case of L/c = 0.2, and the peak frequencies for the cases
of L/c = 0.2, 0.6, 1.0 and single airfoil are 540, 2840, 3640, and 3640 Hz, respec-
tively. Figure 26 shows the far field sound pressure and SPL fields at the peak
frequency. The peak frequency increases depending on the spacing between the two
airfoils as reported in the rod-airfoil model. The peak SPL in the case of single airfoil
is larger than that in the case of L/c = 0.2. The peak frequency in the case of the
single airfoil is higher than those in the cases of L/c = 0.2 and 0.6, and same as that
in the case of L/c = 1.0.

In the cases of the two airfoils, the sound radiation is mainly generated by three
factors: (1) vortices or shear layers shedding from the upstream airfoil, (2) the
impingement of the vortices or shear layers shed from the upstream airfoil onto the
leading edge of the downstream airfoil, (3) vortices or shear layers shedding from
the downstream airfoil as indicated in Section 3.2.2. As mentioned in Section 3.2.2,
the reattachment of the shear layers from the upstream airfoil to the leading edge of
the downstream airfoil results in the suppression of the pressure fluctuation in the
region between the upstream and downstream airfoils and the noise radiation for
the case of L/c = 0.2.

5. Conclusions

In this chapter, we simulated the flow around the rod-airfoil model and the noise
generated by the wake-body interaction or body-vortex interaction by the coupling
method using commercial CFD and acoustic BEM codes, and compared the results
with those obtained by Jacob et al. [9] and Jiang et al. [21]. Then, we simulated the
flow around the airfoil-airfoil model (airfoils in tandem) and the noise generation
and propagation.

1.In the rod-airfoil model, when the spacing between the rod and the airfoil is
small, the shear layers separated from the rod upstream did not roll up and
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reattach to the airfoil downstream, and the vortex shedding from the rod is
suppressed. It leads to the suppression of the pressure fluctuation near the rod
and the airfoil and the noise radiation as reported by Jiang et al. [21].

2. In the rod-airfoil model, when the spacing between the rod and the airfoil is
large, the boundary layers separated from the rod upstream rolled up and
formed vortices, and the formed vortices shed from the rod impinged on the
leading edge of the airfoil. This phenomenon is called the wake-body
interaction or body-vortex interaction. It leads to the large pressure fluctuation
near both the rod and the leading edge of the airfoil and the large noise
radiation.

3. In the airfoil-airfoil model, the flow depends on the spacing between the two
airfoils as in the rod-airfoil model. The shear layers shed from the upstream
airfoil reattaches to the leading edge of the downstream airfoil with the small
spacing between the two airfoils, and the reattached shear layers seem to
oscillate at the leading edge of the downstream airfoil. The shear layers shed
from the leading edge rolled up in front of the leading edge of the airfoil and
impinged onto the leading edge of the airfoil with the large spacing between
the two airfoils.

4. In the airfoil-airfoil model, the sound radiation is mainly generated by three
factors: (1) vortices or shear layers shedding from the upstream airfoil, (2) the
impingement of the vortices or shear layers shed from the upstream airfoil
onto the leading edge of the downstream airfoil (the wake-body interaction),
(3) vortices or shear layers shedding from the downstream airfoil as in the rod-
airfoil model. The SPL and the peak frequency of the generated noise increase
with an increase of the spacing between the two airfoils as reported in the rod-
airfoil model.
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reattach to the airfoil downstream, and the vortex shedding from the rod is
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(3) vortices or shear layers shedding from the downstream airfoil as in the rod-
airfoil model. The SPL and the peak frequency of the generated noise increase
with an increase of the spacing between the two airfoils as reported in the rod-
airfoil model.
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Chapter 7

Application of Vortex Control 
Principle at Pump Intake
Zambri Harun, Tajul Ariffin Norizan  
and Wan Hanna Melini Wan Mohtar

Abstract

Vortex flow in a pump intake could affect a pump operation significantly if not 
treated appropriately. Many researches have been conducted to determine the best 
control method for vortex flow in pump sumps so that the pump lifespan can be maxi-
mized. In this study, a vortex control principle designed to minimize the impact of 
submerged vortex flow in pump sump on major pump components is presented. This 
principle employs a device called the plate type floor splitter which serves the function 
of eliminating vortices formed on the sump floor and reduces the intensity of swirling 
motion in the intake flow. A pump sump model was built to carry out the study by 
installing a floor splitter plate sample under the pump suction inlet and the corre-
sponding parameters used to quantify the swirl intensity known as the swirl angle was 
measured. Procedures for the measurement were conducted based on ANSI/HI 9.8-
2018 standard. A numerical simulation was performed to study the flow in a full-scale 
pump sump. The results showed that the installation of floor splitter plate can elimi-
nate vortices efficiently and reduce swirl angle significantly. However, optimization of 
floor splitter design is needed to achieve a reduction effect that can reduce swirl angles 
to an acceptable value of lower than 5° according to ANSI/HI 9.8-2018 standard.

Keywords: vortex flow, pump sump, anti-vortex device, swirl angle, floor splitter

1. Introduction

Pump intake is the part of a pump that draws fluid from the reservoir called the 
sump as a result of pressure difference generated by the impeller. In most cases, 
pumped fluid enters the intake in a swirling motion due to geometric features of 
the sump [1]. Inappropriate sump design such as abrupt changes in sump boundar-
ies, narrow clearance under the pump inlet and asymmetric orientation of the 
approach channel to the sump will lead to the formation of swirls and vortices [2]. 
Strong vortices may cause damages to the pump impeller by channelling air to the 
impeller surface and initiate adverse effects such as cavitation and vibration [3]. On 
the other hand, excessive swirls in the intake flow can impose imbalance loading 
to the impeller and even bring resistance to the impeller rotation by introducing 
swirl rotation in the opposite direction [4]. Due to site condition and operational 
restrictions, optimal sump design may not be achieved, and therefore local flow 
correction devices are used as remedial measures.

These devices which are commonly known as anti-vortex device (AVD) come in 
different shapes and sizes, depending on its application. The conceptual design of 
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AVD is outlined in ANSI/HI 9.8-2018 [5] standard which is a guideline to assist engi-
neers and designers in optimal intake sump design. Among the AVD types employed 
in real applications are floor splitter [6], floor cone [7] and corner fillet [8]. These AVD 
types serve the purpose of eliminating submerged vortices formed at the sump floor. 
Floor splitters are the most widely used AVD type due to its effectiveness in eliminat-
ing vortices and reducing vorticity in the pump intake flow. There are two versions of 
floor splitter, namely the prism and the plate types. The use of plate type floor splitter 
is favourable in many applications due to its fabrication friendly-feature and economic 
design [9]. However, there are a limited number of articles in the literature which 
discuss the features of floor splitter plate in detail. In this chapter, the characteristics of 
swirl angle reduction of a floor splitter plate installed in pump sump are studied.

2. Methodology

The study was carried out by both experimental and numerical approaches. A 
single intake pump sump model, as shown in Figure 1, was utilized for the study in 
which the sample of a floor splitter was installed beneath an intake suction pipe in 
the sump model. The layout of the sump model test section and the dimensions of 
the floor splitter installed is illustrated in Figure 2(a) and (b), respectively.

2.1 Swirl angle measurement

The main objective of the study is to evaluate the swirling motion in the intake 
pipe and associated with submerged vortex without and with the installation of 
floor splitter plate. Initially, the experiment was conducted without the installation 
of floor splitter plate to capture the initial conditions of the setup. The measure-
ment of the intensity of swirl in the intake pipe was performed according to the 
procedure described in ANSI/HI 9.8-2018 standard for pump sump model test. 
The parameter used to quantify the measurement data is the swirl angle θ which is 
defined in the following equation:

  θ =  tan   −1  (  𝜋𝜋dn _ v  )   (1)

where d is the inner diameter of the intake pipe, n is the revolution count of the 
measurement instrument called the swirl metre and a is the average axial velocity at 
the location of the swirl metre. The swirl metre consists of a shaft with four straight 

Figure 1. 
The experimental rig.
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blades used to capture the swirling motion in the intake pipe, and the revolution 
count of the swirl metre blade is measured using a tachometer. Figure 3 shows typi-
cal swirl metre installation according to ANSI/HI 9.8-2018 standard. Basically, θ is 
the convention for describing the ratio between the axial velocity and the tangential 
velocity of the intake flow which characterizes the intensity of the swirling motion 
in the fluid. The acceptance criteria according to ANSI/HI 9.8-2018 is that the swirl 
angle must be lower than 5° to prevent excessive swirl in the intake flow.

In order to generate the submerged vortex, the clearance under the pipe was 
set to 0.3 times the diameter of the inlet D and two types of flow conditioners 

Figure 2. 
Main dimensions of the sump model and splitter.

Figure 3. 
Swirl metre installation according to ANSI/HI 9.8-2018 standard.
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Figure 5. 
Numerical model of the full-scale pump sump; (a) the computational domain, (b) model without floor splitter 
plate, (c) model with floor splitter plate.

were installed: a sloped floor with an inclination angle of 30° and a sloped wall 
with the same inclination angle. These flow conditioners were installed at a 
distance of about 5D from the centre of the intake pipe as shown in Figure 4(a) 
and (b), respectively. The measurement was conducted in a range of pump 
submergence levels which are normalized by the minimum inlet submergence 
Smin, a threshold value before the occurrence of a surface vortex. Smin is calculated 
by the following equation:

   S  min   = D (1 + 2.3  Fr  in  )   (2)

Frin is the Froude number at the pipe inlet and is given by:

   Fr  in   =    v  in   _ 
 √ 
_

 gD  
    (3)

where νin is the flow velocity at the inlet and g is the gravitational acceleration. 
The range of the dimensionless parameter S/Smin was set between 0.8 and 1.2.

Figure 4. 
False floor and false wall arrangements.
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2.2 Numerical simulation of flow in full-scale pump sump

The numerical approach part of the study is set for the simulation of the 
flow in a full-scale pump sump. As the construction cost for a full-scale pump 
sump cannot be afforded, a computational fluid dynamics (CFD) simulation was 
employed as a replacement. The numerical model was validated with experi-
mental data and incorporated with a combined flow conditioner that consists of 
inclined floor and inclined wall as the ones used in the experiment and built at a 
scale of 9:1. The flow rate of the pump was set to 2170 l/s, and the pump submer-
gence took the value of Smin which is, after the calculation by using Eq. (2), equals 
to 2678 mm. The mesh structure and the dimensions of the full-scale pump sump 
are illustrated in Figures 5 and 6, respectively, while the values of the model 
dimensions are listed in Table 1.

Figure 6. 
Dimensions of the full-scale model.

Parameter Dimension (mm)

Inlet diameter D 1275

Pipe diameter d 850

Right side distance W1 1190

Left side distance W2 1360

Water entrance width W3 1275

Intake pipe height H1 9350

Sump height H2 4250

Water entrance height H3 2975

Floor length L1 6375

Water entrance distance from sloped floor L2 8417

Clearance C 382.5

Table 1. 
Dimension values of the full-scale model shown in Figure 6.



Vortex Dynamics Theories and Applications

150

Figure 5. 
Numerical model of the full-scale pump sump; (a) the computational domain, (b) model without floor splitter 
plate, (c) model with floor splitter plate.

were installed: a sloped floor with an inclination angle of 30° and a sloped wall 
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   S  min   = D (1 + 2.3  Fr  in  )   (2)

Frin is the Froude number at the pipe inlet and is given by:

   Fr  in   =    v  in   _ 
 √ 
_

 gD  
    (3)

where νin is the flow velocity at the inlet and g is the gravitational acceleration. 
The range of the dimensionless parameter S/Smin was set between 0.8 and 1.2.

Figure 4. 
False floor and false wall arrangements.
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2.2 Numerical simulation of flow in full-scale pump sump

The numerical approach part of the study is set for the simulation of the 
flow in a full-scale pump sump. As the construction cost for a full-scale pump 
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employed as a replacement. The numerical model was validated with experi-
mental data and incorporated with a combined flow conditioner that consists of 
inclined floor and inclined wall as the ones used in the experiment and built at a 
scale of 9:1. The flow rate of the pump was set to 2170 l/s, and the pump submer-
gence took the value of Smin which is, after the calculation by using Eq. (2), equals 
to 2678 mm. The mesh structure and the dimensions of the full-scale pump sump 
are illustrated in Figures 5 and 6, respectively, while the values of the model 
dimensions are listed in Table 1.
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Dimension values of the full-scale model shown in Figure 6.
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Figure 7. 
Swirl angle values at different submergence ratios for the false floor case.

Figure 8. 
Swirl angle values at different submergence ratios for the false wall case.

3. Results and discussion

3.1 Swirl angle evaluation

Figures 7 and 8 show the distribution of swirl angle values at different submer-
gence ratios in the case of false floor and false wall flow conditioner, respectively. 
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Generally, the installation of floor splitter plate has shown reduction in the swirl angle 
values. The parameter that can be used to characterize the reduction effect of the floor 
splitter plate is the swirl angle reduction factor Rθ which is defined as follows:

   R  θ   =    θ  withoutAVD   _  θ  withAVD      (4)

In this experiment, the average value of Rθ for the false floor case is 1.53, while in 
the false wall case, the average value of Rθ is 1.62. In Figure 7, the swirl angle values 
show a decreasing trend with increasing submergence ratio for S/Smin greater than 1 
when installed with floor splitter plate. This is due to the fact that for S/Smin greater 
than 1, there was only a submerged vortex present in the sump. As the function of 
floor splitter plate is to eliminate submerged vortices, this result proved that the 
installation of floor splitter plate has served the purpose. When S/Smin is decreased 
below 1, the swirl angle values increase with decreasing submergence ratio. The 
inception of free surface vortex at S/Smin below 1 has caused bigger fluctuation in 
swirl angle as can be seen in the larger uncertainties within this region. The higher 
swirl angle values are contributed by the increase in approach flow velocity at lower 
water levels. The floor splitter vortex has shown limited swirl angle reduction effect 
if the submergence ratio is decreased below 1.

In Figure 8, the swirl angle values show a sinusoidal trend with increasing 
submergence ratio for S/Smin greater than 1 when installed with floor splitter plate. 
The trend is contributed by the inception of free surface vortex at S/Smin greater 
than 1. Although the theory behind the minimum inlet submergence Smin is that 
there should be no free surface vortex formed in the sump if the submergence S 
is greater than Smin, this deviation from the theory was contributed by the use of 
false wall in which the flow has been prerotated at the beginning of the sump. The 
prerotation has therefore caused the flow to develop a free surface vortex earlier 
than expected. In the experiment, this situation occurred at S/Smin = 1.15. As the 
swirl angle decreases when S/Smin decreases below 1.15, the reduction effect of the 
floor splitter plate can be observed in the decreasing trend of the swirl angle values. 
Similar to the case of false floor, the swirl angle increases as the submergence ratio 
decreases due to the increasing approach flow velocity at low water levels.

Despite the swirl angle reduction effect of floor splitter plate, the fulfilment 
of the requirement of swirl angle reduction below 5° has not been achieved for 
most of the cases. In the case of false floor, there is no submergence ratio value at 
which the swirl angle has been reduced below 5°; however, for the false wall case, 
the reduction of swirl angle values below 5° can be seen between S/Smin = 1.00 and 
S/Smin = 1.05, i.e. the requirement for all submergence ratios when installed with 
floor splitter plate. This result shows that there is a limiting factor that prevented 
the swirl angle reduction below 5° and that factor lies on the design of the floor 
splitter as suggested by Kang et al. [9].

3.2 Simulation of flow in full-scale pump sump model

The first part of the discussion on the result of simulation of flow in full-scale 
pump sump model is about the vortex elimination by the installation of floor split-
ter plate. The evaluation is based on the vorticity in the y-axis ωy due to its influence 
on the swirling motion of the flow. The value of ωy is normalized by the ratio of 
velocity in the suction pipe and the pipe inner diameter νd/d. Figure 9 shows the 
cross section along x-y plane in which the evaluation of the result in the streamwise 
direction takes place and its corresponding results which are shown in Figure 10.

From Figure 10, it can be observed that the core of the vortex, indicated by the 
high-intensity region extending from the floor towards inside of the pump, has 
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Figure 7. 
Swirl angle values at different submergence ratios for the false floor case.

Figure 8. 
Swirl angle values at different submergence ratios for the false wall case.

3. Results and discussion

3.1 Swirl angle evaluation

Figures 7 and 8 show the distribution of swirl angle values at different submer-
gence ratios in the case of false floor and false wall flow conditioner, respectively. 
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Generally, the installation of floor splitter plate has shown reduction in the swirl angle 
values. The parameter that can be used to characterize the reduction effect of the floor 
splitter plate is the swirl angle reduction factor Rθ which is defined as follows:

   R  θ   =    θ  withoutAVD   _  θ  withAVD      (4)

In this experiment, the average value of Rθ for the false floor case is 1.53, while in 
the false wall case, the average value of Rθ is 1.62. In Figure 7, the swirl angle values 
show a decreasing trend with increasing submergence ratio for S/Smin greater than 1 
when installed with floor splitter plate. This is due to the fact that for S/Smin greater 
than 1, there was only a submerged vortex present in the sump. As the function of 
floor splitter plate is to eliminate submerged vortices, this result proved that the 
installation of floor splitter plate has served the purpose. When S/Smin is decreased 
below 1, the swirl angle values increase with decreasing submergence ratio. The 
inception of free surface vortex at S/Smin below 1 has caused bigger fluctuation in 
swirl angle as can be seen in the larger uncertainties within this region. The higher 
swirl angle values are contributed by the increase in approach flow velocity at lower 
water levels. The floor splitter vortex has shown limited swirl angle reduction effect 
if the submergence ratio is decreased below 1.

In Figure 8, the swirl angle values show a sinusoidal trend with increasing 
submergence ratio for S/Smin greater than 1 when installed with floor splitter plate. 
The trend is contributed by the inception of free surface vortex at S/Smin greater 
than 1. Although the theory behind the minimum inlet submergence Smin is that 
there should be no free surface vortex formed in the sump if the submergence S 
is greater than Smin, this deviation from the theory was contributed by the use of 
false wall in which the flow has been prerotated at the beginning of the sump. The 
prerotation has therefore caused the flow to develop a free surface vortex earlier 
than expected. In the experiment, this situation occurred at S/Smin = 1.15. As the 
swirl angle decreases when S/Smin decreases below 1.15, the reduction effect of the 
floor splitter plate can be observed in the decreasing trend of the swirl angle values. 
Similar to the case of false floor, the swirl angle increases as the submergence ratio 
decreases due to the increasing approach flow velocity at low water levels.

Despite the swirl angle reduction effect of floor splitter plate, the fulfilment 
of the requirement of swirl angle reduction below 5° has not been achieved for 
most of the cases. In the case of false floor, there is no submergence ratio value at 
which the swirl angle has been reduced below 5°; however, for the false wall case, 
the reduction of swirl angle values below 5° can be seen between S/Smin = 1.00 and 
S/Smin = 1.05, i.e. the requirement for all submergence ratios when installed with 
floor splitter plate. This result shows that there is a limiting factor that prevented 
the swirl angle reduction below 5° and that factor lies on the design of the floor 
splitter as suggested by Kang et al. [9].

3.2 Simulation of flow in full-scale pump sump model

The first part of the discussion on the result of simulation of flow in full-scale 
pump sump model is about the vortex elimination by the installation of floor split-
ter plate. The evaluation is based on the vorticity in the y-axis ωy due to its influence 
on the swirling motion of the flow. The value of ωy is normalized by the ratio of 
velocity in the suction pipe and the pipe inner diameter νd/d. Figure 9 shows the 
cross section along x-y plane in which the evaluation of the result in the streamwise 
direction takes place and its corresponding results which are shown in Figure 10.

From Figure 10, it can be observed that the core of the vortex, indicated by the 
high-intensity region extending from the floor towards inside of the pump, has 
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Figure 10. 
Contour plot of ωy/(νd/d) at the location of vortex in x-y plane; (a) without floor splitter plate, (b) with 
floor splitter plate. Dashed circular lines denote pipe diameter.

been eliminated with the installation of floor splitter plate. The vorticity in the 
pipe has also been reduced which can be seen from the contour colors. The velocity 
vectors, which appear to point diagonally to the left indicating a strong swirling 
flow in the pipe, have been straightened in a direction vertically upward towards the 
direction of suction when installed with floor splitter plate.

When observing the cross section in the spanwise direction (in the plane illus-
trated in Figure 11), similar results are presented. Basically the flow that enters the 
pump is divided into two regions, namely the right side and the left side flow, due 
to the geometry of the sump. The flow entrance velocity from the right and the left 
side of the inlet are nearly the same because of the nearly symmetrical positioning 
of the pump. The flow entered the pump in a spiral manner without the installation 
of floor splitter which resulted in vortex formation near to the left side of the pump. 
When installed with floor splitter plate, the flow is reorganized, and therefore the 
spiral motion of the flow has been reduced and hence the vortex eliminated. This 
situation is reflected by the discontinued vortex core shown in Figure 12 with the 
installation of floor splitter plate.

Figure 9. 
Evaluation area in x-y plane of the pump sump model (z = 1600 mm).
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As the main function of floor splitter plate is to eliminate vortices formed at 
the sump floor, an evaluation about the vorticity in the plane at the sump floor is 
necessary. This location is shown in Figure 13. The vortex core is indicated by the 
spiralling streamline under the pump inlet which can be seen in Figure 14 in the 
case without floor splitter plate. As the floor splitter plate was installed, the path 
of the spiral streamline was interrupted by the plate, and therefore the formation 
of vortex was prevented. Due to the suction by the pump, a small vortex attached 
to the side of the floor splitter plate was formed which is inherited from the flow 
without floor splitter plate as shown in Figure 14(b). However, this vortex consti-
tutes a much smaller vortex core diameter (estimated to be less than 0.1D based on 
the scale at the x-axis of the graph) and relatively weak compared to the large vortex 

Figure 11. 
Evaluation area in y-z plane of the pump sump model (x = 15,860 mm).

Figure 12. 
Contour plot of ωy/(νd/d) at the location of vortex in y-z plane; (a) without floor splitter plate, (b) with floor 
splitter plate.
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When installed with floor splitter plate, the flow is reorganized, and therefore the 
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As the main function of floor splitter plate is to eliminate vortices formed at 
the sump floor, an evaluation about the vorticity in the plane at the sump floor is 
necessary. This location is shown in Figure 13. The vortex core is indicated by the 
spiralling streamline under the pump inlet which can be seen in Figure 14 in the 
case without floor splitter plate. As the floor splitter plate was installed, the path 
of the spiral streamline was interrupted by the plate, and therefore the formation 
of vortex was prevented. Due to the suction by the pump, a small vortex attached 
to the side of the floor splitter plate was formed which is inherited from the flow 
without floor splitter plate as shown in Figure 14(b). However, this vortex consti-
tutes a much smaller vortex core diameter (estimated to be less than 0.1D based on 
the scale at the x-axis of the graph) and relatively weak compared to the large vortex 

Figure 11. 
Evaluation area in y-z plane of the pump sump model (x = 15,860 mm).

Figure 12. 
Contour plot of ωy/(νd/d) at the location of vortex in y-z plane; (a) without floor splitter plate, (b) with floor 
splitter plate.
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Figure 13. 
Evaluation area in z-x plane of the pump sump model (y = 10 mm).

Figure 14. 
Contour plot of ωy/(νd/d) at the floor of the sump in z-x plane; (a) without floor splitter plate, (b) with floor 
splitter plate.

(estimated to be about 0.2D) which can be seen in Figure 14(a), and therefore it 
can be considered as nondestructive to the pump impeller.

The next part of the evaluation is about the swirl angle reduction characteristics 
of floor splitter plate installation. For this purpose, an evaluation plane was selected 
at the position comparable to the installation of swirl metre in the experimental 
model. The location of the plane is shown in Figure 15, and its corresponding 
results are displayed in in Figure 16. The flow at the swirl metre location was 
rotational with relatively high velocity components as indicated by the velocity 
vectors. The two visible vorticity regions show the divided inflow field in the pipe 
as explained in the previous paragraph which is considerably high in reference 
to the value of νd/d as shown in Figure 16. With the installation of floor splitter, 
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the magnitude of both vorticity regions is significantly reduced and the resulting 
velocity vectors are also smaller in size compared to the case without floor splitter. 
This indicates that the spiral flow has been dissolved by the floor splitter plate into 
a relatively straight flow and the outcome is consistent with the experimental result 
presented in the previous subsection.

To get a better understanding about the result, a 3D streamline visualization of 
the intake flow in the sump is illustrated for every case as comparison in Figure 18. It 
can be seen that the intake flow was spiral before the installation of floor splitter plate 
and as the floor splitter was installed, the spiral motion of the flow was dissolved and 
went into a relatively straight path. Quantitative values can also be extracted from the 
result to obtain the associated swirl angle values. The approach for the calculation of 
swirl angle from the simulation results is based on the principle of Eq. (1) itself where 
by definition the swirl angle is the angle between the velocity components of the 
intake flow in the axial and tangential direction. From Eq. (1), the term πdn represents 
the tangential velocity component, while the term v represents the axial velocity 

Figure 15. 
Evaluation area at the position of swirl metre in z-x plane of the pump sump model (y = 4250 mm).

Figure 16. 
Contour plot of ωy/(νd/d) at the swirl metre position in z-x plane; (a) without floor splitter plate, (b) with 
floor splitter plate.



Vortex Dynamics Theories and Applications

156

Figure 13. 
Evaluation area in z-x plane of the pump sump model (y = 10 mm).

Figure 14. 
Contour plot of ωy/(νd/d) at the floor of the sump in z-x plane; (a) without floor splitter plate, (b) with floor 
splitter plate.

(estimated to be about 0.2D) which can be seen in Figure 14(a), and therefore it 
can be considered as nondestructive to the pump impeller.

The next part of the evaluation is about the swirl angle reduction characteristics 
of floor splitter plate installation. For this purpose, an evaluation plane was selected 
at the position comparable to the installation of swirl metre in the experimental 
model. The location of the plane is shown in Figure 15, and its corresponding 
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vectors. The two visible vorticity regions show the divided inflow field in the pipe 
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the magnitude of both vorticity regions is significantly reduced and the resulting 
velocity vectors are also smaller in size compared to the case without floor splitter. 
This indicates that the spiral flow has been dissolved by the floor splitter plate into 
a relatively straight flow and the outcome is consistent with the experimental result 
presented in the previous subsection.

To get a better understanding about the result, a 3D streamline visualization of 
the intake flow in the sump is illustrated for every case as comparison in Figure 18. It 
can be seen that the intake flow was spiral before the installation of floor splitter plate 
and as the floor splitter was installed, the spiral motion of the flow was dissolved and 
went into a relatively straight path. Quantitative values can also be extracted from the 
result to obtain the associated swirl angle values. The approach for the calculation of 
swirl angle from the simulation results is based on the principle of Eq. (1) itself where 
by definition the swirl angle is the angle between the velocity components of the 
intake flow in the axial and tangential direction. From Eq. (1), the term πdn represents 
the tangential velocity component, while the term v represents the axial velocity 
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Figure 16. 
Contour plot of ωy/(νd/d) at the swirl metre position in z-x plane; (a) without floor splitter plate, (b) with 
floor splitter plate.
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Figure 18. 
3D streamline plot showing the intake flow in the sump with the seeding of the flow starts at the floor of the 
sump; (a) without floor splitter plate, (b) with floor splitter plate.

Figure 17. 
Swirl angle definition using velocity triangle diagram as shown in Kang et al. [9].

component; both are at the location of the swirl metre used in the experiment. 
Figure 17 shows the velocity triangle diagram which shows the relationship between 
swirl angle and both of the velocity components in a schematic representation.

Based on this approach in Eq. (1), the velocity components in the axial and 
tangential direction were derived from the simulation results. As the result was 
given in vorticity values, the tangential velocity component must be derived from 
the angular velocity which equals to half of the vorticity [10]. The vorticity of the 
flow at the position of the swirl metre is calculated by the integration of the vortic-
ity in the plane and divided by the cross section to obtain the vorticity value per unit 
area. After getting the value of angular velocity, the following correlation is used to 
calculate the tangential velocity:

   ν  t   = r ⋅  ω  y    (5)

The method to derive the value of axial velocity component from the results 
was based on the same principle in which the integral value of axial velocity 
component in the plane was extracted and divided by cross-sectional area of the 
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pipe at the swirl metre location to get the velocity per unit area. The reason of 
performing integration to find the velocity values is that the swirling motion of 
the intake flow in the pipe constitutes a solid body rotation and the swirl angle 
value describes the rotation body as a whole [1], and this is where the integration 
of the velocity across the cross-sectional area becomes the most practical way of 
calculating the swirl angle in the simulation. After obtaining both velocity values, 
the swirl angle was then calculated using the velocity triangle diagram as shown 
in Figure 17.

By following the described procedure, the swirl angle value for the case without 
floor splitter plate installation is 7.58°, while for the case with floor splitter plate, the 
swirl angle value is 4.09°. Although these values are based on average velocities as 
the simulation was conducted in a steady-state simulation and therefore are much 
smaller than the actual swirl angle values, it can be considered as adequate because 
they are used for comparison purpose and not for the determination of absolute 
values. Once again, the results are in agreement with the experimental data. This 
study complements a previous experimental investigation in which the effects of 
floor splitter heights have been analysed [11].

4. Conclusions

A study on the application of vortex control principle at pump intake was 
carried out by using an anti-vortex device type called the floor splitter plate. The 
device was installed in a pump sump model to eliminate vortices formed at the 
intake and reduce the swirling motion in the intake pipe as a method to improve 
pump efficiency in actual applications. Evaluation of the effect was conducted 
based on experimental and numerical approaches. The experimental part 
comprised swirl angle measurement which was performed according to ANSI/
HI 9.8-2018 standard. To complement the results obtained in the experiment, a 
numerical simulation of the flow in a full-scale pump sump was conducted. The 
results showed that the installation of floor splitter plate has successfully eliminated 
the vortex formed at the sump floor and reduced the swirl angle in the intake flow. 
However, the reduction effect was not sufficient to achieve the criteria set in the 
ANSI/HI 9.8-2018 standard which requires the swirl angle to be less than 5°, and 
therefore optimization of the floor splitter plate design is needed. The simulation 
of flow in a full-scale pump sump produced similar findings with the experimental 
results. From the contour and streamline plot, it was found that the immersion of 
the floor splitter plate has disrupted the vortical flow under the pump inlet and 
provided a flow straightening effect to eliminate destructive vortices and reduce 
swirl angle in the pump intake.
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Figure 18. 
3D streamline plot showing the intake flow in the sump with the seeding of the flow starts at the floor of the 
sump; (a) without floor splitter plate, (b) with floor splitter plate.

Figure 17. 
Swirl angle definition using velocity triangle diagram as shown in Kang et al. [9].

component; both are at the location of the swirl metre used in the experiment. 
Figure 17 shows the velocity triangle diagram which shows the relationship between 
swirl angle and both of the velocity components in a schematic representation.

Based on this approach in Eq. (1), the velocity components in the axial and 
tangential direction were derived from the simulation results. As the result was 
given in vorticity values, the tangential velocity component must be derived from 
the angular velocity which equals to half of the vorticity [10]. The vorticity of the 
flow at the position of the swirl metre is calculated by the integration of the vortic-
ity in the plane and divided by the cross section to obtain the vorticity value per unit 
area. After getting the value of angular velocity, the following correlation is used to 
calculate the tangential velocity:
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The method to derive the value of axial velocity component from the results 
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pipe at the swirl metre location to get the velocity per unit area. The reason of 
performing integration to find the velocity values is that the swirling motion of 
the intake flow in the pipe constitutes a solid body rotation and the swirl angle 
value describes the rotation body as a whole [1], and this is where the integration 
of the velocity across the cross-sectional area becomes the most practical way of 
calculating the swirl angle in the simulation. After obtaining both velocity values, 
the swirl angle was then calculated using the velocity triangle diagram as shown 
in Figure 17.

By following the described procedure, the swirl angle value for the case without 
floor splitter plate installation is 7.58°, while for the case with floor splitter plate, the 
swirl angle value is 4.09°. Although these values are based on average velocities as 
the simulation was conducted in a steady-state simulation and therefore are much 
smaller than the actual swirl angle values, it can be considered as adequate because 
they are used for comparison purpose and not for the determination of absolute 
values. Once again, the results are in agreement with the experimental data. This 
study complements a previous experimental investigation in which the effects of 
floor splitter heights have been analysed [11].

4. Conclusions

A study on the application of vortex control principle at pump intake was 
carried out by using an anti-vortex device type called the floor splitter plate. The 
device was installed in a pump sump model to eliminate vortices formed at the 
intake and reduce the swirling motion in the intake pipe as a method to improve 
pump efficiency in actual applications. Evaluation of the effect was conducted 
based on experimental and numerical approaches. The experimental part 
comprised swirl angle measurement which was performed according to ANSI/
HI 9.8-2018 standard. To complement the results obtained in the experiment, a 
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Chapter 8

The Effects of Curved Blade
Turbine on the Hydrodynamic
Structure of a Stirred Tank
Bilel Ben Amira, Mariem Ammar, Ahmad Kaffel,
Zied Driss and Mohamed Salah Abid

Abstract

This work is aimed at studying the hydrodynamic structure in a cylindrical
stirred vessel equipped with an eight-curved blade turbine. Flow fields were mea-
sured by two-dimensional particle image velocimetry (PIV) to evaluate the effect of
the curved blade turbine. Velocity field, axial and radial velocity distribution, root
mean square (rms) of the velocity fluctuations, vorticity, and turbulent kinetic
energy were presented. Therefore, two recirculation loops were formed close to the
free surface and in the bottom of the tank. Moreover, the highest value area of the
vorticity is localized in the upper region of the tank which follows the same
direction of the first circulation loop. The turbulent kinetic energy is maximum at
the blade tip following the trailing vortices.

Keywords: hydrodynamics structure, stirred vessel, curved blade turbine, PIV

1. Introduction

Stirrer geometry and design in a mechanically agitated tank have been studied
over a wide range of design aiming at improving the agitation efficiency. Several
studies which have already been carried out were interested in enhancing the vessel
property, experimentally and numerically. In fact, the experimental study includes
the effect of removal of baffles, the impeller geometrical effects, the number of
blades on energy efficiency, and the impacts of solid concentration and particle size
on power consumption [1]. Mixing time and pattern in the agitated vessel was also
experimentally investigated at various mixing Reynolds numbers [2]. Three types
of impellers generated in different liquid flows as well as their position were used to
investigate their influences on the kinetic parameters in a batch cooling crystallizer
[3]. In addition, particle image velocimetry technique (PIV) was used to carry out
the turbulent flow inside a cylindrical baffled stirred vessel with a set of speed
ranging from 100 to 350 rpm [4]. Ben Amira et al. [5] also studied the hydrody-
namic structure of the flow generated by eight concave blade turbines. Further-
more, PIV technique is also used to estimate the turbulence energy dissipation rate
in a stirred vessel generated by a Rushton turbine [6]. In addition, both experimen-
tal and numerical techniques were developed simultaneously. In fact, Cruz-Díaz
et al. [7] modeled the operation of the FM01-LC reactor coupled with a continuous
stirred tank (CST) in recirculation mode. Li et al. [8] used the large eddy simulation
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and the PIV technique to calculate the velocity field generated by a Rushton turbine.
In-line high shear mixers (HSMs) with double rows of ultrafine inclined stator teeth
were experimentally and numerically investigated under different rotor speeds and
flow rates [9]. Furthermore, computational fluid dynamics (CFD) simulations were
used to investigate the effects of impeller configuration on fungal physiology and
cephalosporin C production by an industrial strain Acremonium chrysogenum in a
bioreactor equipped with conventional and novel impeller configuration, respec-
tively [10]. Navier-Stokes equation in conjunction with the RNG (renormalization
group) of the k-ε turbulent model was used to study the turbulent flow induced by
the six flat blade turbines (FBT6), the Rushton turbine (RT6), and the pitched
blades turbine (PBT6) in a stirred tanks [11]. Finite volume method was employed
to solve the Navier-Stokes equations governing the transport of momentum to
compare four different turbulence models used for numerical simulation of the
hydrodynamic structure generated by a Rushton turbine in a cylindrical tank [12].
Multiple impellers were used in a stirred vessel to form the micro/nano drug parti-
cle in the biopharmaceutical classification system [13].

According to the biography, it is interesting to study the effect of the blade shape
in order to improve the hydrodynamic structure. In this paper, we are interested in
studying the hydrodynamic structure in a cylindrical stirred vessel equipped by an
eight-curved blade turbine.

2. Experimental apparatus

In this study, PIV was used to study the hydrodynamic structure generated with
the convex blade turbine in a stirred vessel. For the particle image velocimetry, the
flow is illuminated by an Nd-YAG 532 nm green pulsed laser source generated in
2 � 30 mJ. The acquisition of the two-dimensional image data was taken with a
CCD camera with 1600 � 1200 pixels of resolutions. The results are obtained for
170 images at three different azimuthally planes. The average diameter of the
seeding particle was equal to dp = 20 μm with 0.15 g of concentration. The cylin-
drical vessel was mounted in a squared vessel to decrease reflection which is filled
by water. The height of the water is equal to the tank diameter (D = 300 mm).
Besides, the turbine diameter is equal to the half of the vessel diameter (T = D/2),
and it is placed in the middle of the tank. Four equally spaced baffles which are
placed 90° far from one another were used. The rotation speed of the turbine is
equal to N = 70 rpm which is equal to a Reynolds of Re = 26,250. The velocity at the
tip of the impeller is equal to Utip = 0.55 m/s. The velocity speed is settled by using
an electrical motor placed at the top of the tank and controlled automatically by the
computer. In addition, the azimuthally plane of the investigation is localized at
θ = 10° from the blade. The angular position between two successive blades is
settled through a position sensor localized near the electrical motor.

Figure 1 shows the different impellers geometry for the one-staged system
namely, flat, concave, and convex blade impeller. Figure 2 shows the staged sys-
tem. In fact, the highest impeller is localized at the third position according to the
free surface, and the lowest one is localized at the third position according to the
bottom. For the first configuration (Figure 2(a)), the flat blade impeller is localized
at the highest position and the concave blade impeller at the bottom (PD8 h, PI8
concave). For the second configuration, the impeller at the bottom is replaced by
the convex impeller (PD8 h, PI8 convex). For the third and the fourth configura-
tions, the flat blade impeller is localized at the bottom, and the highest impeller is
occupied by the concave and the convex blade impeller, respectively (PD8 b, PI8
concave; PD8 b, PI8 convex).
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3. Data analysis

For a given point, the instantaneous velocity components uij in terms of a mean
velocity ui and a temporal fluctuating term u0ij is given as

uij ¼ ui þ u0ij (1)

where i refers to the velocity component r, z, or θ and j refers to the instant at
which the velocity was measured for each acquisition.

The mean velocity is calculated as follows:

ui ¼ 1
Nn

XNn

j¼1

uij (2)

With Nn refers to the snapshot total number. The average of the temporal
fluctuating terms which known as a root mean square (rms) value is given by

ui,rms ¼ u02
ij

� �1=2
¼ 1

Nn

XNn

j¼1

uij‐ui
� �2

0
@

1
A

1=2

(3)

Figure 2.
Staged system.

Figure 1.
One-staged system.
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For two-dimensional velocity data, in the Cartesian coordinate, the turbulent
kinetic energy is equal to

k ¼ 3
4

u02 þ v0
2

� �
(4)

The proper orthogonal decomposition (POD) is obtained by computing the
auto-covariance matrix (R). According to Liné et al. [14], the matrix of instanta-
neous velocity vector data is calculated as

ð5Þ

Nn refers to the number of snapshots, and n refers to total number of the
interrogation area of the whole flow field. The auto-covariance matrix, which is
associated to the fluctuating velocity components for each snapshot, is calculated as
follows:

ð6Þ

Eigenvalues are calculated by solving the Fredholm integral eigenvalue problem
and Karhunen-Loeve analysis:

ðð

Ω

R x, z, x0, z0ð ÞϕKi
�!

x0, z0ð Þdx0dz0 ¼ λkiϕKi
�!

x, zð Þ (7)

where Ki refers to the POD mode and Ω refers to the domain of interest.
The eigenfunction is calculated as follows:

ð8Þ

4. Experimental results

4.1 Velocity field

Figure 3 shows the velocity field of different types of curved blade turbines for
one-staged system. According to these results, two circulation loops were observed,
in which the first one is localized in the upper region of the tank near the free
surface and the second one is localized in the bottom of the tank. A radial jet is
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described at the blade tip. In fact, the velocity has some deviation in the other
azimuthal planes by the effect of the propagation of trailing vortices. The jet flow is
more intensive for the convex blade turbine. For the concave blade, a maximum
velocity is created at the top edge that deviated to the blade tip. Afterward, near the
wall of the vessel, the velocity is divided into the upward and downward flow.
Then, it returns to the shaft to create the circulation loop. As a matter of fact, the
concave configuration produces a larger lowest loop than the other configurations.
Hence, the region located below the impeller (at the bottom of the tank) is more
turbulent than the flat and the convex configurations. Moreover, the distribution of
the turbulent flow at the upper and the downer regions is more similar at the
convex configuration.

The flow distribution of the flat and the curved blade is similar to that presented
by Driss et al. [15] for a laminar flow. In fact, a radial jet is created, and then an axial
flow is obtained by the wall effect. In addition, the flow slows down significantly far
away from the impeller. The shape and the position of the recirculation loops and
the trailing vortices are affected significantly by the blade design [15, 16].

The coordination of the center of the highest loops (zh*, rh*) and the lowest
loops (zb*, rb*) and its radial and the axial extension (zb, rb, zh, rh) are presented in
Table 1.

Figure 3.
Velocity field for one-staged system.

Flat impeller Concave impeller Convex impeller

Highest loops zh* (z/H) 0.78 zh* (z/H) 0.78 zh* (z/H) 0.78

rh* (r/R) 0.76 rh* (r/R) 0.81 rh* (r/R) 0.76

zh (z/H) 0.32 zh (z/H) 0.21 zh (z/H) 0.32

rh (r/R) 0.42 rh (r/R) 0.33 rh (r/R) 0.4

Lowest loops zb* (z/H) 0.32 zb* (z/H) 0.25 zb* (z/H) 0.27

rb* (r/R) 0.72 rb* (r/R) 0.75 rb* (r/R) 0.8

zb (z/H) 0.22 zb (z/H) 0.37 zb (z/H) 0.33

rb (r/R) 0.4 rb (r/R) 0.3 rb (r/R) 0.3

Table 1.
Loop coordination and shape of the one-staged system.
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zh (z/H) 0.32 zh (z/H) 0.21 zh (z/H) 0.32

rh (r/R) 0.42 rh (r/R) 0.33 rh (r/R) 0.4

Lowest loops zb* (z/H) 0.32 zb* (z/H) 0.25 zb* (z/H) 0.27
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zb (z/H) 0.22 zb (z/H) 0.37 zb (z/H) 0.33
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Table 1.
Loop coordination and shape of the one-staged system.
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In addition, the maximum velocity is greater for the convex blade turbine and
weaker for the concave blade turbine due to the interaction between the blade and
the flow that is lower for the convex blade and greater for the concave blade (flat
turbine Umax = 0.22 Utip, concave turbine Umax = 0.18 Utip, convex turbine
Umax = 0.35 Utip).

For the staged system (Figure 4), the flow becomes more turbulent, and the
loops can reach the free surface as the bottom of the tank. In addition, an oblique
flow is created between the two impellers. The highest velocity is produced in the
case of the second configuration (Umax = 40% Utip) (a, Umax = 34.54% Utip; c,
Umax = 32,72% Utip; d, Umax = 32,72% Utip). The position and the shape of the
recirculation loops of each configuration are presented at Table 2.

The combination of inclined blade turbine and flat turbine shows no great
change in terms of acceleration and shape of the recirculation loops. This found
locks similar to that developed by Bereksi et al. [17] for the combination between
the Rushton and the curved blade. In addition, they proved that the gas holdup is
better by the combination between the curved and the Rushton turbine than by the
combination between two Rushton turbines.

4.2 Radial and axial velocity

Figure 5 shows the distribution of the radial velocity component of the curved
blade turbine. According to these results, the highest value region is localized at the

Figure 4.
Velocity field for staged system.

PD8 h, PI8 concave PD8 h, PI8 convex PD8 b, PI8 concave PD8 b, PI8 convex

Highest loops zh* (z/H) 0.78 zh* (z/H) 0.76 zh* (z/H) 0.74 zh* (z/H) 0.82

rh* (r/R) 0.7 rh* (r/R) 0.71 rh* (r/R) 0.7 rh* (r/R) 0.65

zh (z/H) 0.29 zh (z/H) 0.23 zh (z/H) 0.26 zh (z/H) 0.26

rh (r/R) 0.46 rh (r/R) 0.44 rh (r/R) 0.44 rh (r/R) 0.46

Lowest loop zb* (z/H) 0.21 zb* (z/H) 0.25 zb* (z/H) 0.19 zb* (z/H) 0.26

rb* (r/R) 0.74 rb* (r/R) 0.67 rb* (r/R) 0.75 rb* (r/R) 0.7

zb (z/H) 0.33 zb (z/H) 0.32 zb (z/H) 0.24 zb (z/H) 0.36

rb (r/R) 0.46 rb (r/R) 0.46 rb (r/R) 0.43 rb (r/R) 0.47

Table 2.
Loop coordination and shape of the staged system.
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end of the turbine. The bulk region of the tank is described with the lowest value.
The flat blade turbine generates a larger radial velocity. Hence, the area of the
maximum radial velocity is larger than the other configurations. The maximum
radial velocity is spread to reach places farther than the blade, which can be
explained by the ability of the blade shape to generate training vortices. The devel-
opment of the radial velocity component for the concave blade configuration is
closer to the axial turbine. In fact, the maximum velocity area is localized at the top
edge of the blade and spreads to the same direction as the Von Karman vortex
street. The highest value of the radial velocity component is generated by the
convex blade configuration that is equal to umax = 0.35 Utip, whereas it is equal to
umax = 0.15 Utip for the other configurations. However, the maximum value
remained closer to the blade tip. Therefore, it can be seen that the convex shape of
the blade gives the ability to the turbine to move easily within the water and
transmit more velocity while not giving it enough capacity to expand much.

For the staged system (Figure 6), the maximum value of the radial velocity
component is localized between the two blades. This explains the oblique direction
of the velocity field at this region. The largest maximum area is defined at the
association of the concave and the flat turbines that confirm that the maximum
value cannot spread with the convex shape. In addition, the development of the
trailing vortices is not as great as the use of the flat and the concave shapes.
However, the maximum value of the radial velocity component is found for the
second configuration which represents the association of the flat blade at the top
and the convex blade at the bottom (umax = 0.31 Utip). The lowest value is found by
using the concave blade instead of the convex blade, due to the high strain created
by the interaction between the blade and the flow (umax = 0.22 Utip). It can be seen
that the blade at the bottom of the tank has the greatest effect on the flow. In fact,
the maximum value of the radial velocity is almost similar while we use the flat
blade turbine at the bottom (umax = 0.27 Utip).

Figure 7 shows the distribution of the axial velocity component of the curved
blade turbine. According to these results, the highest value region is localized at the
bottom of the tank close to the blade that represents the suction of the flow of the
blade. The second one is localized besides the wall of the tank above the blade at the
same direction with the recirculation loops. Then, two lowest value regions were
presented. In fact, the largest one is localized close to the free surface, while the

Figure 5.
Radial velocity for one-staged system.
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radial velocity is spread to reach places farther than the blade, which can be
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convex blade configuration that is equal to umax = 0.35 Utip, whereas it is equal to
umax = 0.15 Utip for the other configurations. However, the maximum value
remained closer to the blade tip. Therefore, it can be seen that the convex shape of
the blade gives the ability to the turbine to move easily within the water and
transmit more velocity while not giving it enough capacity to expand much.

For the staged system (Figure 6), the maximum value of the radial velocity
component is localized between the two blades. This explains the oblique direction
of the velocity field at this region. The largest maximum area is defined at the
association of the concave and the flat turbines that confirm that the maximum
value cannot spread with the convex shape. In addition, the development of the
trailing vortices is not as great as the use of the flat and the concave shapes.
However, the maximum value of the radial velocity component is found for the
second configuration which represents the association of the flat blade at the top
and the convex blade at the bottom (umax = 0.31 Utip). The lowest value is found by
using the concave blade instead of the convex blade, due to the high strain created
by the interaction between the blade and the flow (umax = 0.22 Utip). It can be seen
that the blade at the bottom of the tank has the greatest effect on the flow. In fact,
the maximum value of the radial velocity is almost similar while we use the flat
blade turbine at the bottom (umax = 0.27 Utip).

Figure 7 shows the distribution of the axial velocity component of the curved
blade turbine. According to these results, the highest value region is localized at the
bottom of the tank close to the blade that represents the suction of the flow of the
blade. The second one is localized besides the wall of the tank above the blade at the
same direction with the recirculation loops. Then, two lowest value regions were
presented. In fact, the largest one is localized close to the free surface, while the
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narrowed one is localized besides the wall of the tank at the bottom. The develop-
ment of the maximum value of the axial velocity component is larger with the
convex blade, which confirms that the recirculation loops associated to the convex
blade are more important according to the other configurations. According to the
velocity field, it can be seen that the recirculation loops associated to the convex
blade are larger than the other configurations that are in conjunction with the
amelioration of the axial velocity component with the convex blade. The highest
maximum axial velocity component is generated by the flat turbine by vmax = 0.22
Utip followed by the concave blade by vmax = 0.16 Utip and by the convex blade by
vmax = 0.15 Utip.

For the staged system (Figure 8), the maximum value of the axial velocity
component is localized at the lowest blade that represents the suction of the flow.
The highest maximum value is produced by the second configuration by vmax = 0.4
Utip. For the first configuration, the highest value is equal to vmax = 0.29 Utip. In
addition, the maximum value of the axial velocity is almost similar while we use the
flat blade turbine at the bottom (vmax = 0.33 Utip).

Figure 6.
Radial velocity for staged system.

Figure 7.
Axial velocity for one-staged system.
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4.3 Rms of velocity fields

Figure 9 shows the root mean square of the velocity field of the curved blade
turbine. The root mean velocity presents the fluctuation of the periodic velocity.
According to these results, the highest value region is localized at the same direction
of the trailing vortices. In fact, for the convex configuration, the fluctuated velocity
is localized close to the blade tip. For the flat blade turbine, the turbulent fluctuation
is propagated to the vessel wall. For the concave blade, the fluctuation is localized at
the upper and the downer edges of the blade. The maximum variability of the flow
occurs due to the trailing vortices following the recirculation loops.

For the staged system (Figure 10), the greatest fluctuation is localized at the
blade that is placed at the bottom of the tank. These fluctuations can be explained
by the suction of the flow from the bottom of the tank. In addition, the maximum
values of the turbulent fluctuations are created between the two blades due to the
interaction between the blades. The fluctuations generated due to the association of
the convex impeller with the flat impeller are narrowed when they are compared to
the association of the concave and the flat impeller. This effect reveals that the

Figure 8.
Axial velocity for staged system.

Figure 9.
Rms velocity for the one-staged system.
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convex blade is not able to create a large fluctuation on the turbulent flow and local
vortices are created.

4.4 Vorticity

Figure 11 shows the vorticity generated with the curved blade turbines.
According to these results, the bulk region of the tank is presented with the medium
vorticity value. For the flat and the concave configurations, the propagation of the
vorticity is larger than the convex blade. The highest value area is localized in the
upper region of the tank which follows the first circulation loop at the same direc-
tion of the von Kármán vortex street. The lowest value area is localized in the
inferior region of the tank which follows the same direction of the second circula-
tion loop. In fact, it has been noted that the highest recirculation loops are more
energetic than the lowest ones. For the convex blade two maximum regions are
created presenting the clockwise and the counterclockwise (CW-CCW) vortex pair
at the blade tip.

For the staged system (Figure 12), the vortical structures are localized at the
region between the two blades at the same direction of the discharge flow of each
blade, which explains the domination of the trailing vortices at the turbulent flow.

Figure 10.
Rms velocity for the staged system.

Figure 11.
Vorticity for the one-staged system.
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4.5 Turbulent kinetic energy

Figure 13 shows the distribution of the turbulent kinetic energy of the curved
blade turbine. The turbulent kinetic energy is dimensionless by the square of the tip
velocity. According to these results, the turbulent kinetic energy is maximum at the
blade tip, and it decreases progressively moving away from the blade. As it was
found in the previous sections, the convex blade dissipates the highest energy in the
flow. The energy produced by the flat blade decreases by 37% and by 27% for the
concave configuration. For the staged system (Figure 14), the maximum turbulent
kinetic energy is localized between the two blades at the same direction as the
trailing vortices. In addition, the turbulent kinetic energy is larger at the association
of the concave blade than the convex blade.

4.6 POD analysis

In this section, we used the decomposition of the flow basing on the eigenvalues.
This method allows to reveal the smallest vortical structure that cannot be seen by
the usual mean flow according to its energetic amount by using the dimensionless
eigenfunction. In fact, many vortices are presented with different sizes and shapes.
For the one-staged system (Figures 15–17), the loop created at the blade tip is the
most energetic. The largest one is obtained from the flat turbine. However, the

Figure 12.
Vorticity for the staged system.

Figure 13.
Dimensionless turbulent kinetic energy distribution of the one-staged system.
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narrowed loop is created by the concave shape, which can be explained by the axial
velocity above the impeller. The clockwise and the counter clockwise (CW-CCW)
vortex pair at the blade tip can be clearly seen at the highest modes that look similar

Figure 14.
Dimensionless turbulent kinetic energy distribution of the staged system.

Figure 15.
POD field for the flat blade.

Figure 16.
POD field for the concave blade.
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to the development of the trailing vortices of the Rushton turbine [18, 19]. The
trailing vortices are more extended by using the concave blade. However, the flow
reaches the bottom of the tank faster by using the convex form.

Figure 18.
POD field for the PDh, PI concave.

Figure 17.
POD field for the convex blade.

Figure 19.
POD field for the PDh, PI convex.
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For the staged systems (Figures 18–21), it can be seen that many vortices are
created at the region localized between the two blades. This region represents the
interaction between the highest and the lowest impeller. Hence, the flow becomes
more energetic that explain the cause of the development of these vortices. The flow
reach the free surface as well as bottom of the tank faster by mounting the flat turbine
at the top of the tank. The trailing vortices become more energetic by using the
combination between the flat blade at the bottom and the convex blade at the top.

The development of the different modes shows that the shoes of the combina-
tion is extremely important and can affect the mixing inside the vessel. Conse-
quently, the combination between impellers can lead to affect the final product in
terms of homogeneity and the cost in terms of the time mixing and power con-
sumption. This found contradicts what has been observed in the study of the mean
velocity field, as it gives almost the same results. In addition, it proves that the mean
flow is not able to show the real behave of the flow.

5. Conclusion

The objective of this paper is to investigate experimentally the hydrodynamic
structure of the curved blade turbine using the particle image velocimetry. Thereby,

Figure 20.
POD field for the PDb, PI concave.

Figure 21.
POD field for the PDb, PI convex.
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several results were evaluated which contain velocity field, axial and radial velocity
distribution, root mean square velocity, vorticity, and the turbulent kinetics energy.
Two circulation loops were presented. The jet flow is more intensive for the convex
blade turbine. However, the concave configuration produces a larger lowest loop
than the other configurations. Hence, the downer region of the tank is more turbu-
lent than the flat and the convex configurations. The maximum radial velocity
generated by the flat blade turbine spreads to reach farther places. This can be
explained by the ability of the blade shape to generate training vortices. The convex
shape of the blade gives the turbine the ability to move easily within the water and
transmit more velocity and energy while not giving it enough capacity to expand
much. In fact, it has been noted that the convex blade is not able to create a large
fluctuation on the turbulent flow and local vortices are created. In addition, it has
been noted that the fluctuation of the flow is dominated by the trailing vortices
more than by the recirculation loops. For the staged system, an oblique flow is
created between the two impellers, and turbulent fluctuations are greater at this
region due to the interaction between the blades.
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Chapter 9

Urban Heat Island Effects in 
Tropical Climate
Luz E. Torres Molina, Sara Morales and Luis F. Carrión

Abstract

This paper reviews some of the characteristics of urban climates and the 
causes and effects of urban heat island (UHI) issues in the tropical climate. UHI 
effect is a kind of heat accumulation phenomenon within the urban areas due 
to urban construction and human activities. It is recognized as the most evident 
characteristic of urban climate. The increase of land surface temperature in San 
Juan, Puerto Rico, caused by the UHI effect was influenced by the change of 
land use and material types in construction. The impacts of daily temperature, 
surface albedo, evapotranspiration (ET), and anthropogenic heating on the 
near-surface climate are discussed. Analyzed data and field measurements 
indicate that increasing albedo and vegetation cover can be effective in reducing 
the surface and air temperatures near the ground. Some mitigation and preven-
tion measures are proposed for the effects of UHI, such as a flash flood warning 
system.

Keywords: urban heat island (UHI), albedo effects, evapotranspiration, 
anthropogenic heat

1. Introduction

When people talk about the climate, the urban heat island (UHI) is not a new 
terminology. This began to be relevant decades ago when the cities began to be 
megacities built without any environmental planning and when the trees and 
grass were converted to concrete and asphalt. According to the United States 
Environmental Protection Agency, an urban heat island is created in developed 
areas where the built surfaces absorb and retain radiation from the sun. The impacts 
of UHI include increased energy consumption, higher concentration of air pollut-
ants, and increase of air temperature level and flash flood.

Temperature is the most significant atmospheric parameter in researches about 
the effects of heat island. Studies have documented that urban areas have air and 
surface temperatures that are, on average, 1.8–5.4°F higher than temperatures in 
surrounding rural areas and there is potential for up to a 22°F difference in more 
extreme situations [1]. According to the Intergovernmental Panel on Climate 
Change (IPCC), global average temperatures have risen by 0.6°C (1.1°F) since 1970 
and can be expected to rise another 1–4°C (1.8–7.2°F) by the end of the twenty-first 
century, depending on future societal practices and the amount of greenhouse 
gas emissions released into the atmosphere. The 2009 US Global Change Research 
Program report entitled “Global Climate Change Impacts in the United States” 
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illustrated that the average mainland US temperature has increased by 1.1°C (2°F) 
since about 1960, precipitation has increased by 5%, and the frequency of heavy 
precipitation has also increased by a factor of two [2].

Another important aspect to be studied is evapotranspiration (ET) because the 
increase of impervious surfaces prevents the movement of air and water which are 
key in the cooling processes of evaporation and transpiration and creates a typical 
“heat urban islands” of warmer temperatures, while the green vegetation in the 
surrounding rural areas better regulate surface temperatures.

This could be evident with the analysis between cities such as San Juan, Puerto 
Rico (urban), and Gurabo, Puerto Rico (rural). A decrease of evapotranspiration 
energy from the rural area to the suburbs and finally to the urban area is expected. 
This change will coincide with a decrease in vegetation coverage. Without the 
immediately available energy outlet of evaporation, urban and suburban areas must 
store more energy during the day. The stored energy is subsequently released to 
the atmosphere at night, primarily through higher radiant emissions and to a lesser 
extent via increased convection [3].

The flash flood is a consequence of an urban heat island effects. Most people 
consider that sudden floods are the product of weather phenomena such as tropical 
waves through even hurricanes. Previous studies have shown that most of flash 
floods are caused by anthropogenic behavior generally named anthropogenic heat, 
which is generated by human activity and comes from many sources, such as build-
ings, industrial processes, and change in land use from pervious to impervious.

2. Local climate

The climate of the Caribbean is characterized as subtropical with relatively dry 
winters and wet summers [4]. The dominant large-scale atmospheric influence on 
the climate is the North Atlantic subtropical high (NAH). The average temperature 
at the San Juan, Puerto Rico, station last year was 80.74°F. Figure 1 shows the 
annual temperature between the years 2000 and 2018 for the months of January 
and September [5]. On the other hand, the amount of rainfall varies considerably 
throughout the study area. Most of the rainfall occurs during the month of August 
with 7.15 inches on average for the last 20 years. The month of February is consid-
ered the dry season with 2.32 inches.

Figure 1. 
San Juan, Puerto Rico, annual temperature (°F) pattern for 2000–2019.
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3. Study locations

The study UHI is based on the premise that significantly warmer surface 
temperatures exist in urban settings as opposed to their surrounding rural areas. To 
make sure that this premise is correct for the Puerto Rico case, seven locations have 
been selected, which cover the island (see Figure 2).

The research began with the use of historical temperature data taken from the 
southeast regional climate center webpage. The website has the advantage of having 
historical data such as temperature and precipitation of at least 50 years. For this 
research, the temperature was the parameter for defining the problem. Data with 
more than five decades were used to study the changes in temperature between the 
urban area and the rural area.

The city of San Juan, Puerto Rico (18.44, −66, geographic coordinates in decimal 
degrees latitude and longitude), is designated as an urban area, and it is the capital 
city of Puerto Rico. The number of residents in the city is declining from 428,800 in 
1957 to 321,000 in 2019. The city designated as a rural area is Gurabo, Puerto Rico 
(18.25, −66, geographic coordinates in decimal degrees latitude and longitude), 
located at 20 km from San Juan, Puerto Rico. In 1957 it was estimated that it had 
16,600 inhabitants, and in 2019 it has 46,000 residents [6].

Figure 3 shows the difference in temperature between urban and rural areas. 
The data was taken from 1957 to 1967 at each station and displays a difference in 
temperature on average of 2.62°F. Furthermore, the same comparative analysis was 
carried out for the years between 2008 and 2018 (see Figure 4). For this case, the 
difference between temperature increases was around 3.46°F.

Stations located in San Juan, Puerto Rico, and Gurabo, Puerto Rico, show that 
both period 1957–1967 and period 2008–2018 temperatures are on the rise in heavily 
urbanized areas where there is a conversion of natural vegetation to urban dwellings.

A NASA study found that in the summer months, the temperature in New York 
was on average 4°C higher than in the surrounding area. Studies from the 1960s 
already pointed to the phenomenon of heat island, but the effect is becoming more 
intense due to climate change.

Another way to verify the existence of heat islands is to make a parallel analysis 
of urban area temperature behavior as it moves away from its center and approaches 
a rural area. As shown in Figure 5, the first station away from the urban location is 

Figure 2. 
Study locations, Puerto Rico.



Vortex Dynamics Theories and Applications

182

illustrated that the average mainland US temperature has increased by 1.1°C (2°F) 
since about 1960, precipitation has increased by 5%, and the frequency of heavy 
precipitation has also increased by a factor of two [2].

Another important aspect to be studied is evapotranspiration (ET) because the 
increase of impervious surfaces prevents the movement of air and water which are 
key in the cooling processes of evaporation and transpiration and creates a typical 
“heat urban islands” of warmer temperatures, while the green vegetation in the 
surrounding rural areas better regulate surface temperatures.

This could be evident with the analysis between cities such as San Juan, Puerto 
Rico (urban), and Gurabo, Puerto Rico (rural). A decrease of evapotranspiration 
energy from the rural area to the suburbs and finally to the urban area is expected. 
This change will coincide with a decrease in vegetation coverage. Without the 
immediately available energy outlet of evaporation, urban and suburban areas must 
store more energy during the day. The stored energy is subsequently released to 
the atmosphere at night, primarily through higher radiant emissions and to a lesser 
extent via increased convection [3].

The flash flood is a consequence of an urban heat island effects. Most people 
consider that sudden floods are the product of weather phenomena such as tropical 
waves through even hurricanes. Previous studies have shown that most of flash 
floods are caused by anthropogenic behavior generally named anthropogenic heat, 
which is generated by human activity and comes from many sources, such as build-
ings, industrial processes, and change in land use from pervious to impervious.

2. Local climate

The climate of the Caribbean is characterized as subtropical with relatively dry 
winters and wet summers [4]. The dominant large-scale atmospheric influence on 
the climate is the North Atlantic subtropical high (NAH). The average temperature 
at the San Juan, Puerto Rico, station last year was 80.74°F. Figure 1 shows the 
annual temperature between the years 2000 and 2018 for the months of January 
and September [5]. On the other hand, the amount of rainfall varies considerably 
throughout the study area. Most of the rainfall occurs during the month of August 
with 7.15 inches on average for the last 20 years. The month of February is consid-
ered the dry season with 2.32 inches.

Figure 1. 
San Juan, Puerto Rico, annual temperature (°F) pattern for 2000–2019.

183

Urban Heat Island Effects in Tropical Climate
DOI: http://dx.doi.org/10.5772/intechopen.91253

3. Study locations

The study UHI is based on the premise that significantly warmer surface 
temperatures exist in urban settings as opposed to their surrounding rural areas. To 
make sure that this premise is correct for the Puerto Rico case, seven locations have 
been selected, which cover the island (see Figure 2).

The research began with the use of historical temperature data taken from the 
southeast regional climate center webpage. The website has the advantage of having 
historical data such as temperature and precipitation of at least 50 years. For this 
research, the temperature was the parameter for defining the problem. Data with 
more than five decades were used to study the changes in temperature between the 
urban area and the rural area.

The city of San Juan, Puerto Rico (18.44, −66, geographic coordinates in decimal 
degrees latitude and longitude), is designated as an urban area, and it is the capital 
city of Puerto Rico. The number of residents in the city is declining from 428,800 in 
1957 to 321,000 in 2019. The city designated as a rural area is Gurabo, Puerto Rico 
(18.25, −66, geographic coordinates in decimal degrees latitude and longitude), 
located at 20 km from San Juan, Puerto Rico. In 1957 it was estimated that it had 
16,600 inhabitants, and in 2019 it has 46,000 residents [6].

Figure 3 shows the difference in temperature between urban and rural areas. 
The data was taken from 1957 to 1967 at each station and displays a difference in 
temperature on average of 2.62°F. Furthermore, the same comparative analysis was 
carried out for the years between 2008 and 2018 (see Figure 4). For this case, the 
difference between temperature increases was around 3.46°F.

Stations located in San Juan, Puerto Rico, and Gurabo, Puerto Rico, show that 
both period 1957–1967 and period 2008–2018 temperatures are on the rise in heavily 
urbanized areas where there is a conversion of natural vegetation to urban dwellings.

A NASA study found that in the summer months, the temperature in New York 
was on average 4°C higher than in the surrounding area. Studies from the 1960s 
already pointed to the phenomenon of heat island, but the effect is becoming more 
intense due to climate change.

Another way to verify the existence of heat islands is to make a parallel analysis 
of urban area temperature behavior as it moves away from its center and approaches 
a rural area. As shown in Figure 5, the first station away from the urban location is 

Figure 2. 
Study locations, Puerto Rico.



Vortex Dynamics Theories and Applications

184

Rio Piedras, located at 6 km; the next station is Trujillo Alto, located at 12 km from 
San Juan, Puerto Rico; and the last is Gurabo, Puerto Rico, considered as a rural area 
located at 20 km from San Juan, Puerto Rico.

Considering the temperature average during the last 55 years in the urban area 
(San Juan, Puerto Rico) for all months, this shows the highest values compared to 
the other stations, during the 12 months of the year. It is observed that the coldest 
months during the period studied are the months of January and February and 
those with the highest temperatures are August and September. The latter matches 
with the peak of the hurricane season, where the temperature on the surface of the 
Atlantic Ocean is at its highest and optimum level for the formation of more power-
ful hurricanes (see Figure 6).

Stations located in San Juan, Puerto Rico, show that both January (minimum) 
and September (maximum) are on the rise in heavily urbanized areas where there 
is a conversion of natural vegetation to urban dwellings. This theory was before 
validated by Gonzalez and Comarazamy in 2009 [7]. Urban data analysis also found 

Figure 3. 
Difference of temperature (°F) between urban and rural areas (1957–1967).

Figure 4. 
The difference of temperature (°F) between urban and rural areas (2008–2018).

185

Urban Heat Island Effects in Tropical Climate
DOI: http://dx.doi.org/10.5772/intechopen.91253

warming in the San Juan, Puerto Rico area, with a trend of 0.09%/year. from 1957 
to 2012. This result was obtained when estimating the delta of change of all the 
months of the year from 1957 to 2012. Figure 7 shows the projection for the warmer 
month (September). Using the 0.09% growth (obtained from 1957 to 2012) and the 
recent data (2000–2019), it is observed that, although there is a difference in some 
years, after each decade this projection must be more accurate.

Figure 5. 
Location of stations: San Juan, Rio Piedras, Trujillo Alto, and Gurabo, Puerto Rico.

Figure 6. 
Average temperature (°F) using data of 55 years in four different stations.

Figure 7. 
San Juan data station (°F) and projection data with 0.09% increase yearly.



Vortex Dynamics Theories and Applications

184

Rio Piedras, located at 6 km; the next station is Trujillo Alto, located at 12 km from 
San Juan, Puerto Rico; and the last is Gurabo, Puerto Rico, considered as a rural area 
located at 20 km from San Juan, Puerto Rico.

Considering the temperature average during the last 55 years in the urban area 
(San Juan, Puerto Rico) for all months, this shows the highest values compared to 
the other stations, during the 12 months of the year. It is observed that the coldest 
months during the period studied are the months of January and February and 
those with the highest temperatures are August and September. The latter matches 
with the peak of the hurricane season, where the temperature on the surface of the 
Atlantic Ocean is at its highest and optimum level for the formation of more power-
ful hurricanes (see Figure 6).

Stations located in San Juan, Puerto Rico, show that both January (minimum) 
and September (maximum) are on the rise in heavily urbanized areas where there 
is a conversion of natural vegetation to urban dwellings. This theory was before 
validated by Gonzalez and Comarazamy in 2009 [7]. Urban data analysis also found 

Figure 3. 
Difference of temperature (°F) between urban and rural areas (1957–1967).

Figure 4. 
The difference of temperature (°F) between urban and rural areas (2008–2018).

185

Urban Heat Island Effects in Tropical Climate
DOI: http://dx.doi.org/10.5772/intechopen.91253

warming in the San Juan, Puerto Rico area, with a trend of 0.09%/year. from 1957 
to 2012. This result was obtained when estimating the delta of change of all the 
months of the year from 1957 to 2012. Figure 7 shows the projection for the warmer 
month (September). Using the 0.09% growth (obtained from 1957 to 2012) and the 
recent data (2000–2019), it is observed that, although there is a difference in some 
years, after each decade this projection must be more accurate.

Figure 5. 
Location of stations: San Juan, Rio Piedras, Trujillo Alto, and Gurabo, Puerto Rico.

Figure 6. 
Average temperature (°F) using data of 55 years in four different stations.

Figure 7. 
San Juan data station (°F) and projection data with 0.09% increase yearly.



Vortex Dynamics Theories and Applications

186

Rosenzweig et al. [8] analyzed the New York city heat island effect model by 
taking six case study areas and tested the mitigation strategies. They found that 
vegetation helps to keep surfaces cool more effectively than increasing the albedo. 
But they suggested that in order to reduce the temperature in New York city, 
replacement of low-albedo materials with high-albedo light-colored materials will 
work great as 64% of the surface area of the city can be replaced easily.

Sailor [9] describes that the urban heat island effect mitigation can be done in 
two ways. One is by increasing the albedo of the urban surface, and the other is by 
increasing evapotranspiration. On the other hand, white materials which have albedo 
greater than 0.60 instead of black materials having albedo of 0.05–0.10 can be used 
as roofing materials. They found that the roof temperature dropped by 25°C for 0.60 
albedo compared to that of 0.20 albedo. More solar radiation could be reflected if the 
road and highway pavements were of high-albedo materials. White cement mixtures 
can be made for which the albedo should be higher than the most reflective gray 
cement mixtures. However, use of high-albedo materials for roads and highway pave-
ment may not be so much effective because of the sky view factor. Even if, it is used, 
some of the reflection will be intercepted by the buildings surrounding it.

4. Evapotranspiration and net radiation

Some of the characteristics can be sorted into the four main causes of heat island 
formation: reduced evapotranspiration, increased heat storage, increased net radia-
tion, and increased anthropogenic heat. The lack of vegetation and increase of surface 
impervious cause a reduction in evapotranspiration. Low solar reflectance and 
increased levels of air pollution foment increases in net radiation. Evapotranspiration 
is energy transmitted away from the Earth’s surface by water vapor, and this is a 
process plants use to keep themselves cool, and it increases when there is more mois-
ture available. On the other hand, net radiation encompasses four separate radiation 
processes taking place at the Earth’s surface. Net radiation = Incoming solar − Reflected 
solar + Atmospheric radiation − Surface radiation. The first term in the equation is 
related with the amount of energy radiating from the sun. This varies in Puerto Rico 
mainly according to the time of the day, the amount of cloud cover, and the atmo-
spheric pollution levels. The second term, reflected solar, is directly related with the 
“albedo,” which is the amount of solar energy that bounces off a surface. The higher 
albedo, the greater is the amount of reflected energy. The third term is heat emitted 
by particles in the atmosphere, such as clouds, pollution, and Sahara dust and the 
last term, surface radiation, is heat radiated from a surface itself. A relatively warmer 
surface radiates more energy to its surroundings, which is the case of San Juan city in 
north Puerto Rico area. In 2002, the north area city had approximately 70% impervi-
ous surface cover, 13% grass area, and 16% tree areas [10].

A comparative study for evapotranspiration and net radiation was successfully 
accomplished, as part of the evidence to determine the heat island effect. Using 
GOES satellite data, the ground level, 1 km resolution net radiation, evapotranspira-
tion, and rainfall parameters became available in Puerto Rico in March 2009 [11]. 
Figure 8 shows that during the last 10 years, evapotranspiration measures have been 
higher in the area designated as rural, the difference between rural and urban is very 
significant, and this evidences a tendency to a separation that increases with time.

In the case of precipitation between the urban and rural areas, using 10-year 
historical data, it is observed that rainfall has been greater in the urban center 
(Figure 9), under conditions of similar land use. It would be assumed that the 
amount of precipitation increases evapotranspiration. But this is not the case when 
there is an UHI phenomenon.
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The earth in natural conditions absorbs rain, which is evaporated by the sun’s 
rays on hot days and released to the atmosphere, cooling the environment. The lack 
of vegetation in the cities contributes to the heat island effect. But in the cities, the 
rain ends up in the sewage systems. The urban centers usually also have few trees. 
Vegetation plays a crucial role due to evapotranspiration.

Another valid theory is that the net radiation collected by an urban setting is 
generally greater than that collected in a rural area. The difference is due to many 
factors, such as, for the Puerto Rico case, lower solar reflectance of urban materials 
and restrictive urban geometries. Another significant factor, even though it occa-
sionally happens, is the pollutant due to Sahara dust. However, the difference in net 
radiation between urban and rural areas is not significant. A possible little difference 
is observed in Figure 10 where the urban area has higher values. During the 10 years 
of study, an average of 0.6656 MJ/m2/day represents the difference in net radiation.

Another main characteristic of the climate is wind speed. Physical character-
istics of urban climate such as tall buildings, paved streets, and parking lots affect 
wind flow. The differences of urban climate and rural climate are attributable in 
large part to the altering of the natural terrain through the construction of artificial 
structures and surfaces. In theory, the center of a city is warmer than the outlying 
areas. Monthly minimum temperature readings at related urban and rural sites 
frequently show that the urban site is 3–4°F warmer than the rural site, for this 
case. Two primary processes influence the formation of this “heat island.” During 
summer, urban masonry and asphalt absorb, store, and reradiate more solar energy 
per unit area than vegetation and soil typical of rural areas. Furthermore, a small 
amount of this energy can be used for evaporation in urban areas, which character-
istically exhibit greater precipitation runoff from streets and buildings. At night, 

Figure 8. 
Evapotranspiration (mm) urban vs. rural data (2009–2019).

Figure 9. 
Rainfall (mm) urban vs. rural data (2009–2019).
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Figure 8. 
Evapotranspiration (mm) urban vs. rural data (2009–2019).
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Rainfall (mm) urban vs. rural data (2009–2019).
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radiative losses from urban buildings and street materials keep the city’s air warmer 
than that of rural areas. For this case, it is important to consider the location of 
the urban site and rural site. San Juan is located on the NE coast of the island of 
Puerto Rico. It is surrounded by waters of the Atlantic Ocean. The climate is tropical 
marine, slightly modified by insular influence when land breezes blow. San Juan is 
representative of most of the coastal localities on the island. That proximity to the 
coast makes wind speeds higher than in the rural area (see Figure 11).

5. Surfaces and materials

Buildings’ volume, orientation, and the aspect ratio of the spaces between them 
affect the exposure of urban surfaces to the solar radiation. The concentration of 
concrete structures without green surfaces between them increases the air tempera-
ture of urban areas. In this case study, the concentration of buildings is significantly 
higher in San Juan than in Gurabo, Puerto Rico (see Figure 12). The gray plots 
indicate the building structures in each city. At a first glance, it is observed that 
there is a greater amount of building structures in the city of San Juan. The city of 
San Juan has three times more building structures than the city of Gurabo. The city 
of San Juan has 127.98 km2 of the surface area of which 15.89 km2 are of building 
structures. On the other hand, the city of Gurabo has 73.22 km2 of the surface area 
of which 3.33 km2 are of buildings.

Figure 10. 
Net radiation urban vs. rural data (2009–2019).

Figure 11. 
Average annual wind speed - urban vs rural area.

189

Urban Heat Island Effects in Tropical Climate
DOI: http://dx.doi.org/10.5772/intechopen.91253

The complex heat exchange between buildings’ mass and adjacent air changes 
the intensity and patterns of airflow in urban canyons where wind patterns are also 
affected by the canyon-like structure of streetscapes surrounded by tall buildings. 
Urban surface materials’ thermal characteristics (specific heat, mass, conductivity, 
and diffusivity), color, texture, and coverage alter heat exchange in urban settings 
and are important to determine UHI.

Some construction materials have properties that tend to exacerbate the heat 
island problem. Two material properties are important to heat storage: thermal 
conductivity and heat capacity. Materials with high thermal conductivity tend to 
conduct heat into their depths. Materials with high heat capacity can store more 
heat in their volume. A combination of these properties, called thermal diffusiv-
ity, is an important indicator of how easily heat can penetrate a material. Thermal 
diffusivity is calculated by dividing a material’s thermal conductivity by its heat 
capacity. Rural areas tend to be composed of materials of lower thermal diffusivity, 
while urban areas have higher diffusivities. This enhances the storage of heat during 
the day and its slow release at night [12].

Thermal diffusivity (mm2/seg) is given by the following relationship:

  α =   k _ 𝜌𝜌C    (1)

where k is thermal conductivity (W/mK), ρ is density (kg/m3), and C is specific 
heat (J/kgK).

Another significant material characteristic is the albedo. Urban areas are consid-
ered with a low albedo, while rural areas are considered with higher albedos. Most 
urban materials reflect less incoming solar energy than materials commonly found 
in rural areas. Figure 13 shows differences of temperature between two widely used 
materials in Puerto Rico, such as asphalt and concrete, at 14:00 hours on a spring day.

The asphalt shows temperatures that reach 61°F, compared to the temperature 
of the concrete that decreases by almost 20°C. This demonstrates that under 
normal conditions, in a country like Puerto Rico where the solar radiation received 

Figure 12. 
Building structures San Juan vs. Gurabo, Puerto Rico.
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throughout the year is constantly high, the roads built on asphalt should be changed 
to another material such as concrete, where heat emissions decrease considerably.

Commonly in urbanized places, two prominent materials have low values of 
solar reflectance: asphalt paving and built-up roofing (black roofs). The prevalent 
use of these materials lowers the overall solar reflectance of communities. Some of 
the characteristics of the materials commonly found in urban and rural areas are 
presented in Table 1, where the specific heat capacity and albedo are important 
features when reference is made to UHI.

In addition to the materials used in structures, road, and roofs, detailed 
computational and wind tunnel study shows that building packing density or 
how packed buildings are erected in a unit area also affects the movements of 
polluted and heated air from the pedestrians’ levels, which eventually affects 
UHI. Reda et al. [13] performed computational fluid dynamics (CFD) simulations 
using OpenFOAM as well as ran experiments using blocks in wind tunnel using 
the Kuala Lumpur City Center, at five different locations representing different 
building densities. The results show that the more packed buildings are spaced, 
the harder for the incoming winds to clear the polluted and heated air trapped 
at low levels. Based on further details of the CFD simulations and atmospheric-
scaled measurements, there are complex interactions such as vortices and large-
scale features in the bulk movements of air and the more static air at near the 
grounds [14].

One of the characteristics of cities with UHI effects is the increase in impervious 
areas, where there is change in land use, i.e., grass or trees have been converted to 
parking lots and roads. These changes have increased flash floods in cities, leading 

Material Thermal diffusivity (mm2/s) Albedo

Asphalt 1.017 0.04

Concrete 0.677 0.22–0.55

Wood 0.26 0.15

Grass — 0.25

Table 1. 
Material characteristics.

Figure 13. 
Asphalt (left) vs. concrete (right) temperatures (°C).
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to major economic disasters and human losses. A personal flood alert system is 
being proposed as a mitigation method for this type of event, and these are shown 
in the following topic.

6. Flood alert system

One of the effects of UHI is flash floods, which is a consequence of the 
increase of the impervious areas. Floods are the most frequent disaster type and 
cause more humanitarian needs than other natural disasters. The use of new 
technologies with higher accuracy, covering areas missed by radars, is important 
for flood warning system efforts and for studying and predicting atmospheric 
phenomena [15]. Almost 90% of all-natural disasters in the United States lead 
to flooding, and 20% of all flooding claims happen in low to moderate flood risk 
areas [16].

This information is important when judging where to live. Home insurance does 
not cover anything that is not attached to the house. Insurance policies for cars, for 
example, that are the most affected by flooding since most of them are outside must 
have specific insurance called comprehensive insurance. This system not only can 
save a family’s pocket and vehicle, but it can also save lives by notifying them of the 
flash flood occurring in the area. In addition, it can help gather information about 
the flood in the area of the disaster.

Many people lose their vehicles due to flash floods at parking lots. A way to avoid 
such disasters is by creating a flood alarm system that detects flood levels from their 
own cars making this alert more specific depending on individual cases. The system 
must be able to do the following: detect and measure water elevation considering 
the type of vehicle and its size. The alarm will function via phone call or text. As 
an alternative method, if there is no signal in the area, the cars’ alarm system will 
alarm the owners instead of a phone call or text. Giving security to any of these two 
methods to notify the affected person.

How the system works is indicated in Figure 14. Once the system detects the 
sudden rise in water level, it will alert the owner through phone call or text. As a 
final step, the owner of the vehicle will move the car to a safer location if it  
is possible.

7. Proposed system

The proposed system alerts the client when the water level is a threat to the vehi-
cle. This system includes a set of sensors that will perceive different measurements 
in water level and vehicle acceleration. If the water level increases to a threatening 
level, it will alert the client via web service through a text message which notifies 
about a sudden flood every 10 seconds. When for any reason there is no signal, the 
system has the option to send a notification so that the vehicle horn starts to go 
off; this functions as another alternative. In case that the car is in motion, it will 
notify the client by an audible notification. The collected data will be used to report 
flooded areas in real time through a web service.

Figure 14. 
Diagram of the process for a flood alert system.
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The system is located inside the car, close to each of its four tires. The Arduino 
will receive data from the accelerometer, ultrasonic, and the GPS module. Once 
the data has been processed, the device will detect if the water level has risen to 
a threatening level. There are two forms of operation. In the first one, when the 
vehicle is moving, the client will be alerted by an audible notification located inside 
the car. And in the second one, if the vehicle is stationary, the client will receive 
a text message sent by the web service. The web service stores the information 
received in our database and will provide information that the client may see from 
their devices. Figure 15 presents interaction of the system, client, and webpage.

This system consists of the following components: ultrasonic sensors, the GSM 
module, and the accelerometer. Each of these components plays an essential part in 
the contraction of this prototype. A breadboard is used as an intermediary for the 
connection from the Arduino mega to each component. An ultrasonic sensor is used 
to measure the distance between the ground or water and the sensor. It contains 
four pins: VCC, trig, echo, and GND. In order to function, it needs a power of 5 V 
which can be found in the Arduino. They emit and receive sound waves in order to 
detect how far the object is. It does not measure the distance, but rather the time of 
emission and receiving [17].

A GSM module’s operating voltage is between 3.4 and 4.4 V, and an external 
battery must be used to supply the power to the module. This module includes an 
individual antenna called helical antenna that is connected such as a button and a 
net pin. In addition, at the back of the module is a micro SIM card slot. The module 
is used to connect to the cellular network in order to notify the owner of the vehicle 
via email, website, or text message. The module has an LED light that indicates 
the status of the cellular network. When blinking every 1 second, the module is 
running and looking for a network, when blinking every 2 seconds the GPRS data 
connection requested is active, and for every 3 seconds, the module has successfully 
connected to the network. To make the module work, it is necessary to connect the 
pins accordingly such as in Figure 16 since the module only handles 3.4–4.4 V.

Figure 15. 
Interaction of the system, client, and webpage.
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An accelerometer is used to detect if the car is in motion. It works by sensing 
the acceleration of gravity [18]. This sensor has several pins. For this case four were 
used: the VCC, which needs 3.3 V to be powered, GND, serial clock line (SCL), 
and serial data line (SDA). Figure 17 shows the interaction of the devices. The car 
battery shall be connected to a voltage regulator next to the Arduino in order to 
protect it. The Arduino is connected to the sensors that are responsible for obtain-
ing the readings for when the water level is rising. It will also have an accelerometer 
connected in order to know when the car is in movement. There will also be a GPS 
module (to recognize the coordinates of the vehicle), an alarm (to notify the client 
when the car is moving), and a GSM module (to be able to send a message of the 
coordinates to an email for the web service to extract its information and process 
the data to store it in the database).

Once the accelerometer detects that the car is not in motion, the ultrasonic sen-
sors start measuring the distance between the ground and itself. If there is a sudden 
rise in water level, using conditions established in the program, the ultrasonic 
sensors detect it, and the GSM module will send a warning message to notify of the 
sudden rise.

Figure 16. 
Circuit assembly for GSM module.

Figure 17. 
Devices schematic diagram and interactions.
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a text message sent by the web service. The web service stores the information 
received in our database and will provide information that the client may see from 
their devices. Figure 15 presents interaction of the system, client, and webpage.

This system consists of the following components: ultrasonic sensors, the GSM 
module, and the accelerometer. Each of these components plays an essential part in 
the contraction of this prototype. A breadboard is used as an intermediary for the 
connection from the Arduino mega to each component. An ultrasonic sensor is used 
to measure the distance between the ground or water and the sensor. It contains 
four pins: VCC, trig, echo, and GND. In order to function, it needs a power of 5 V 
which can be found in the Arduino. They emit and receive sound waves in order to 
detect how far the object is. It does not measure the distance, but rather the time of 
emission and receiving [17].

A GSM module’s operating voltage is between 3.4 and 4.4 V, and an external 
battery must be used to supply the power to the module. This module includes an 
individual antenna called helical antenna that is connected such as a button and a 
net pin. In addition, at the back of the module is a micro SIM card slot. The module 
is used to connect to the cellular network in order to notify the owner of the vehicle 
via email, website, or text message. The module has an LED light that indicates 
the status of the cellular network. When blinking every 1 second, the module is 
running and looking for a network, when blinking every 2 seconds the GPRS data 
connection requested is active, and for every 3 seconds, the module has successfully 
connected to the network. To make the module work, it is necessary to connect the 
pins accordingly such as in Figure 16 since the module only handles 3.4–4.4 V.

Figure 15. 
Interaction of the system, client, and webpage.
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An accelerometer is used to detect if the car is in motion. It works by sensing 
the acceleration of gravity [18]. This sensor has several pins. For this case four were 
used: the VCC, which needs 3.3 V to be powered, GND, serial clock line (SCL), 
and serial data line (SDA). Figure 17 shows the interaction of the devices. The car 
battery shall be connected to a voltage regulator next to the Arduino in order to 
protect it. The Arduino is connected to the sensors that are responsible for obtain-
ing the readings for when the water level is rising. It will also have an accelerometer 
connected in order to know when the car is in movement. There will also be a GPS 
module (to recognize the coordinates of the vehicle), an alarm (to notify the client 
when the car is moving), and a GSM module (to be able to send a message of the 
coordinates to an email for the web service to extract its information and process 
the data to store it in the database).

Once the accelerometer detects that the car is not in motion, the ultrasonic sen-
sors start measuring the distance between the ground and itself. If there is a sudden 
rise in water level, using conditions established in the program, the ultrasonic 
sensors detect it, and the GSM module will send a warning message to notify of the 
sudden rise.

Figure 16. 
Circuit assembly for GSM module.

Figure 17. 
Devices schematic diagram and interactions.
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The software of the program consists of conditions based on thresholds, dis-
tances, and a counter. The first question is whether the vehicle is moving. This is 
where the accelerometer detects its movement using the Cartesian plane of x, y, 
and z. In the process diagram, in Figure 18, the first step is to detect if the water 
level is high. If the level is low, it shall keep checking if there is any change. If not, 
the vehicle shall proceed to check if the vehicle is in motion. If the car is in motion, 
then the text message alert will be disabled, and the client will be alerted through an 
audible notification. On the contrary, a text message will alert the client. Once the 
movement is detected, and the condition is established, a text message will be sent to 
the web server email containing the coordinates. The data is processed, and the web 
service extracts the coordinates from the email. After extracting the coordinates, a 
signal is made on the map shown on the web site where there are flooding areas.

8. Conclusion

Based on historical data and remote sensing technology, research on atmo-
spheric characteristics and environmental effects of UHI has been conducted in 
the city of San Juan, Puerto Rico, providing a theoretical reference that evidenced 
the increment of UHI in the capital city. Based on analyses of temperature, solar 
radiation, evapotranspiration, and albedo data, it was found that the city of San 
Juan, Puerto Rico, is the most representative zone where the UHI is present in the 
last 20 years. The consequences of this effect have increased more rapidly in the last 
10 years. In conclusion using high-albedo materials and pavements, having green 
vegetation and green roofs, implementing urban planning, and preserving pervi-
ous pavements, shade trees, and water bodies in city areas are the potential UHI 
mitigation strategies [19]. When urban planning is mentioned, a flood alert system 
is included. This paper represents the first time that water level technology has been 
used for hydrologic analyses, specifically for flash floods which are events caused by 

Figure 18. 
System work diagram.
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UHI. The proposed system sends flood SMS alerts to the inhabitant of such zones 
for necessary action. The flood monitoring system can be expanded to cover a wider 
area than the one under study due to the protocol capabilities. In addition, this 
model can be used in flash floods, parking lots, streets prone to flooding, and other 
zones with a high probability of flood. Furthermore, UHI effects that develop in the 
city were also discussed, and through strategies such as the improvement of energy 
efficiency, urban landscape optimization, green roof construction, high reflectivity 
material utilization, and green land cultivation, UHI effects could be significantly 
mitigated.
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Chapter 10

The Effect of Liquid Viscosity on
the Rise Velocity of Taylor Bubbles
in Small Diameter Bubble Column
Olumayowa T. Kajero, Mukhtar Abdulkadir,
Lokman Abdulkareem and Barry James Azzopardi

Abstract

The rise velocity of Taylor bubbles in small diameter bubble column was mea-
sured via cross-correlation between two planes of time-averaged void fraction data
obtained from the electrical capacitance tomography (ECT). This was subsequently
compared with the rise velocity obtained from the high-speed camera, manual time
series analysis and likewise empirical models. The inertia, viscous and gravitational
forces were identified as forces, which could influence the rise velocity. Fluid flow
analysis was carried out using slug Reynolds number, Froude number and inverse
dimensionless viscosity, which are important dimensionless parameters influencing
the rise velocity of Taylor bubbles in different liquid viscosities, with the parame-
ters being functions of the fluid properties and column diameter. It was found that
the Froude number decreases with an increase in viscosity with a variation in flow
as superficial gas velocity increases with reduction in rise velocity. A dominant
effect of viscous and gravitational forces over inertia forces was obtained, which
showed an agreement with Stokes law, where drag force is directly proportional to
viscosity. Hence, the drag force increases as viscosity increases (5 < 100 < 1000
< 5000 mPa s), leading to a decrease in the rise velocity of Taylor bubbles. It was
concluded that the rise velocity of Taylor bubbles decreases with an increase in
liquid viscosity and, on the other hand, increases with an increase in superficial gas
velocity.

Keywords: structure velocity, cross-correlation, drag force, dimensionless number,
electrical capacitance tomography

1. Introduction

Slug flow is characterized by Taylor bubbles, which has large pockets of bullet
shaped bubbles occupying almost the entire cross-section of the column. The Taylor
bubble is surrounded by a thin film of liquid, and below, it is the liquid slugs, which
are agglomerate of small bubbles. Zukoski [1], Tomiyama et al. [2] and Mandal and
Das [3] described the Taylor bubble length to exceed 1.5 times of the tube diameter
or its diameter is greater than 60% of the tube diameter. The rise velocity of a single
isolated Taylor bubble is dependent on inertia and drag forces [4]. A number of
parameters affect the rise velocity of Taylor bubbles through a stagnant liquid; such
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parameters include density of liquid, surface tension of liquid, liquid viscosity,
acceleration due to gravity, diameter of bubbles etc. [5]. Mao and Dukler [6]
explained that in a situation whereby the liquid is flowing, the rise velocity of a
Taylor bubble must depend on the velocity of the liquid flowing upstream as well as
the rise due to buoyancy. A typical example of bubble rising through a stagnant
liquid as taken from a high-speed video camera (from the current study) is shown
in Figure 1.

1.1 Background

The rise velocity of Taylor bubbles is otherwise known as structure velocity. It
can also be defined as the velocity of periodic structures in the slug [7, 8]. Some
researchers have carried out studies on the rise velocity of Taylor bubbles through
stagnant liquid. Mao and Dukler [9] from their experimental results explained that
for a wide range of viscosity and surface tension, the rise velocity can be expressed
in terms of a constant Froude number.

Fr ¼ UNffiffiffiffiffiffiffi
gD

p ¼ constant (1)

Hence, the rise velocity of Taylor bubble is given as:

UN ¼ Fr
ffiffiffiffiffiffiffi
gD

p
(2)

where g is the acceleration due to gravity and D is the diameter of the tube.
The rise velocity of Taylor bubbles in stagnant liquids was first studied by

Dumitrescu [10] and Davies and Taylor [11] in which observed bubbles were of
characteristics shape referred to as Dumitrescu or Taylor bubbles. Griffith and
Wallis [12] eventually proposed the name as Taylor bubbles. Dumitrescu [10]
carried out a study on the rise velocity of bubbles using water in a vertical tube
and it was established both theoretically and experimentally that the bubble
velocity was:

UN ¼ 0:35
ffiffiffiffiffiffiffi
gD

p
(3)

This is synonymous to the proposition of Mao and Dukler [9], where Froude’s
number is given as 0.35.

Dumitrescu [10] assumed that the bubble would have a spherical nose, solving
simultaneously the flow around the bubble and the asymptotic film which eventu-
ally led to the bubble velocity [13] given as Eq. (3).

Figure 1.
A single Taylor bubble rising through a stagnant silicone oil liquid (viscosity, 1000 mPa s).
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Davies and Taylor [11] gave the bubble velocity as:

UN ¼ 0:328
ffiffiffiffiffiffiffi
gD

p
(4)

after solving the problem using different assumptions.
Nicklin et al. [7] later postulated that the Davies and Taylor [11] solution was not

unique but should tend to the limiting value given as:

UN ¼ 0:346
ffiffiffiffiffiffiffi
gD

p
(5)

Eqs. (3) and (4) proposed by Dumitrescu [10] and Davies and Taylor [11],
respectively, assume that the Taylor bubble was obtained from a gas of zero density
[13]. Neal [14] proposed that if the bubble density is significant, the bubble velocity
is given as:

UN ¼ c

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gD

Δρ
ρL

� �s
(6)

where c is approximately 0.35, Δρ ¼ ρL � ρG, ρL and ρG are the liquid and gas
densities respectively.

Brown [15] from his experimental studies found that the solutions of
Dumitrescu [10] and Davies and Taylor [11] were not suitable for high viscosity
liquids, that they only describe the behaviour of gas bubbles in low viscosity liquids
[13]. So, Brown [15] gave the bubble velocity as:

UN ¼ 0:35
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g D� 2δoð Þ

q
(7)

where δo ¼ D
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þNLB

p �D
NLB

(8)

and

NLB ¼ 14:5ρ2LD
3g

μ2L

� �
(9)

where NLB is the liquid viscosity number and μL is the liquid viscosity.
Zukoski [1] proposed an expression for velocity of large bubbles in a closed

horizontal pipe with large diameter (neglecting surface tension effects) given as:

UN ¼ 0:54
ffiffiffiffiffiffiffi
gD

p
(10)

where the Froude number is 0.54.
A correlation for the bubble rise velocity was proposed by Griffith and Wallis

[12] based on the studies on vertical slug flow given as:

UN ¼ USG þUSLð Þ þ K1:K2
ffiffiffiffiffiffiffi
gD

p
(11)

where USG and USL are the superficial gas and liquid velocities respectively, and
K1 = 0.35.

They investigated the effect of different velocity profiles in the liquid slug by
varying K2 [16].

Nicklin et al. [7] from their vertical slug experiments proposed the rise velocity
of a Taylor bubble in the liquid in a vertical tube as:
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number is given as 0.35.

Dumitrescu [10] assumed that the bubble would have a spherical nose, solving
simultaneously the flow around the bubble and the asymptotic film which eventu-
ally led to the bubble velocity [13] given as Eq. (3).

Figure 1.
A single Taylor bubble rising through a stagnant silicone oil liquid (viscosity, 1000 mPa s).
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Davies and Taylor [11] gave the bubble velocity as:

UN ¼ 0:328
ffiffiffiffiffiffiffi
gD

p
(4)

after solving the problem using different assumptions.
Nicklin et al. [7] later postulated that the Davies and Taylor [11] solution was not

unique but should tend to the limiting value given as:

UN ¼ 0:346
ffiffiffiffiffiffiffi
gD

p
(5)

Eqs. (3) and (4) proposed by Dumitrescu [10] and Davies and Taylor [11],
respectively, assume that the Taylor bubble was obtained from a gas of zero density
[13]. Neal [14] proposed that if the bubble density is significant, the bubble velocity
is given as:

UN ¼ c

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gD

Δρ
ρL

� �s
(6)

where c is approximately 0.35, Δρ ¼ ρL � ρG, ρL and ρG are the liquid and gas
densities respectively.

Brown [15] from his experimental studies found that the solutions of
Dumitrescu [10] and Davies and Taylor [11] were not suitable for high viscosity
liquids, that they only describe the behaviour of gas bubbles in low viscosity liquids
[13]. So, Brown [15] gave the bubble velocity as:

UN ¼ 0:35
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g D� 2δoð Þ

q
(7)

where δo ¼ D
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þNLB

p �D
NLB

(8)

and

NLB ¼ 14:5ρ2LD
3g

μ2L

� �
(9)

where NLB is the liquid viscosity number and μL is the liquid viscosity.
Zukoski [1] proposed an expression for velocity of large bubbles in a closed

horizontal pipe with large diameter (neglecting surface tension effects) given as:

UN ¼ 0:54
ffiffiffiffiffiffiffi
gD

p
(10)

where the Froude number is 0.54.
A correlation for the bubble rise velocity was proposed by Griffith and Wallis

[12] based on the studies on vertical slug flow given as:

UN ¼ USG þUSLð Þ þ K1:K2
ffiffiffiffiffiffiffi
gD

p
(11)

where USG and USL are the superficial gas and liquid velocities respectively, and
K1 = 0.35.

They investigated the effect of different velocity profiles in the liquid slug by
varying K2 [16].

Nicklin et al. [7] from their vertical slug experiments proposed the rise velocity
of a Taylor bubble in the liquid in a vertical tube as:

201

The Effect of Liquid Viscosity on the Rise Velocity of Taylor Bubbles in Small Diameter Bubble…
DOI: http://dx.doi.org/10.5772/intechopen.92754



UN ¼ Co USG þ USLð Þ þUo (12)

where Uo is the translational velocity in a stagnant liquid or velocity of bubble
propagating into stagnant liquid, given as:

Uo ¼ 0:35
ffiffiffiffiffiffiffi
gD

p
(13)

where Co is the distribution coefficient which is close to 1.2 for fully developed
turbulent flow (low viscous liquid e.g. water) and close to 2 for laminar flow (high
viscous liquid e.g. 1000 mPa s silicone oil) [7, 17–19].

From the experimental work reported by Sylvester [20], the rise velocity of
Taylor bubble was presented as:

UN ¼ Co USG þ USLð Þ þC1
gD ρL � ρGð Þ

ρL

� �1=2
(14)

where D is the pipe diameter. They proposed Co and C1 to be 1.2 and 0.35,
respectively.

From the experiment carried out by Bendiksen [21] in a vertical tube with
flowing liquid, the distribution coefficient, Co was obtained to be 1.2 for Reynold’s
number in the range 5000–110,000, i.e. low viscous liquid.

Nicklin et al. [7] interpreted their equation as:
Rise velocity of Taylor bubble (structure velocity) is equal to the velocity of the

liquid at the tip of the bubble nose plus the rise velocity of bubble in a stagnant
liquid (translational velocity).

Mao and Dukler [6] called this effective upstream velocity (rise velocity of
Taylor bubble), the centreline velocity of the liquid.

White and Beadmore [22] carried out an experimental investigation on the rise
velocity of Taylor bubbles through liquids in a vertical tube using three dimension-
less parameters: Froude number, Fr, Eotvos number, Eo and Morton number,Mo. A
recent review on vertical gas–liquid slug flow which highlights previous works on
the rise velocity of Taylor bubbles is provided by Morgado et al. [23]. They
discussed experimental, theoretical and numerical methods of investigating the rise
velocity of Taylor bubbles, where the so-called numerical methods involve the use
of empirical correlations. The limitations of these studies that have been addressed
in the current study include (1) low range of liquid viscosities and more emphasis
on low viscosities rather than high viscosities, (2) consideration of column or pipe
diameter greater than 50 mm, (3) limited exploration of the effect of forces such as
surface tension, inertia, gravitational and viscous forces acting on Taylor bubble,
(4) limited exploration of the relationship between fluid dimensionless parameters
and the Taylor bubble rise velocity, and (5) detailed comparison between different
methods for obtaining the Taylor bubble rise velocity.

The rising Taylor bubble in a stagnant liquid as observed from the high-speed
camera and ECT instrument 3D image (from current study) can be seen in Figure 2.

1.2 Fluid flow studies using dimensionless numbers

A significant number of dimensionless parameters have been identified to be of
relevance in fluid flow studies. Examples of such include bond number, capillary
number, drag coefficient, Froude number, inverse dimensionless viscosity, Reyn-
olds number and Weber number to mention a few. In this study, the Reynolds
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number, inverse dimensionless viscosity and Froude number were used to analyse
the experimental results to clearly explain the effect of liquid viscosity on structure
velocity.

1.2.1 Reynolds number, Re

The Reynolds number gives a measure of the ratio of inertia forces to viscous
forces. Hence, it can be used to depict the competitive interplay between the effect
of inertia forces and viscous forces [24].

Reynolds number, Re ¼ Inertia forces
Viscous forces

(15)

Reynolds number can also be used to characterize flow regimes into laminar or
turbulent flow. The occurrence of laminar flow is at low Reynolds number in which
viscous forces dominate. This is characterized by smooth, constant fluid motion.
Turbulent flow on the other hand is at high Reynolds numbers which is associated
with chaotic eddies, vortices and other flow instabilities [25].

The slug Reynolds number which is the Reynolds number of the rising slug in
the gas–liquid mixture [26–28] is expressed as:

Re ¼ ρUMD
μ

(16)

where μ = dynamic viscosity of the fluid, ρ = density of the fluid,D = diameter of
column and UM is the mixture velocity [26, 29].

Figure 2.
Rising Taylor bubble from (a) high speed camera and (b) ECT instrument for 1000 mPa.s silicone oil at
0.361 m/s gas superficial velocity.
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camera and ECT instrument 3D image (from current study) can be seen in Figure 2.

1.2 Fluid flow studies using dimensionless numbers

A significant number of dimensionless parameters have been identified to be of
relevance in fluid flow studies. Examples of such include bond number, capillary
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number, inverse dimensionless viscosity and Froude number were used to analyse
the experimental results to clearly explain the effect of liquid viscosity on structure
velocity.

1.2.1 Reynolds number, Re

The Reynolds number gives a measure of the ratio of inertia forces to viscous
forces. Hence, it can be used to depict the competitive interplay between the effect
of inertia forces and viscous forces [24].

Reynolds number, Re ¼ Inertia forces
Viscous forces

(15)

Reynolds number can also be used to characterize flow regimes into laminar or
turbulent flow. The occurrence of laminar flow is at low Reynolds number in which
viscous forces dominate. This is characterized by smooth, constant fluid motion.
Turbulent flow on the other hand is at high Reynolds numbers which is associated
with chaotic eddies, vortices and other flow instabilities [25].

The slug Reynolds number which is the Reynolds number of the rising slug in
the gas–liquid mixture [26–28] is expressed as:

Re ¼ ρUMD
μ

(16)

where μ = dynamic viscosity of the fluid, ρ = density of the fluid,D = diameter of
column and UM is the mixture velocity [26, 29].

Figure 2.
Rising Taylor bubble from (a) high speed camera and (b) ECT instrument for 1000 mPa.s silicone oil at
0.361 m/s gas superficial velocity.
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1.2.2 Inverse dimensionless viscosity, N f

According to Lu and Prosperetti [30], the inverse dimensionless viscosity is
directly proportional to the fourth root of the Eotvos number raised to a power of
three and inversely proportional to the fourth root of the Morton number. Morton
number, Mo is used alongside with Eotvos number, Eo to characterize the shape of
bubbles or drops moving in a surrounding fluid or continuous phase.

The inverse dimensionless viscosity is given as:

Nf ¼ E3
o

Mo

� �1=4

(17)

where Morton number is given as:

Mo ¼ gμ4L
ρgσ

3
L

(18)

Eotvos number is given as:

Eo ¼ ρgD
σL

(19)

1.2.3 Froude number

Apart from the effect of viscous force, gravitational force also affects the rise
velocity of Taylor bubble through the liquid. Froude number is a dimensionless
parameter which gives a relationship between inertia and gravitational forces. It
describes different flow regimes of open channel flow as in the case of the bubble
column in this study.

The slug Froude number [31] is given as Eq. (1). Llewellin et al. [5] called the
Froude number a dimensionless velocity.

2. Experimental arrangements

The bubble column experimental set-up consists of a 50 mm internal diameter
and 1.6 m long perspex column in a vertical orientation. At the bottom of the
column is a single nozzle gas distributor through which gas is introduced into the
column. A phantom high-speed camera was used to obtain the video of the gas–
liquid flow in the column. A frame rate of 1000 pictures per second (pps) and
exposure time of 100 μs was used. The geometry specified from the high-speed
camera setting gives the image width by image height as 512 by 512 pixel.

Fitted midway to the column is the twin-planes electrical capacitance tomogra-
phy (ECT) sensor with an interplanar spacing of 30 mm. The 8-electrode system
consists of measurement and driven guard electrodes, which is connected to the
electrical capacitance tomography processor box, TFLR 5000–20. This sensor elec-
tronics gives 28 measurements which are relayed to the computer where image
reconstruction occurs, and the data are acquired and processed to obtain the liquid
holdup (which is the fraction of liquid in the gas-liquid mixture). The void fraction
otherwise known as gas holdup is hence obtained from this.

The ECT is located about 0.7 m above the nozzle, while the liquid level is located
about 0.095 m above the ECT sensor. On injecting the gas, the gas flows into the
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bubble column through the single nozzle gas injector with an orifice diameter of
6.8 mm. A range of silicone oil with viscosities 5, 100, 1000 and 5000mPa s was used.

The liquid holdup obtained from the ECT was used to obtain the structure
velocity (rise velocity of Taylor bubbles) via cross-correlation between two
planes—plane 1 and plane 2 putting into consideration the distance between the two
planes, 30 mm. The ECT sensor used is shown in Figure 3.

Further details of the experimental arrangements are given in Kajero et al. [32, 33].

3. Rise velocity of Taylor bubbles

In this study, the rise velocity of Taylor bubbles was obtained from ECT (via
cross-correlation between signals from planes 1 and 2 as shown in Figure 3), man-
ual time series analysis and the high-speed camera. This rise velocity of Taylor
bubbles is also referred to as structure velocity which is from the Taylor bubble
periodic structures velocity at real-time measurements.

3.1 Cross-correlation

Correlation is the measure of the degree of linear relationship between two
variables. Cross-correlation is a statistical method of estimating the degree to which
two variables (in this case, time series data sets) are correlated.

The structure velocity was computed from the cross-sectional time averaged void
fraction data measured by the ECT for both planes 1 and 2. The cross-correlation
between the signals obtained from the two planes gave the structure velocity.

Given two functions x tð Þ and y tð Þ, the cross-correlation function, Rxy τð Þ
between them is given as:

Rxy τð Þ ¼ lim
T!∞

1
T

ðT

0

x tð Þy t þ τð Þdτ (20)

The correlation coefficient function is expressed as:

ρxy τð Þ ¼ Cxy τð Þffiffiffiffiffiffiffiffi
Cxx

p
0ð ÞCyy 0ð Þ ¼

Rxy τð Þ � μxμyffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Rxx 0ð Þ � μ2x
� �

Ryy 0ð Þ � μ2y

� �r (21)

Figure 3.
The twin-plane ECT sensor used.
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bubble column through the single nozzle gas injector with an orifice diameter of
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where τ is the time delay, T is the record length (period), Cxy τð Þ is the cross-
covariance function, Cxx 0ð Þ andCyy 0ð Þ are auto-covariance functions for x and y,
respectively when time delay is zero, μx and μy are mean of the corresponding
series, and Rxx 0ð Þ and Ryy 0ð Þ are the auto-correlation functions at a time delay of
zero [34].

In this experimental work, the two functions x tð Þ and y tð Þ are time series data of
planes 1 and 2, respectively.

The important parameters required for the computation of structure velocity
using cross-correlation include:

a. Void fraction data for planes 1 and 2.

b. Number of data points.

c. Sampling frequency of data.

d. Distance between two planes (planes 1 and 2).

The time taken for the bubbles to travel between the two planes is calculated
which then leads to the calculation of the structure velocity. This is done via an
Excel Visual Basic Macro program used for the analysis of the time series data [35].

The time series, upstream and downstream with the corresponding correlation
are shown in Figure 4. The time delay which is the time taken for the signal to
travel between the two planes 1 and 2 is in the interval � 1≤ τ ≤1, where τ is the
time delay.

Figure 4 indicates periodic structures of short slugs defined as advanced form of
spherical cap bubbles gradually developing into clearly distinct slugs. These periodic
structures are identified to be void waves in Taylor bubbles and liquid slugs in slug
flow. Cross correlation of the time series data from the two axial locations can give

Figure 4.
Time series upstream and downstream for 5 mPa s silicone oil at a superficial gas velocity of 0.02 m/s.
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the transit time (or time lag) which when used with the distance between the two
planes leads to the calculation of the mean velocity for the slug structure.

From Figure 5, the y-axis on the cross-correlation plot is the correlation coeffi-
cient. This is in the range of �0.3 to +0.9 (though generally falls between �1 and
+1). There could be perfect positive correlation (correlation coefficient of +1) or
perfect negative correlation (correlation coefficient of �1). A positive correlation
indicates that if a signal moves either up or down, the other signal will move in the
same direction, while for a negative correlation, if a signal moves either up or down,
the other signal will move by an equal amount in the opposite direction. When the
correlation is 0, the movement of the signals gives no correlation and is completely
random.

The mean velocity for the slug structure can hence be defined as distance
between centres of measurement electrodes for two planes divided by the time
delay [36–38].

Figure 5.
Cross-correlation results for 5 mPa s silicone oil at a superficial gas velocity of 0.02 m/s.

Figure 6.
ECT sensor signals generation for measurement of velocity in two-phase flows.
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the transit time (or time lag) which when used with the distance between the two
planes leads to the calculation of the mean velocity for the slug structure.

From Figure 5, the y-axis on the cross-correlation plot is the correlation coeffi-
cient. This is in the range of �0.3 to +0.9 (though generally falls between �1 and
+1). There could be perfect positive correlation (correlation coefficient of +1) or
perfect negative correlation (correlation coefficient of �1). A positive correlation
indicates that if a signal moves either up or down, the other signal will move in the
same direction, while for a negative correlation, if a signal moves either up or down,
the other signal will move by an equal amount in the opposite direction. When the
correlation is 0, the movement of the signals gives no correlation and is completely
random.

The mean velocity for the slug structure can hence be defined as distance
between centres of measurement electrodes for two planes divided by the time
delay [36–38].

Figure 5.
Cross-correlation results for 5 mPa s silicone oil at a superficial gas velocity of 0.02 m/s.

Figure 6.
ECT sensor signals generation for measurement of velocity in two-phase flows.
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Structure velocity m=sð Þ ¼

Distance between centres

of measurement

electrodes for two planes mð Þ
Time delay sð Þ (22)

The schematics of the ECT Sensor signals generation for measurement of veloc-
ity in two-phase flows is shown in Figure 6.

3.2 Manual time series analysis

The structure velocity can be obtained manually by estimating the time dis-
placement of output signals from both planes 1 and 2 via the peaks of the time series
plots for both planes. Since the distance between the centres of the measurement
electrodes for both planes are known, the structure velocity is hence computed
using Eq. (22).

The time displacement from the time series data of both planes 1 and 2 used in
the calculation of the structure velocity alongside with distance between centres of

Figure 7.
Cross-sectionally averaged void fraction time series for plane 1 and 2 at a superficial gas velocity of 0.02 m/s.

Figure 8.
Camera control software window used to estimate velocity.
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measurement electrode is indicated in Figure 7. This is compared with that
obtained via cross correlation later in this paper.

3.3 High-speed camera estimate

The camera control software of the Phantom High-Speed Camera can be used to
obtain an estimate of the structure velocity. This is done via a playback in which the
distance covered by the bubble at a given time is computed which gives a
corresponding value for the velocity. A typical window of the camera control
software is shown in Figure 8.

4. Results and discussion

4.1 Effect of viscosity on the rise velocity (structure velocity)

The effect of liquid viscosity on the rise velocity (structure velocity) has been
studied by making a comparison between the respective structure velocities
obtained from the ECT for the range of viscosities considered (i.e. 5, 100, 1000 and
5000 mPa s). The physical properties of the liquids used are given in Table 1.

A plot of structure velocity versus superficial gas velocity for all the viscosities
considered is given in Figure 9 which shows that structure velocity increases with
an increase in superficial gas velocity which is in agreement with the observations of
Abdulkaldir et al. [39] and decreases with increase in viscosity as shown in
Figure 10 (obtained from ECT Plot3d Image reconstruction software). The struc-
ture velocity of 5 and 100 mPa s is found to be approximately the same due to
similar void fraction data values. The variation from small to bigger spherical cap
and developing slug in 5 and 100 mPa s, and the slug flow in 1000 and 5000 mPa s
(as shown in Figure 9) has been discussed by Kajero et al. [33].

This can be explained using the slug Reynolds number, a dimensionless param-
eter (Eq. 16).

A plot of slug Reynolds number versus superficial gas velocity is made at various
viscosities as shown in Figure 11, with an indication of laminar flow.

Figure 11 reveals that as viscosity increases, slug Reynolds number decreases
tending towards zero. This can be explained as follow:

i. Occurrence and prevalence of laminar flow as viscosity increases:
According to Bendiksen [21], Reynolds number in the range 5000–110,000
(for low viscous fluids) give turbulent flow. As the Reynolds numbers of
the viscosities considered are less than 5000, laminar flow prevails. For
large slug Reynolds number, viscous effect will be negligible, while for
small slug Reynolds number, viscous effect will be dominant [40]. So, since

Liquid Viscosity, mPa s Density, kg=m3 Surface tension, mN=m Relative permittivity

Silicone oil 5 915 19.7 2.60

100 965 20.9 2.74

1000 970 21.2 2.76

5000 970 21.4 2.76

Table 1.
Physical properties of silicone oil viscosities used.
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of measurement
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Figure 7.
Cross-sectionally averaged void fraction time series for plane 1 and 2 at a superficial gas velocity of 0.02 m/s.

Figure 8.
Camera control software window used to estimate velocity.
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measurement electrode is indicated in Figure 7. This is compared with that
obtained via cross correlation later in this paper.
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the slug Reynolds number for all the viscosities are small, viscous effect will
be dominant.

ii. Dominating effect of viscous forces over inertia forces: Inertia forces are
forces acting due to motion of bubbles through the liquid. It opposes any

Figure 9.
Variation of structure velocity with superficial gas velocity at various viscosities.

Figure 10.
Periodic structures in the slug as obtained from ECT Plot3d image reconstruction software (image display in
single axial slice mode) at a superficial gas velocity of 0.02 m/s.
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force that could resist motion. Viscous forces are forces acting due to the
viscous nature of the liquid. Hence, from the plot, it can be inferred that
viscous forces have a domineering effect over inertia forces [41].

The forces acting on the Taylor bubble are shown in Figure 12. These forces
have an influence on its rise velocity. Surface tension force helps to hold the bubbles
together due to the cohesive force existing between them. This accounts for why
‘surface tension force’ was indicated at the centre of the bubble in Figure 12. Based
on the proposition of White and Beardmore [22], the effect of surface tension force
can be neglected when Eotvos number is greater than 70. So, since for all the
viscosities considered, Eotvos number is greater than 70, its effect on the rise
velocity of Taylor bubbles can be neglected.

The dominating effect of viscous forces over inertia forces can be further con-
firmed using the Inverse dimensionless viscosity according to White and
Beardmore [22].

From the various viscosities considered, the dimensionless property numbers are
given as follows (Table 2).

It will be observed that as viscosity increases, Morton number, Mo increases
while the Eotvos number, Eo decreases, which culminates in the decrease of the
dimensionless inverse viscosity, Nf . This confirms the proposition of Fabre and
Line [42]. As the dimensionless inverse viscosity decreases, viscous effect
dominates [31].

White and Beardmore [22] proposed that viscous effects come into play when
the square of dimensionless inverse viscosity, Nf is less than 3� 105. i.e.

Nf
� �2 ¼ ρ2L

� �
gD3

μ2L
< 3� 105 (23)

Figure 11.
Variation of slug Reynolds number with superficial gas velocity for various liquid viscosities.
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The square of the inverse square dimensionless viscosity for 5, 100, 1000 and
5000 mPa s are 41,012,747, 114051.4, 1152.37 and 46.09481, respectively. Since

100 mPa s, 1000 mPa s and 5000 mPa s satisfy the condition of Nf
� �2 < 3� 105,

viscous effect dominates. This dominating effect of viscous force over inertia force
possibly causes a decrease in structure velocity with an increase in viscosity. This
can be further confirmed by obtaining a relationship between drag force and vis-
cosity taking superficial gas velocity as a parameter.

Figure 12.
Forces acting on Taylor bubble (surface tension force helps to hold the bubbles together).

Viscosity, mPa s Dimensionless numbers

Mo Eo N f

5 8.7645 � 10�7 1139.105 6408.267

100 1.11353 � 10�5 1132.374 337.9223

1000 1061.426 1122.134 33.96732

5000 644964.7 1111.647 6.793463

Table 2.
Morton, Eotvos and inverse dimensionless numbers.
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4.1.1 Drag force, FD

From Stokes law, drag force is given as:

FD ¼ 3πμLVd (24)

based on the fact that the flow is laminar.
Drag force is the force due to the resistance provided by the fluid to the motion

of a body through it.
From Eq. (24), Drag force is directly proportional to viscosity of the fluid.
Drag coefficient, CD is given as:

CD ¼ 24
Re

(25)

On substituting Eq. (25) into (24) given that Re ¼ ρLVd=μL,

FD ¼ 72πμ2L
CDρL

(26)

Eq. (26) is used to compute drag force, FD which is plotted against superficial
gas velocity for all viscosities considered as shown in Figure 13(a). This can be
interpreted as follows:

i. Drag force is directly proportional to viscosity, which confirms Eq. (26)
according to Stokes law. Drag force is the force due to the resistance
provided by the viscous nature of the silicone oil fluids to the motion of the
large bubble through them. So, as viscosity increases, there is a linear
increase in drag force.

ii. The increase in drag force shows an opposition to the motion of the bubbles
through the liquid acting parallel to direction of relative motion, hence
causing the bubbles to rise at much slower rate. This obviously leads to a
decrease in the rise velocity [42].

To further confirm the effect of drag force, drag force was plotted against void
fraction, which is the volume fraction of gas in the gas–liquid mixture as shown in
Figure 13(b).

Figure 13.
Drag force versus (a) superficial gas velocity, (b) void fraction.

213

The Effect of Liquid Viscosity on the Rise Velocity of Taylor Bubbles in Small Diameter Bubble…
DOI: http://dx.doi.org/10.5772/intechopen.92754



The square of the inverse square dimensionless viscosity for 5, 100, 1000 and
5000 mPa s are 41,012,747, 114051.4, 1152.37 and 46.09481, respectively. Since

100 mPa s, 1000 mPa s and 5000 mPa s satisfy the condition of Nf
� �2 < 3� 105,

viscous effect dominates. This dominating effect of viscous force over inertia force
possibly causes a decrease in structure velocity with an increase in viscosity. This
can be further confirmed by obtaining a relationship between drag force and vis-
cosity taking superficial gas velocity as a parameter.

Figure 12.
Forces acting on Taylor bubble (surface tension force helps to hold the bubbles together).

Viscosity, mPa s Dimensionless numbers

Mo Eo N f

5 8.7645 � 10�7 1139.105 6408.267

100 1.11353 � 10�5 1132.374 337.9223

1000 1061.426 1122.134 33.96732

5000 644964.7 1111.647 6.793463

Table 2.
Morton, Eotvos and inverse dimensionless numbers.

212

Vortex Dynamics Theories and Applications

4.1.1 Drag force, FD

From Stokes law, drag force is given as:

FD ¼ 3πμLVd (24)

based on the fact that the flow is laminar.
Drag force is the force due to the resistance provided by the fluid to the motion

of a body through it.
From Eq. (24), Drag force is directly proportional to viscosity of the fluid.
Drag coefficient, CD is given as:

CD ¼ 24
Re

(25)

On substituting Eq. (25) into (24) given that Re ¼ ρLVd=μL,

FD ¼ 72πμ2L
CDρL

(26)

Eq. (26) is used to compute drag force, FD which is plotted against superficial
gas velocity for all viscosities considered as shown in Figure 13(a). This can be
interpreted as follows:

i. Drag force is directly proportional to viscosity, which confirms Eq. (26)
according to Stokes law. Drag force is the force due to the resistance
provided by the viscous nature of the silicone oil fluids to the motion of the
large bubble through them. So, as viscosity increases, there is a linear
increase in drag force.

ii. The increase in drag force shows an opposition to the motion of the bubbles
through the liquid acting parallel to direction of relative motion, hence
causing the bubbles to rise at much slower rate. This obviously leads to a
decrease in the rise velocity [42].

To further confirm the effect of drag force, drag force was plotted against void
fraction, which is the volume fraction of gas in the gas–liquid mixture as shown in
Figure 13(b).

Figure 13.
Drag force versus (a) superficial gas velocity, (b) void fraction.

213

The Effect of Liquid Viscosity on the Rise Velocity of Taylor Bubbles in Small Diameter Bubble…
DOI: http://dx.doi.org/10.5772/intechopen.92754



As void fraction increases, the drag force increases. This is probably due to the
increase in the volume fraction of gas (void fraction); hence, an increase in the
bubble size relative to the column diameter. This increase in bubble size is due to
coalescence and it subsequently requires an increase in drag force to be effective
enough to oppose the motion of the bubbles through the liquid. Hence, it can be said
that the drag force is exponentially proportional to the void fraction. The drag force
was found to be low at low viscosities (5 and 100 mPa s) and increases as viscosity
increases. This is due to viscous effect as explained earlier on. As viscosity increases,
void fraction increases; hence, an increase in drag force subsequently leads to
hindered rise velocity.

The relationship between drag force and drag coefficient is shown in Figure 14.
As viscosity decreases, the curves of the respective viscosities are tending towards
zero. As drag coefficient increases, the drag force decreases tending towards zero.
This gives an inverse relationship, which fits well into a power law expression, with
the inverse proportionality constant increasing with increase in viscosity as shown
in Table 3.

A plot of drag coefficient against Reynolds number on a log–log plot agrees with
Stokes law, which gives an inverse relationship between the drag coefficient and
Reynolds number as shown in Figure 15, with purple, green, blue and red for 5,
100, 1000 and 5000 mPa s respectively. This further confirms the fact that the drag
force is directly proportional to the liquid viscosity. At low Reynolds number, drag
coefficient is high, while at high Reynolds number, drag coefficient is low. Hence,
the structure velocity of the latter is greater than the former.

Figure 14.
Inverse relationship between drag force and drag coefficient for all the liquid viscosities considered.

Viscosity (mPa s) Inverse proportionality constant

5 6 � 10–6

100 0.0023

1000 0.2332

5000 5.8305

Table 3.
Inverse proportionality constants from the power law relationship between drag force and drag coefficient.
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A plot of Froude number versus the superficial gas velocity is shown in
Figure 16. The following can be inferred from the plot:

1.At a superficial gas velocity of 0.01–0.17 m/s for both 5 and 100 mPa s
viscosity, Fr< 1 which implies subcritical flow (slow/tranquil flow) due to low
superficial gas velocity; while between 0.17 and 0.361 m/s, Fr > 1 which
implies supercritical flow (fast rapid flow). At 0.2 m/s, Fr = 1 which implies
critical flow [42]. In the case of both 1000 and 5000 mPa s, at all superficial

Figure 15.
Drag coefficients for the rising bubbles.

Figure 16.
Effect of Froude number.
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gas velocities, Fr< 1, this implies subcritical flow. The viscous effect makes the
flow very slow, with low rise velocity of Taylor bubbles.

2.As viscosity increases, Froude number decreases which indicates the dominant
effect of gravitational force over inertia force. This also has a retarding effect
on the rise velocity of Taylor bubbles. Hence, this shows that the combined
effect of the viscous and gravitational force causes a decrease in the rise
velocity of bubbles as viscosity increases. For the high viscous liquids, 1000
and 5000 mPa s, as superficial gas velocity increases, the Froude number tends
to be the same. This can be seen at 0.242 and 0.361 m/s. This implies that the
dominant effect of gravitational force over inertia force tends to be the same.

4.2 Comparison of structure velocity computation methods

The structure velocity obtained from ECT was compared with the manual esti-
mate from the time series [34], high-speed camera and empirical models such as
modified Viana et al. [43], modified De Cachard and Delhaye [44], model and
Nicklin et al. [7] model. These are shown in Figure 17.

The modified form of De Cachard and Delhaye [44] model is given as:

UN ¼ 2:29 1� 20
Eo

1� e�0:0125Eo
� �� �� �

Um þ Γ gDð Þ1=2 (27)

Figure 17.
Structure velocity comparison.

216

Vortex Dynamics Theories and Applications

where Γ is given as:

Γ ¼ 0:345 1� e�
0:01Nf
0:345

� �
1� e 3:37�Boð Þ=m
h i

(28)

Nf is the inverse dimensionless viscosity.
Bond number, Bo is given as:

Bo ¼ ρL � ρGð ÞgD2

σ
(29)

Condition for m:

m ¼ 10 when Nf > 250 (30)

m ¼ 69 Nf
� ��0:35 when 18<Nf < 250 (31)

m ¼ 25 when Nf < 18:

The modified form of Viana et al. [43] model is given as:

UN ¼ 2:29 1� 20
Eo

1� e�0:0125Eo
� �� �� �

Um þ ffiffiffiffiffiffiffi
gDFr

p
(32)

where Fr is obtained from Eqs. (27) to (32).

Fr ¼ L R;A,B,C,G½ � � A

1þ R
B

� �C� �G (33)

A ¼ L Eo;a, b, c,d½ � ¼ a

1þ Eo
b

� �ch id (34)

B ¼ L Eo; e, f , g, h½ � ¼ e

1þ Eo
f

� �gh ih (35)

C ¼ L Eo; i, j, k, l½ � ¼ i

1þ Eo
j

� �k� �l (36)

G ¼ m=C (37)

and the parameters a, b, … … … , lð Þ are:
a ¼ 0:34; b ¼ 14:793; c ¼ �3:06; d ¼ 0:58; e ¼ 31:08; f ¼ 29:868; g ¼ �1:96;

h ¼ �0:49; i ¼ �1:45; j ¼ 24:867; k ¼ �9:93; l ¼ �0:094;m ¼ �1:0295.
On the average, a good agreement exists between the structure velocity from the

ECT and that measured from the high-speed camera. A reasonably fair agreement
exists between the former and that estimated from the time series. The modified
Viana et al. [43], modified De Cachard and Delhaye [44], and Nicklin et al. [7]
model gave roughly similar pattern with structure velocity from cross-correlation,
manual time series analysis and high-speed camera. Modified Viana et al. [43] and
modified De Cachard and Delhaye [44] models showed good agreement with the
velocity obtained from cross-correlation, manual time series analysis and
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high-speed camera at low superficial gas velocity for 1000 and 5000 mPa s, while
Nicklin et al. [7] over predicts it.

The variations observed in the agreement could be due to the viscosities of the
liquids used. Viana et al. [43] used silicone oil of viscosity range 1–3900 mPa s. De
Cachard and Delhaye [44] and Nicklin et al. [7] used water. Also, from the structure
velocity plots using cross-correlation, the distribution coefficient is in the range 1.07
to 1.6, while that of modified Viana et al. [43] and De Cachard and Delhaye [44] is
approximately 2.25. A distribution coefficient of 2.0 was used for Nicklin et al. [7] as
proposed for laminar flow.

The video technique of determining the rise velocity of bubbles gave errors of
4.3, 4.6, 7.3 and 11.5% for 5, 100, 1000 and 5000 mPa s, respectively when com-
pared with cross-correlation technique.

5. Conclusions

From the foregoing, the following conclusions can be drawn:

1.The forces acting on a Taylor bubble in a 50 mm column diameter include
inertia force, surface tension force, viscous force and gravitational force.
Surface tension force can be neglected based on Eotvos number greater than
70. The remaining forces have an influence on the rise velocity of Taylor
bubble. Furthermore, viscous and gravitational forces were observed to have
dominant effect over inertia forces, hence causing the rise velocity of Taylor
bubbles to decrease as viscosity increases.

2.The dimensionless parameters: Froude number, Reynolds number and inverse
dimensionless viscosity all played vital roles in affecting the rise velocity of
Taylor bubbles in various viscosities for a 50 mm diameter column. The
dimensionless parameters being functions of the fluid properties and column
diameter. Froude number helped to categorize the flow in the four viscosities
considered into subcritical (slow and tranquil flow, Fr < 1), with lower rise
velocity of Taylor bubbles, critical (Fr = 1) and supercritical flow (fast rapid
flow, Fr > 1), with higher rise velocity of Taylor bubbles.

3.The rise of large bubbles through the liquid in the column agrees with Stokes
law where drag force is directly proportional to viscosity and an inverse
relationship exists between drag coefficient and Reynolds number, as
superficial gas velocity increases. The drag force is also exponentially
proportional to the void fraction and it retards the motion of the Taylor
bubbles through the liquid. An inverse relationship in the form of Power law
expression also exists between the drag force and drag coefficient. The drag
coefficient was high at low Reynolds number but low at high Reynolds
number, which contributed to the rise velocity of Taylor bubbles decreasing
from low to higher viscosity liquids.

4.The rise velocity of Taylor bubbles increases with an increase in superficial gas
velocity for each viscosity considered (i.e. 5, 100, 1000, 5000 mPa s).

5.The comparison between the rise velocity of Taylor bubbles obtained from the
ECT, high-speed camera, cross correlation, manual time series, Nickel et al. [7]
model, modified models of De Cachard and Delhaye [44] and Viana et al. [43]
gave reasonably fair agreement.
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